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ARIHANT PRAKASHAN, MEERUT 


PREFACE 


“You can do anything if you set your mind to it, I teach calculus to JEE 
aspirants but believe the most important formula is 


Courage+ Dreams = Success” 


It is a matter of great pride and honour for me to have received such an 
overwhelming response to the previous editions of this book from the readers. 
In a way, this has inspired me to revise this book thoroughly as per the changed 
pattern of JEE Main & Advanced. I have tried to make the contents more 
relevant as per the needs of students, many topics have been re-written, a lot of 
new problems of new types have been added in etcetc. All possible efforts are 
made to remove all the printing errors that had crept in previous editions. The 
book is now in such a shape that the students would feel at ease while going 
through the problems, which will in turn clear their concepts too. 


A Summary of changes that have been made in Revised & Enlarged Edition 
* Theory has been completely updated so as to accommodate all the changes 
made in JEE Syllabus & Pattern in recent years. 
° The most important point about this new edition is, now the whole text matter 


of each chapter has been divided into small sessions with exercise in each 
session. In this way the reader will be able to go through the whole chapter in a 


systematic way. 

° Just after completion of theory, Solved Examples of all JEE types have been 
given, providing the students a complete understanding of all the formats of 
JEE questions & the level of difficulty of questions generally asked in JEE. 

» Along with exercises given with each session, a complete cumulative exercises 


have been given at the end of each chapter so as to give the students complete 
practice for JEE along with the assessment of knowledge that they have gained 


with the study of the chapter. 
» Last 10 Years questions asked in JEE Main & Ady, IIT-JEE & AIEEE have been 
covered in all the chapters. 
However I have made the best efforts and put my all calculus teaching 
experience in revising this book. Still | am looking forward to get the valuable 
suggestions and criticism from my own fraternity i.e. the fraternity of JEE 
teachers. 
I would also like to motivate the students to send their suggestions or the 
changes that they want to be incorporated in this book. 
All the suggestions given by you all will be kept in prime focus at the time of 
next revision of the book. 


Amit M. Agarwal 
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2. Textbook of Integral Calculus 


It was in this aspect that the process of integration was 
treated by Leibnitz, the symbol of j being regarded as the 


initial letter of the word sum, in the same way as the 
symbol of differentiation d is the initial letter in the word 
difference. 


Definition 
If f and g are functions of x such that g’(x) = f (x), then 


the function g is called a anti-derivative (or primitive 
function or simply integral) of f w.r.t. x.It is written 


symbolically, f f (x) dx =g(x), where, a g(x) =f (x) 
ix 
Remarks 
1. In other words, [ f(x) dr = 9 (x) iff 9° (x) =f (x) 


2. J f(x) dx = 9 (x) + c,wherecisconstant, 
[+ (g(x) + O'S 9'(x) =/()land Ciscalled constant of integration. 


Session 1 


1 Example 1 ro +c=(n41)x", then find 
Ix 


fx? dx. 
Sol. As, 4 [x"*?4.C]=(n +1) x" 
& 


=> (x"*!+C)is anti-derivative or integral of (n + 1) x". 


ntl 


asi it 
fx =~ 


+c 


1 Example 2 If S sinx re) =c0s x, then find 
Ix 
Joos xdx. 
Sol, As, Jinx +c)=cosx 


=> sin x +C is anti-derivative or integral of cos x. 
Joosxdx =(sinx)+C 


Fundamental of Indefinite Integral 


Fundamental of Indefinite Integral 
A tgen=f) 

dx 

2 Jf (x) de=a(x) +e 


Therefore, based upon this definition and various standard 
differentiation formulas, we obtain the following 
integration formulae 


net 
a(x™) , nk 
oZf potnetefe a= 


Since, 


+Cn4-1 


d Rese ere hi 0 
ogi x)= Jae =leel= 1+ Gow enx # 


(iii) Zey=e = fet de=e™ + 
dx 


a* x 
«wy loca) ,a>0,a41 


#0 


= fat dx =7 bg a 


(¥) (Coos x)=sinx => fsinxdx=—cosx+C 
dx 
(vi) ene eee J dx =si c 
iz = x = |cosxdx=sinx+ 
. d 
(vii) (tan x) =sec* x =3 [sec® x dx =tanx+C 
dx 
wd 2 2 
(viii) = Ccot x) =cosec*x =9] cosec?x dx =—cot x +C 
_) d 
(ix) S (see x) =see x tan x 
dx 
> Jsce x tan x dx =sec x +C 
d 
(%) FC eosee x) =cosee x cot x 
=> Jcosee x cot x dx =—cosee x +C 
(si) 2 (og sin x) =cot x 


= Jeot x dx =log|sinx|+C 


(xii) © (og cos x |) = tan x 
dx 


=> [tan x dx =—log |cos x|+C 
aay 4 
(xiii) Slog |see x + tan x |) =see x 

dx 

= [sec x dx =log|sec x + tanx| 


(xiv) toa jcosec x —cot x|) =cosec x 


+c 
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= foe? +50?) dx 


a 
ing | x" dx =——+C 
[min p= 


gOEtL gyll2t1 tH 


"3/241 1/241 -1/2+1 


lt 4 25x? arta 
3 


(i) 1 = (x? +5) de [using (a+ 6)? = a°+3a°b +3ab*+b*) 


= Josec x dx =log | cosec x —cot x|+C T= (eS + 15x" + 75x? + 125) dx 


ee me 
(os) J [ sn ea 
x 


I Example 3 Evaluate 


x= 
o pet Nae iy fe? +595 de 

i +5x-1 d 5x! 
Sol. (i) T= jetetae I (See Sis 


2 5 3 
pe 24 By BX eset cc 
7. 5 3 
x" apt 3 
1 =X 4 3x5 + 25x? + 125+ C 
7 


J Example 4 Evaluate 


() Jian? xe 0 fo 


iy jeu x-+cos® X te 9) PER —cos 2x 
i) \——_— — 
sin? x cos? x cos x 


Sol. (i) I= ftan? xdx = I= J(sec? x - 1) de 
1= sec? xdx—- [idx [using fsec? xdx = tanx +C] 


= I=tanx-x+C 
(@ 12 f+ 


sin? x cos® x 


2 2 

sin? x + cos? x ae 

T= [——~———de [Using sin? x + cos” x = 1] 
sin? x cos* x 


in? 2 
sin? x cos? x 
Is Joa et Ja ® 
sin’ x cos* x sin® x cos* x 


T= sec? xdx+ [oosec? x dx 


I= tan x-cotx+C 
(iit) 1= sin aston Xap 
sin? x cos? x 


(sin? IS east x) 4 


I= 
sin? x cos? x 
[using (a + b)® = a? +b? +3ab(a + b)] 
ns (sin?x+ cos? x)’ —3sin? x cos? x(sin?x + cos* x) a 
sin? x cos? x 
Si ving 
pa ficSsin® x cos? x 4, 
+ | a sin? x cos? x 
wre | o* 
# 
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je j—-e- fade 1 Example 6 Evaluate 
sin? x cos* x va ak 
(i) [5% * dx (il) 298 * de 
ju fet zs out a 240082) acne 
sin? x cos* x Sol. (i) I= [5 * dx = J xh dx [Using a8 = pte *) 
T= Jsec? x dx + [cosec? x dx -3x +C hte 541 
T= tan x— cot x-3x+C (og. 5+ 1) 
S log, 541 
(iv) 1= [SSA 80S? de [using cos2x =2c087 x-1] 2 fst de=2—_ +0 
1-cos x log. 5+1 
cos x —(2cos* x —1) aa logy Jone a = [ol lone x 
fa [za eee z=) (ii) 1 [220% dx = fa" * dx = f2! dx 
ae © ‘daa, site 
1 
ry [rey =n x] 
cos x zs ie logs & 
ee logs b= 
r= fi @esx4 Dle08 2-1) = Jame de = [Vx dx fusing") 
= (cos x -1) - we 
=2 + 
[as -2cos? x + cos x —1 = —(2cos x +1)-(cos x -1)] 3/2 
= T= J(cos x+1)dx & [ter ae= 22 +0 
T=2sinx+x+C Se 
Vx + IX 
Rewiark + 1 Example 7 Evaluate jen a 
X+ 
In rational algebraic functions if the degree of numerator is ia 
greater than or equal to degree of denominator, then always ise _ pix vVx(x*? =) 9 
divide the numerator by denominator and use the result of L Here, I= f (ate 43) 
integration. 
y= je euicey Sil. 
I Example 5 Evaluate (x4 Vx 41) 


x 
dk _ pile + Vx — (x + Ve +1) 
& +2 J (x+ x +1) as 
[Using, a? — B =(a—b)(a" + ab + B°)] 


a 
=Jx-Ndr=*- x40 


= (< +2) 
x+2 x+2 
1 Example 8 Evaluate 


(x+2)(x? 
=1= (ee 1+2x? xe -1 
x+2 7? ii) | ——_ 
8 0 nee 2a4x7 ‘ m See +1? 
t= f(a 04-4) 
x+2 Sol. (i) Here, = ae eae eo fe +x? 
2 wats) Gas 


Pata 44a Slog] #42) +0 
14x? x 
= 
“We wate ree 
=fJaar+ 
Joes] 


6 
(i) Here, r= J ar 


1 
ix gdxs-—+ tan x+C 
x x 


x +1-2 
x41 


dx 


a fEP et ae if 2 


xt+l 


pe [een =x +4 of dx 
(#1) x41 


[Using, a? +B? = (a+ b)(a? — ab+ 6*)] 
= xt - 2? + draft ae 
x +1 


3 
22-2 4x -2tantx4+C 
5.3 


1 Example 9 Evaluate 
js 


(i) (aa 
: x? 4x? Qx +1) 
(i Tax? anaxt ex? 12x | 
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=j (1+ 2x)-(4x7 —2x +1) 4x%(2x +1) ge 
3 (12x) (1=2x) 
ax +1-4x7} dx 
2x 
(2x +1)0-2x) 5 
(12x) 
=flextide=x?+x4+C 


7 j@ + 14x? — 


1 Example 10 Evaluate 


1 
0 Iz (x —a) cos (x —B) oe 


= 1 
os (e-aycos(x—b) ce 
x 


Sol. t=|———— an 
Sol ove = (2 <a e ene 5D 
* _ cos (ab) 
-/(( 2S) cos (a=) reentry b 
nan ae 1 feos (x — b)— (xa) 
~ cos (a— b) (aed ae=h 
=—t _j[re—». cos (x — a) 
cos (a— b)'* | sin (x — a) cos (x ~ 5) 
(x= b)-sin ( 
(x — a) cos ( 
= ay J loot (xa) + tan (x — Bde 
ales 
est {log | sin (x — a) | —log| cos(x— 6) |} +C 
em | sin(x-a) 
wmG=o | oaa=n | 
i —— 
-f axtoxt0)| 4. i) t= [ecw eae 
ax? 42x41 4x@—4x4¢1 — (1-2x) “aele eS 
ga sin (a— b) / cos (x — a) cos (x — 6) 
Pa: sin (x — 6) — (x —a)} 
-{( 1=(ax?? Es St ea cos Gavan) 
x6(4x* 42x +1) (4x7-4x41) — (1-2x) zt j datesD eoxe~e) 
ff (14x20 44x? + 16x4) _ ax*2x +1) 4, sin (a— 6)! | cos (x — a) cos (x — 6) 

(4x? 42x 41)(4x? 4x41) (1-2) __ cos (x ~ 6)sin (x oh a 
-(F 4x?) (ax242x+1)(4x2-2x41) _4x*(2x+1)) 4 cos (x — a) cos (x — 5) 
(4x? + 2x + 1)(2x -1)° (12x) “mab Jitan (x ~ b) ~ tan (x —a)) dx 
[using, 16x4 + 4x? + 1=16x4 + 8x? +1- 4x poe ee loglcos( x —b)|+log |eos(x—a)]+C 

sin (a—b) 


= (4x? +1)? - (2x)? = (4x? +14 2x)] 
{2a =2x41)_ 


sere D) ae — 
(a- 2x)? 


eT) Sin (a—6) 


cas (x —a) 
cos (x — 6) 


[re 


Je 
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sin (x +a) 


TExample 11 Evaluate f Sine) ™ 


S249) oy puree bat = dx ade 
in (x +B) 


1a finda) 
sint 


= {eed cetinlen de 
sint sint 
= cos (a~b) J dt + sin (ab) f cot (t) dt 
= t cos (a~ b) +sin (a— b)log|sin t|+C 
= (x + 6) cos (a — b) + sin (a — b) log| sin (x + b)|+C 
1 Example 12 


pace ae Ryda 5 
(IEF Od=5 +2 and fe) =2, then find f0. 
(ii) The gradient of the curve is given by 2% -2x-3., 
ax x 
The curve passes through (1, 2) find its equation. 
Sol. (i) Given, f(x) = oe be 


= 
On integrating both sides w.r.t. x, 


we get [rorac= (E42) ae 
= F)=1E salogle|+6 


Now, as f(1) = 3 (called as initial value problem 


5 _5 


or f(1)=—) 


ie, when x =1y= 


Putting, x = 1in Eq. (i), 
f(a) = 4+ 2tog]31 +c, but f() =? 
Sat4c 4 c=1 
464 


2 
=> F(x) = 7 + 2logix| +1 


coer a. 3 3 
ii BY gc =(2x-+) ae, 
(i) Given, =2x > or dy (2 3) 


On integrating both sides w-r.t. x, we get 


fa =|(-3) de 


ax? 3 
a ene tg e 


Since, curve passes through (1, 1). 
> 1=1+34+C=2C=-3 


pte 
F(x)= x te 3 


Important Points Related 
to Integration 
1. fk f(x) dx =k J f (x) de, where kis constant, ie. the 


integral of the product of a constant and a 
function = the constant x integral of the function 


JU CDE fe (0) tt fa CO) de 
=f flxde tf fi(xde st... f fy (x)de. 


ie. the integral of the sum or difference of a finite 
number of functions is equal to the sum or difference 
of the integrals of the various functions. 


Geometrical interpretation of constant of 
integration By adding C means the graph of 
function would shift in upward or downward 
direction along y-axis as C is +ve or — ve respectively. 


» 


e 
8 =[xdxe= +0 
eg ysfxdx=7 
¥24Cy 
| 240g 
SS R4C, 
Co) a) 
Figure. 1.1 


y=] flx)de= F(x) + 
> F(x) = f(x); F'(x1) = fy) 
Hence, y = f f(x) dx denotes a family of curves such 


that the slope of the tangent at x =x, on every 
member is same ie. F’(x,) = f(x) [when x, lies in 
the domain of f(x)] 


Hence, anti-derivative of a function is not unique. If 
£,(x) and g,(x) are two anti-derivatives of a function 
f(+) on [a,b], then they differ only by a constant. 

ie, 81(X) ~g2(x) =C 


Anti-derivative of a continuous function is 
differentiable. 


If f(x) is continuous, then 
Jfax=Fx)+e 


= 


> F(x) = f(x) 
=> always exists and is continuous. 
= F(x) 


Chap 01 Indefinite Integral 


5. If integral is discontinuous at x = x,, then its anti-derivative at x = x, need not be discontinuous. 


eg, [x "9x, Here, xis discontinuous at x =0, But J x?de =3 x% +Cis continuous at x =0. 


2 


6. Anti-derivative of a periodic function need not be a periodic function. e.g. f(x) =cos x +1 is periodic but 
J(cosx +1) dx =sin x + x +Cis a periodic. 


Daily Life Applications 
The Derivative The Integral 
Function Its derivative function —_ In symbols Function Y's Anti- In symbols 
derivative Function 
Distance (s) Velocity (v) eal Velocity Distance = j v(t) de 
at 
Velocity (v) Acceleration (a) ae” Acceleration Velocity v= fate) dt 
at 
Mass (11) Liner Density (p) p-# Linear Density Mass n= Jp) de 
ax 
Population (P) Instantaneous growth aP Instantaneous Growth Population p-j ( 2) ee 
dt at 
Cost (C) Marginal cost (MC) Mc= 2 Marginal Cost Cost coor| (£ ) i 
J dq 
Revenue (R) Marginal Revenue (MR) 3 - Marginal Revenue Revenue R@= if # } Lip 


Here, gis quantity of products. 


Exercise for Session 1 


= Evaluate the following integration 


ax eS 
1. [eae 2 Sari 
(1+ x ave, 
3. [SE ow 7 Saem 
6. poe tsin? xpsec! x gy 
‘i (1+ x?) 
8. [2%-0*-ax 
9, [ote ay 10. 0%" + 084) 
e+e 
11, feces de gy 12. J tan x tan 2x tan 3x dx 
cot x ~ tan x 
13, [20% ox 14. J cos? x dx 


15. f sin? x cos? x dx 
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Methods of Integration 


Methods of Integration 


If the integral is not a derivative of a simple function, then 
the corresponding integrals cannot be found directly. In 
order to find the integral of complex problems. 


eg [= de, | ax, J = a 


Some Integrals 
which Cannot be Found 


Any function continuous on an interval (a, b) has an 
anti-derivative in that interval. In other words, there exists 
a function F (x) such that F ‘(x)= f (x). 

However, not every anti-derivative F (x), even when it 
exists, is expressible in closed form in terms of elementary 
functions such as polynomials, trigonometric, logarithmic, 
exponential functions etc. Then, we say that such 
anti-derivatives or integrals “cannot be found”. 

Some typical examples are 


ofe we 
(iv) J fi sin* x dx 


(wi) fsin(x*) de 


cos x 


dx 
ais 1 
ii) f ge 


() J ysin x dx 


(vil) feos (x*) dx (viii) J x tan x dx 


(x) fe" dx (x) few dx 
(xi) IS dx (wil) | Yaex? de 


(xiii) ik 1+x* dx ete. 


Integration by Substitution 
(or by change of the independent variable) 


If g (x) is a continuously differentiable function, then to 
evaluate integrals of the form, 


T= ff (g(2)-8' (x) dx, 


we substitute g(x) =tand g’ (x) dx =dt 
The substitution reduces the integral to | f (t) dt. After 


evaluating this integral we substitute back the value of t. 
1 Example 13 Prove that 


np — (axed) 
J(ox+by dx = “arta 


Sol. Putting, ax+b=t, we get 


+C,n#1. 


adx = dt or dx = +dt 
@ 


dee 
a antl 
“ 
= llax+by Tide, 
a(n+1) 


T= f(ax+bf'de =e" 


Remarks 
1 JL 00 dx =9 (x) + Cthen Jftax + b) dx ally (ax + b)4+C 
a 
1 
ax+d 


Thus, in any fundamental integral formulae given in article 
fundamental integration formulae if in place of x we have 

(ax + 6), then same formula is applicable but we must divide by 
coefficient of x or derivative of (ax + Hie.a 


2.1 fl de =tog| x| + Gthen J dx =log} ax + b]+.C 
x a 


Here is the list of some of 
frequently used formulae 


nat 
() Jeax +d)" de = ead 


a(n+1) 
(i) Joeaath b 
EB A log |ax +b|+C 
(it) fe d= tee ac 
a 
bx te 
tiv) fa®* dx = 3-2 4.6 
bloga 


) Jsin (ax +b) dx =—2 cos(ax +b) +C 
(i) Joos ax +b) de = sin (ax +b) +C 


(vii) sec (ax +6) dx =* tan(ax +b)+C 


(vill) Jeosec® (ax +b) dx =- = cot (ax +b) +C 
(ix) [sec (ax +b) tan (ax +b) de =Tsee (ax +b) +C 
(3) Jeosec (ax+b) cot (ax +b) dx=—“eosee (ax +b)+C 
(xi) jrmiorshden= Legler ioc 
(xii) Joot(ax +b) dx =* log |sin (ax +b)|+C 
(xt) fsec(ax-+ b)de = log |sec (ax +b) + tan (ar+ 6)+C 


(iv) f cosec(ax +6)dx = log| cosec (ax +b)—cot(ax+ 8)}+C 


TExample 14 Evaluate 


. 1 Se+I5. 5 

© aa * (0S axe 

- " 243x? 

(ill) [x -2) {x42 dx. (iv) ja 
Sol. (i) Here, 1 = laa ea aIEG 


=f (3x44 + y3x +1) 
Wy ig cae ti) (axta+ Geet) 


= fet FED 5, 


(3x + 4)— (Gx +1) 


= 5 NBR r a de 5 | fie de 


atfex+ay?| 1f@r+0*] 
“3| s/ax3 [ 3| 3/2x3 

+ 
(ax + Gn 


Using, (ax + bY dx (ata 


= Zlr+ 4)? 43x +1)7]+C 


(ii) Here, 1= iS« =f a 
= fees 
Jax 47 
Jer 


“al Viet af 
=2]( (Ex F7)dx - (4x + 7dr 


aa (4x +7") _ (x47)? + 
3/2x4 1/2x4 


(4x47)? — Hox +7240 


uy 
3 
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(ii) Here, 1= [(7x - 2), +2 de = 1f(« -2) ¥2 dx 


=2](o«-$) ere ae 
=Lifeee- $) fF de 


=i fax +2) ax +2 Bde 2 Bx +2 de 


=Lfox+2° a3] Bx +2 dx 


_ 1) Gx+2y? |_ 20] @x +27 |, 
a] xg 3] 3x3 
2 2 
Sor +2)? Pox +2740 


peas! de (222 


(iv) Here, I= ie: Pt) 


x1 + x?) 


wit x?) x 
“(23 2+ ey" + =] a 


= (+3: semaine [hots 


+tan'x+C=—-—% 


x 


J Example 15 Evaluate 


dx 


+ tan tx+C 


_._psin (log x) 3sinx +4cos x 
of wl aecsas )* 
” emtan” id i + 2 
(iii) ereral dx (iv) fxsin (x? +7) dx 


Sol) 1= fE2CE*) ge 
x 


We know that, (log x) = 
Thus, let log x=t 
= sand 

x 


oi) 


1= fain (t) de =~ cos (t)+C 


=~ cos (log x) + 
3 
Hox et cos 25 
4sin x-—3cos x 


(i) T= f 


[using Eq. (i)] 


We know, (4 sin x ~3 cos x) =(4 cos x +3sin x) 


Thus, let 4 sin x -3cos x=¢ 
= (4cos x +3sin x) dx = dt 


ali) 
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I Jo =tgiei+c 


=log|4sin x—3.cos x|+C [using Eq. ()] 


(iv) T= fxsin (4x? +7) dx 


Let 4x7+7=¢ = Oxde=dt = xdx= 


1 
=a gcos (4x? +7)+C 


Remarks 


While solving product of trignometric, it is expedient to use the 
following trigonometric identities 


1. sin mx cos nx =3 {sin (m~ n)x-+ sin (m+ nx} 


2. 0s me sin nx = 1 {sin (rm + n) x—sin(m=n) x} 


3. sinmx sinnx = 3 {cos (m=) x —cos (m+n) x} 


4 cos me cos nx =3 feos (m—r) x + cos(m +r) x} 


1 Example 16 Evaluate 
(i) Joos axcos7xdx (ii) fos x cos 2x cos 5x dx 
Sol. When calculating such integrals it is advisable to use the 

trigonometric product formulae. 


(@ Joos 4x cos 7x dx 


cos 4x cos 7x 


Here, = F(cos 3x + cos 11x), 


[using cos mx-cosnx = Fleostm =n)x-+cos(m+n)x] 
. 1 feos 4x cos 7x de =+ (cos 3x + c0s 11x) dx 
2 


= 4 feos 3x dx-+ + feos 11x de 
2 2 


sin 3x , sin 11x 
6 22 
(ii) Jos x cos 2x cos 5x dx, 


+C 


We have (cos x cos 2x)cos sx=F(cos x + .cos3x)cos 5x, 


[using cosmx.cosnx = Fleostm =n)x +cos(m+n)x] 


= preos x cos 5x +2.cos 3x cos Sat 


ray 


= 1 (cos 4x + cos 6x) + (cos 2x + cos 8x)] 


at 


+, cosxcos 2x cos 5x = Fleosax+ cos4x-+ cos6x + cos8x} 
T= f(cos x cos 2x cos 5x) dx 


=1 f(cos2x + cos 4x + cos 6x + cos 8x) dx 
4 


_sin2x | sin 4x , sin 6x , sin 8x 
“8 16 24 32 


+C 


1 Example 17 Evaluate 
(i) fain xX COS X-€OS2x-cos 4x dx 


1= tan? x 1+c05* x 
fe oo 
(i Laer rh ( ear 
cos 2x sec 2x —1 
(iv) dx ) 
J ere x ul leet 


Sol. (i) Here, I = foinx cos x: cos 2x cos 4x dx 


= Jesinx- cos x-cos2x-cos 4x dx 
[using, sin 2x = 2sin x-cos x] 
1 


2x2 


2sin 2x+cos 2x+cos 4x-dx 


lig, 1 
=—fsin 4x-cos 4xde = —— [asi 
“J cos 4x¢ Fa J?8in 4x cos x de 


=2Ysin ax dx = 288% 4 
8 64 


tan? x 


1+ tan? x as 


(ii) Here, I= fp 


2 
T= Jeos2xde Using, cos 2x = 2 * 
in 2x 1+ tan’ x 


+e 


2 
(ili) Here, I= “Teer ids; 
cos 2x 


1+ cos? x 


1+2cos? x —1 Beast 


[Using, cos 2x = 2cos* x - 1] 
at 1 
= p[tsectx + Yde= (tan x4 x)+C 


cos 2x 


(iv) Here, 1 = dx 


cos* x-sin? x 
= flees? x= sin? x) de 
cos* x-sin? x 


[Using, cos 2x = cos® x —sin® x] 
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1 2 
-I(5 = a Sol. Hrs 1= (SEE — conte cot ts) 
sin" x cos” x. 2cot 2x 
= J (cosec*x — sec* x) dx =— cot x ~ tan x+C I= [(cot 4x — cos 8x-cot 4x) dx 
sec 2x 1- cos 2x 2 
(v) Here, f= [dx = [—“*™ ax, i = cot Ani 
” sec2x +1 rer 2x [vine CON Sava 
in? 
We get, = {2% = Jot 4x(1 — cos 8x) de 
2cos* x : [using 1 - cos 2A =2sin?A] 
(using, 1 - cos 2x =2sin? x and 1 + cos 2x = 2cos* x] = foot 4x-2sin?(4x) dx 
= Jtan?x-de 


As, tan? x =sec*x 


rT = JE asin? ax de 
sin 4x 

I= [lsectx 1) de =tan xx 4 = Jasin 42-cns Ande, 

1 Example 18 Evaluate 


using sin 2A =2sin Acos A 


cot? 2x -1 afunae 
t= | | ——— -cos8x-cot4x | dx. = foin 8x de 
i( 2cot 2x i +) ‘ 


Exercise for Session 2 


™ Solve the following integration 


1 je 2, [2SX=8INX Oo 4 asin ax)dx 
Tr sin x cos x +sin x 
3. J (Bsin x cos? x —sin® x) dx 4. [cos x°dx 


in x +008 x : cos 2x ~cos 20 
5, {2 dx, here (sin x +cos x)>0 6, foee2x=c0s 20 
I" Frranax ( OS x —COS & 


3 


3 
SOROS 8. 


sin’ 
I z 
sin? x -cos? x 


9. [ J1=sin2x dx 


sec? x-cosec?x dx 


12. cos 4x +1 
ads cot x — tan x 
in 2x + sin 5x —sin 3x 
13. {(sina-sin (x - aX Ja 14, {Wx + sindx —sin3x 
sina.-sin (x ~a) +sin?| > —a} dx a arioaantae 


15, (costx+sin’ x 


dx, here cos 2x >0 
1+ cos 4x 


Session 3 


Some Special Integrals 


Some Special Integrals 
dx 1 


OJ pazun(Z}xc 
x'+a* a a 


dx 
(v) J FS = log | x +x? +a" [+0 
Tce bowls tye 0? | 


(vi) log|x +x? —a? |+C 

(0 [FF abe ten (Eee 
a 

(viii) J fa? +x? dx 


1 
salah tat pat log|x +ya? +x? |+C 
(ix) [ yx? - a? dx 


i 
apex =a 5a log | x4 x? - a? [4+ 


Some Important Substitutions 


Expression Substitution 
at+ x? x=atan® or acot® 
ax? x=asin@ or acos® 


7 


¥ x=asecO or acosecO 


a= x=acos28 


atx 


ee or f(-0) (@-B) 
=x 


x= 0 cos? 0+ Psin?@ 


Application of these Formulae 


‘The above standard integrals are very important. Given 
below are integrals which are applications of these, 


Type | 
if[—— w/—-— 
a ax? +bx tc Jax? +bx +c 


(iii) [ Jax? + bx +0 dx 


Ifax? +bx +c can be factorised, then the integration is 


easily done by the method of partial fractions (explained 
later). If the denominator cannot be factorised, then 
express it as the sum or difference of two squares by the 
method of completing the square 


‘ ( 2,6 ) ( +) (: e 
ax’+bx +e=al| x?4+—x+— |=ay| x+——]| +|—|-—>, 
aa 2a a) 4a? 
make the substitution x + 2 st 
a 


1 Example 19 Evaluate 
i 1 
(i) Ip wow 


(iv) J f2x? -3x +1 de 


completing x* — x +1 into perfect square. 
a sere trent rect leer 
xt 1/4—1/4e1 1 (x—1/2 +3/4 


a 


1 
7 zae=Lun'(*)+<] 
Rea am Ma 


1 1 
rl 


x + x/2-1/2 


=i 


1 
er 
x4 x/241/16—1/16=178 


=i dx =1f dx 

22 (x41/4))-9/16 2° (x +1/4)? - (3/4) 
i. a 
2 2/4) 


x+1/4-3/4 
x4+1/443/4 


log 


2(x +1) 


3 dx dx 
I= = 
" liraaresn i cerserere 


=f dx 
(x = 1)? + (v2) 


= log |(x ~ 1) + (x - 1° + (V2)? | 


[evel pg mele ere ve] 


= log |(x —1)+ yx? -2x4+3|+C 
(iv) 1 fax? =3x +1) dx = 2 f(x? 372-4172) de 
= 2 J (q{x? —3x/2+9/16-9/16 + 1/2) de 


=12 I( (x —3/ 4)? - 1/16) dx 


[2 Ge —3/4)y(x- 374)" - 1716 
“4 


+c 


— ogi -3/4) + f(x—3/4)- 16 


16x2 


[ (ax —3) fie? — 32/24 172 
8 
Tae Gy? —ax/2+1/2 
32 


1 Example 20 Evaluate 


+c 


Sol. (i) Here, a ar 
1 -e** 


Let, 1c =f? 


Then, ~2e*¥dx =2tdt 
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(i) Here, I= —S dx 
ans 


Let, x? =t,2x dx =dt 


1-f dt af dt 
qr pepe 
4 
=f at =J 
574 —(t+1/2)* (V5 12)? —(t 1/2)" 
ai (t+1/2 _ got (Ox? +1 
(Giz2)+c=si ( = Jee 


: 
(iii) Here, I= dx. Let,a* =t 
) He = fo 


af logadx =dt, a de = —2t 
Toga 
dt 1 


1 
. Is = sin” (t) + 
NSF hea ge 


ta sin(e*) 46 
loga 


es 
“Ion 


Let, x72 = ag x”? dx = dt, x" dx = Es dt 


(iv) Here, T= J 


2a 
= lah 


oP ft ee ey cata 
-2ant($,)oe=-2u0(20} +0 


1 Example 21 evaluate 


Cos x _. ¢ [singe —) 
ao ie x —2sinx -3 ae j sin (x +0) ay 


2sin2x —cos x 


(ii) J 


6 —cos? x -4sinx 
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cos x dx 


ein? x—2sin x —3 


Put sin x= 
dt dt 
1=[—St_- 
7 IF -2-3 if arrerer 


(t - 1)" — (2) 


= log] (t -1) + y(t 1 -Q [+e 
T= log | (sin x — 1) + ysin? x -2sin x-3|+C 


P fsin (x — 0 
(ii) Uet T= J ee 


Sol. (i) Let [= f 


*. cos x dx =dt 


sin (x -@) 
sin (x —@) 


sin (x — 0) 
sin (x +0) 
=f sin (x 0) 
fin? x main 


sin x cos @ ~ 
r=] cos ee 


sin? x —sin? @ 


sin x dx cos x dx 
= cosa "= -sina f —“S 2 _ 
Ysin® x —sin*o. Asin? x -sin? 0. 
sin x dx 
605 0, f 
i- cos? x — sin? & 
cos x dx 
-sino. f= 
ysin? x -sin? 
sin x dx cos x dx 


= cosa] SH sna eee 
Teast conte Ten? ante 


In the first part, put cos x = t,so that ~sin x dx = dt 
and in second part, put sin x = u, so that cos x dx = du 


dt : d 
zt pases gl arate 


snag 
|u—y(u? sin? a)|+C 
 -1(cosx) 
== cos @-sin”'| * | — sin a-log 
085 Ot 
|sin x — sin? x —sin? a |+C 


2sin2x—cosx 4 


(iii) t=f- 


=- cos a-sin 
cos 0 


— cos? x—4sin x 


= jitsin sata x & 
sin? x —4sin x +5 


Put sin x = t,so that cos x dx = dt 


(i) 


(1? = 4t +5) 

(4t-1)= A (2t-4) +p 

Comparing coefficients of like powers of f, we get 
2=4,-40+p=-1 

=> N=2p=7 wii) 

22-4) +7 

Pa 4t45 


Now, let 


[using Eqs. (i) and (ii)] 


=2log|t?—4t-+5|+7 [ 


= 4t+4-445 
dt 

-2 + (1) 

ae 


=2log|t? ~atesl+7 Jo 


=2log|sin? x —4sin x +5|+7tan“(sinx-2)+C 


Type Il 
(px +q) dx - 
Cee are +bhxt+e @ 


(px+9) ay 
ax? +bx +c 


ii) (px + q) fax? +bx +e de 


The linear factor (px +q) is expressed in terms of the 
derivative of the quadratic factor ax” + bx +c together 


with a constant as px qt +bxtc)+p 


= pxt+q=)(2ax +b) +p 


Here, we have to find 2 and pt and replace (px +4) by 
(A (2ax +5) +p) in (i), (ii) and (ii). 


1 Example 22 Evaluate 


) ae de 


Sol. (i) Let =f eas 
x 


Fig 


z 
dx 
a? +x? 


(ii) Jx 


 =>— 2x dx =ardtaxde=-tdt 


saan t(Z}erec 

a 

sesin'(2}4 0 =x 4c 
@ 


la? — x? 
i) Let | T= fx de 
i J a +x? 


Put x? = t=92xdx=dt 


ly fat—t at—t 
sla a tt 


where a! —t?=u => -2tdt=du 


ua 
elatsin?(+ 42. ¥— lee 
2 a) 4\ 1/2 


[where t = x? andu =a‘ — x‘) 


: 
=} (2 Lem +e 
; 


Integrals of the Form Ie KO) ay, 


Xx? + bX + 
where k(x) is a Polynomial of Degree 
Greater than 2 


To evaluate this type of integrals we divide the numerator 
by denominator and express the integral as 


QAx) + Ie), where R(x) isa linear function of x. 
ax” +bx +e 


1 Example 23 Evaluate 
(i) [x fiexax? dx i) fle t= x — x? dx 
Sol. (i) Let 1a Jxyitx-x? dx 
Put xea{Zarre shen 
de 


‘Then, comparing the coefficients of like powers of x, 
we get 
1=-2A and A+p=0 => AS-1/2H 1/2 


xyitx—x dx 
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= 1 1 2 
={{-fa-20+3 b+ x—x? de 
=} Janae isan xtae+ tf +x — xéde 


1 1 3 11 
=-+([idt+=fj-(¢-x+--=-)d 
ait 7! (xP-x tT - Fae 


[where t = 1+ x- x?] 


[ez (4)-(4 
2 


ee al 
(ii) Let T= f(x +1) fis x de 


Put, (ren=a(Za-x-x9) +H 
& 


Then, (x +1)=2(—1—2x) + comparing the 
coefficients of like powers of x, we get ~ 2A = land 
w-A=1SAR=-1/2 and p=1/2 


2 
so, feta finan # dem f{-2Cr-an ed} 
{—x- x? dx 
J(-1-2x) i x— a8 det 2 [fix xtde 
a1 f(-1-2x) ffx de 
2 
+t] fi-(# eesti ae 
2 404 


=-} edt 2f (J5 12)? — (x +112) dx 


(where t =14 x - x] 
u(et) 4 i ‘) z 
=-+[£ | 424 fx 4t) fies 
(5 2ar*2 ie ‘ 
15 a1(xt1/2 
+2-2sin7' [27 ——lh +c 
24°" ( V5/2 }} 
oo p0r east Eat yin 
SS eet 
+2 Bit |te 
is =) 


(x+1)= (Ci1-ae+t 
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2 
x7 4x43 

1 Example 24 Evaluate —— dx. 
xe =x-2 

Sol. Let 0h 

a 
2 
= axt5 


Put, 2x+5=2 {Zu -x -a +L. Then, obtaining 
ie 


2x +5= (2x —1) +p, comparing the coefficients of like 
terms. We get,2=2A and S=p—A 
‘ rae 


[where t = x? - x -2] 


= xt log] e1+6 [—— Tear 


1/2) 


1 
03/2) 


x 
—2-2\+¢ 
3 


=x+log| x?—x-2|+6- log 


|= 
Esai) 
x 


5 x 
= = x-2[4+2-1 
x + log | x’ | 08 aL 


Integrals of the Type 


2 
LJ ax’ +bx+ce dz 


fe +bx +e) 4 


(px? +qx +r) 


px? taxtr 


3. flax? + bx +e) px? t qx tr de 


In above cases; substitute 


J 


2 fips 
ax?+ bx +e= A (px + gx tr) +H 47 (px! tax +r)p ty. 


Find A,pL and y. These integrations reduces to integration 
of three independent functions. 


1 Example 25 evaluate 


2x? + 5x44 


(taxes 


dx. 


ax? +Sxt+4 
a dx 
iets] xt txt] 


2, du 
Putax?+5x+4=A(x*+ x41) +h Pail +x+Ihoy 
or 2x2 5x 445A (x7 +x41 tH r+) +7 
Comparing the coefficients of like terms, we get 

+o, 4=htpty 
. 12, yas? 
Hence, the above integral reduces to 


ra [PSEA ae 
prrer 
3 @x+) 1d 


-sfe 2 tol 
= 3ydt 1 de 
=2f yx sehen 


GF +x+1) 
: + 
qettxti 2 yxtexe 


[wheret =x? + x41] 
SS RTaF deg tt 
=2 41/2) +(V3/2)? dx +=-— 
Ie VESIe) 2 1/2 


dx 


1 
wt 

a) teuaareORTe 
=ali(aedWeexsted.2 toei(xed}eVeeeerl 


safe ret + Logi (x42)+ fF aaaa lec 
és t=(<1d)UeFexet die (x42) ror} 

+34 txt + tog (+) sc 
a1-(2+2) frais te((e+!)s fFeeip -c 


Trigonometric Integrals 
(a) Integrals of the Form 


dx, 


acos*x+bsin?x 


1 ax, f 1 


at+bsin?x 


ax,f— 


a+bcos*x 


(asin x +b cos x)? 


i. ax 1 


a+bsin? x+ccos’ x 


To evaluate this type of integrals, divide numerator and 
denominator both by cos* x, replace sec’ x, if any, in 


denominator by (1+ tan? x) and put tan x ='t, So that 
sec* x dx =dt. 


1 Example 26 Evaluate 


1 
0 res x 


+9c0s? x 
" dx 
So. (i) 1=|—————— 
) Peers par 


aay f_SINX 
WW Joray 


Here, dividing numerator and denominator by cos” x. 
We get 


Put tanx =f 
=> sec? x dx =dt 


fae 


=1j dt 
471? 43/2)" 


ar +9 


dx 
tafe x 


Dividing numerator and denominator by cos* x, we get 


rf 


sect x de 
3(1+ tan? x)—4 tan? x 


sec? x dx =j 
3sec* x —4 tan’ x 


Let tanx=t = sec? x dx =dt 


1 V3+t 
it iad eT 
firwx|, 6 

Pel eon x|* 


(b) Integrals of the Form 
J— — «j——«, 


asin x+ bcos x atbsin x 
pS 
Jt, ;—_+__« 
atbeos x. Jasin x+beos x+¢ 
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To evaluate this type of integrals we put 
Ztan x /2 1-tan* x/2 
and con x 
1+tan® x /2 1+tan® x/2 
tan x /2=t, by performing these steps the integral reduces 
to the form f 


sinx = and replace 


dt which can be evaluated 
2 + bt+e 


methods discussed earlier. 


1 Example 27 Evaluate 
7 dx 
0 | Sauer 


m Seaneross 
2tan x/2 


Sol. For this type we use, sin x =>, 
ve 1+ tan’ x/2 


tan? x/2 
T+ tan? x/2 
dx 
2+sin x + cos x 
dk 
Fe tan* x/2 


cos x= 


(@ Letr=f 


ee ee 


tl 


m de 

(lel aaecaee 
={——_—_*_____. 

V3-2tan x/2 


14+ tan? x/2 
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= a Zace! S de =a 
dt 
~t? +2V3t-343+1 
dt 
=2 | ——————__— 
Sama 
1 2+t-V3 
=2:—— loy + 
2@) | 2-14.05 |*° 


2- V3 + tan x/2 
243 -tan x/2 


(c) Alternative Method to Evaluate 
the Integrals of the Form 
ini 


To evaluate this type of integrals we substitute 
a=rcos@,b=rsin@ and so 


ya? +b?, o=tn(#) 
a 


asin x + bcos x =rsin(x +0) 


r 


1 1 1 
es ee 
So, laevteas aes sa 


x 2) 
tan|~+— 

Flan) 
© fa? +0? 

ee ep *) 
tan| — += tan7' — 

a2 a 


1 
1 Example 28 Evaluate \Jemrcex 


+C 


1 
=1 feosee (x +0) dx =" log 
r r 


log +c 


Sol. Let V3 =rsin@ and 1=rcos@ 


Then, r = v3)" + (1)? =2 and no= 4 => a= 
=f u dx 
Yasin x+cosx 


-J|— ee" 
7sin Osin x +7 cos 0 cos x 


ai eee -0)d 
ed ry) 7 Jeeets Oh de 


nx 0 
Fy%-- Ieee 
w(7+3-3) 


=+tog 
7 


= £ log] tan zy2.8) +c 
2 4 2 6 

= bog un(£ +) +e 
2 2 12, 


(d) Integrals of the Form 


(estate thay (eseetaa rs 
acosx+bsin x 


acosxtbsinx +e 
Rule for (i) In this integral express numerator as, 
2 (denominator) +41 (diff. of denominator) + ¥. 


Find A,p and y by comparing coefficients of sin x,cos x 
and constant term and split the integral into sum of three 


integrals. 
AJde+n f 


Rule for (ii) Express numerator as 4 (denominator) +t 
(differentiation of denominator) and find A and pt as above, 


(2+ 3 x) 
T Example 29 Evaluate Jee 


dx 
asinx+ bcosx+c 


d,c.of (denominator) 
denominator 


dx+y J 


Sol, Write the numerator = (denominator) +1 (dic. of 
denominator) + 
=> 2+3cos x=A(sin x +2cos x +3)+p(cosx—2sin x) + 


Comparing the coefficients of sin x, cos x and constant 
terms, we get 


O=A-2p, 3=2R +H, 2=3A +7 
= h=6/5, W=3/5, Y=-8/5 
3 ¢_cos x-2sin x 


Hence, 1=5 fide + 
5 51 Sin x+2cos x43 


x+2cosx+3 


6 
= 5:44 Floglsin x +208 x-+3|-51, Ai) 
Where, 1, = f———“ __ 
sin x +2cosx+3 
=j|———___“___ 
RTT 
a tats 42 tan’ xl) yy 
T+tan? x/2 1+ tan? x/2 


ax 
sec? = dy 


2tan ~+2-2tan? X 4343 tan? * 
2 2 2 


sec? X ay . 
= 7 + let tan == ¢ 
tan? ~+2tan +5 
2 2 


=> sec? Sax=at= =[*_- ean 
2 P+arts (t+1)? +2? 
x 
tan — +1 
1 =a (t+ 
fsa totentt (OE) Sgt | if 
paoitnasift) oases] "8" gy 
From Eqs. (i) and (ii), 
tan=4H1 


3 
IeSx4e Jog |sinx +2c0s x +3] ® tan” 
5 


1 Example 30 The value of J+ tan x-tan (x + A)} dx 
is equal to 
sec x 


(2) cot A-log| ay 


(b) tan A-log| sec (x + A)]+C 

sec (x + A) 

—— |+¢ 
sec (x) 

(d) None of the above 


(©) cot A-log 


Sol, Let T= fft-+ tan x-tan (x + A)idx 


=f{u 


=f x-cos (x + A)+sin x sin(x +A) 4. 
cos x-cos (x + A) 


sin x-sin(x+A) | gy 
cos x-cos (x + A) 


_ fos tannde 

cos x-c0s (x + A) 
ated ere 77) 

Multiplying and dividing by sin A, we get 
sin A dx 

=cota-f—s04e _ 

baa rere 

sin (x+ A~x)de 


= cot A- 
lee carey 
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ee j{emaeaes 


cos (x+A)-sin x] 5 
cos xcos(x +A) 


cos x-cos (x +A) 


" 


cot A-(ftan(x+ A)dx— tan xdx} 


= cot A-{log| sec (x +.A)| — log |sec x |} +C 
Hence, (c) is the correct answer. 


cos 2x 
J Example 31 The value of { cnx 


(a) log| cot x + cot? x —1| +-V2 log| cos x 

+ cos? x-1/2|+C 
(b) —log| cot x +./cot® x —1] +2 log| cos x 

+ eos? x72] +¢ 
(6) log| cot x + cot? x -1] +2log| cos x 

+ cos? x-1/2|+C 
(d) —log| cot x + (cot? x1] +2log| cos x 

+ eos? e172] + 


cos 2x 
sin x Jcos 2x 


dx, is equal to 


Sol. Let 12 [XE ae =J 


sane aes x 
sin x Jest 


sin x 


2 cos* ma 
sin x 


2 
. Site 
at af = ds 

Jeu! cane 


{where t = cot x and s = cos x] 


— log |t +t? —1| + v2 log|s+ys*-1/2|+C 
= log | cot x+Jeot? x —1|+V2 log | cos x 
+ yeos? x-1/2|+C 


= 1 dx -2f 


sin x yeos* x -sin? x 
=f cosec* x 
cot” x 


| 


Hence, (b) is the correct answer. 
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Exercise for Session 3 


= Evaluate the following integrals 


2 
x dx 2 x 
ss 9-16x* » lavtee 
3 
3. (oe 4. ts 
Vex 25 J a°-x 
x 1 
5. J arene 6. jae dx 
2" 8x -11 
7. dx 8. f Ss * 
eos leer xe 
9. f—yX*? — ox 10. f=, ax 
xe + 2x 42 3-2x-x 
3x-1 vx dx 
11. [—,—~4. 12. 
Jag ~4x+47 cad 
ja-x fix 
13. J xe ™ 14. J ie 
x? +2x+3 16. 
15. J ey ha 4 lene cee 
dx 18. cos? x sin x i 
Wes \aaee Beax J sine —c0s x 7 


on cos x —cos* x eas x 
19. ipa 20. | Jee 
3sin x +2cos x 5, 22. 


27. Evaluate j 3cos x +2sinx 


Evalute f (2x —4)4 + 3x — x?ax, 


23 J (2x? + 5x +9)dx 
"Va axe ext 
ax 


24. The value of f eax aoe is equal to 
({tsina+ con) + Fy og| aot ro 
()2{ (nx + cos )+ 5 og mente | c 
hala lice all 


(d) None of these 


Session 4 _ 


Integration by Parts 


Integration by Parts 


Theorem If u and vare two functions of x, then 
fuvar=u far f{% Jods ae 


i.e. The integral of product of two functions = (first 
function) x (integral of second function) - integral of 


(differential of first function x integral of second function). 


Proof For any two functions f(x) and g(x), we have 


Epes) = 160-4. (260) +96) 2 (fox) 


fay EL taeoieacy (ro) foe=f ste) -a(x)de 


i 
3 (re Leer a+ J(200-Z veer je 
=J F(x) g(x)dx 
Steven Ja 
=Jrto-aae-f(ser-Z ye )ae 


Let f(x)=u and A itgcaev 


=> iG 


So that, g(x) =| vdx 


fuvacau-Joar—f| # var} a 


Remarks Z 

While applying the above rule, care has to be taken in the 

selection of first function (u) and selection of second function (v). 

Normally we use the following methods 

1. fin the product of the two functions, one of the functions is. 
not directly integrable (e.g. 
log| x|.sin’ x, cos! x, tan” x, ....ete.) Then, we take it as the 
first function and the remaining function is taken as the 
second function. i.e. In the integration of fx tan”! x dx, 


tan”' x is taken as the first function and x as the second 
function. 
2. If there is no other function, then unity is taken as the second 
function. e.g. In the integration of ftan* x dx, tan”! xis taken 
as first function and 1 as the second function. 
. If both of the function are directly integrable, then the first 


function is chosen in such a way that the derivative of the 
function thus obtained under integral sign is easily integrable. 


Usually we use the following preference order for 
selecting the first function. (Inverse, Logarithmic, 
Algebraic, Trigonometric, Exponent). 

In above stated order, the function on the left is always 
chosen as the first function. This rule is called as ILATE. 


1 Example 32 Evaluate 
(i) Jsin-™ x dx (ii) J loge | x| dx 
Sol. @ I= Join tx de “x1 de 
I 1 
Here, we know by definition of integration by parts that 
order of preference is taken according to ILATE. So, 
‘sin? x’ should be taken as first and ‘I’ as the second 
function to apply by parts. 
Applying integration by parts, we get 


1 
T=sin™t x-(x)- oxde 
[ree 
need Tiea kt fide 
seesint ats foe 


Let 1-x?=t 


~2xdx=dt = xdx=—1at 
2 


o fin xdesxsin' xt Ji-x+C 


Gi) T= floge |x| dx= flog. |x|-1 dx 
1 0 
Applying integration by parts, we get 
= log) x|-x- J 2-xdx 
x 


=x log] x|~ fide 


log|x|-x+C 
1 Example 33 Evaluate 
() Jxcos x dx (ii) x? cos x dx 


Sol. (i) x cos xdx, I= fx cos xdx 
Ig 
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Applying integration by parts, 
= d 

tex (feon de) f{ 4 co} for 2) aide 

T= xsin x [i-sin x dx=xsin x+cos x+C 


(i) T= fx? cos x de 
Io 
Applying integration by parts, 


agai ~ yl. 
=x? (fos x dx) ie (x | {feos x}de 
=x? sin x — f2x-(sin x) de 
= x? sin x-2 fx (sin x) de 
We again have to integrate J x sin x dx using integration 
by parts, 


=x? -sinx—2 x-sin x de 
T af 


=x? sin xa [ (fan wie = |($) fue x eorae} 
=x? sin x-2{- x cos x— [1-(- cos x) de} 

1 =x? sin x + 2x cos x—2sinx+C 

sin7! Vx —cos™' Vx 
sin“! Vx +cos' Vx 
sin7? Vx - cos”! vx 


Sol. Let i=) Selene 


= pein ve aa /2— sin) 
=J m/2 


dx. 


1 Example 34 Evaluate [ 


[esin™'@ + cos" @= 2/2] 
= 1-2 feesin' ve -n/2)ae 
x 
=< Join”? Vx dx - fudx 
1a4 Join”! Je de-x+C wi) 
x 
Let x =sin? 0, then dx =2sin 0 cos @ dO =sin 20 dO 
sin J dx = [0-sin 20.40 
Ion 
Applying integration by parts 
cos 20 t 
Join” Vxde = - 8+ J; cos20a0 


- cos 20-+ + sin 20 


eZee (1~2sin® 8) + 2-sin 8-fi—sin? @ 
2 


= in WR (LB) + dx ji-x Ai) 
2 
From Eqs. (i) and (ii), we get 


rot [2 canina-20)+} Seima} =x4C 
z 
a2 fe x? -(1-2x) sin" Vx] - x +6 
z 


Integral of Form [ e% {f(x) +f’ (x)}dx 
Theorem Prove that 
Jeet f7Gde se* f(x) +C 
Proof We have, fe* {f (x) +f’ (x)) dx 
= fer + fx) de + fe* f(x) de 
uot 


=flx)e* [f(xy etde + fe fx) de +e 

=f (x)-e*+C 
Thus, to evaluate the integrals of the type 

Je P+ (idx, 

we first express the integral as the sum of two integrals 
Je* f(x) dx and [e* f’(x) dx and then integrate the 
integral involving e* f (x) as integral by parts taking e* 
as second function. 


Remark 
The above theorem Is also true, if we have e* in place of e* 
ie, JO UF (40) + (40) de = ef (hx) + C 


General Concept 
Jet (Feog' (x) + F(x 
Proof T= fet £) g(x) dx + fea Fi(x) de 
ior i asitis 


Using, fe®*) - g’(x) de =e8), we get 
= fx) -e8— | f(x) 08 dx + fet. f(x) dx 


= f(x) 8) +0 


2 


ie = efemrevonn( Sens Coane tess)} 
x 


> felrsinetnen (eos xsi Sie 


= 


> fermen (eaes(2) (82) Je 
=#),(= 


teorx) COS 
wp elesinrtcona) CO5E 4 
x 
eg. =fe=* (sin x —sec x) dx 
= Jet sinx de —Je™* sec x de 
= -e™* -cosx + eM* sec?x cos xdx— fe™* sec xdx 
=> -e™* -cosx 


1 Example 35 Evaluate 
to fer (Hea win fem (estes 


1+c0s 2x 
sol. () 1=fer( HEE) ae 
cos! x 


info {oaoe 


T= fet (tan x +sec? xf dx 


sin x cos x 
ee ad 
cos? x 


T= Jet -tan x dx + [e* (sec* x) de 
ae 
T= tan x-e* — sec? x-e* de +fe*-sec?xdx +C 
I=e* tanx+C 
pests ae 


I= 
®) 1+ cos 2x. 


7: 

= fem [irsiezces tezan zest 
“tie 
I 


stanzcsl ae 


2cos*x — 2cos* x 


=fe* Sec! nae 


a ae 
= tan x: — [sec Lode +} fe? sect xdx 
z 22 


b 
Pape tan x+C 


T Example 36 Evaluate Je" ( = 
1+x 


Sol r= fe( 


14x? 


2 
x «(1-2x4+x7) 
} dx = fe Ga dx 
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+x 
aje* {azar a 
2x 
=le {ts -s5h« [= 
a2 ste 
lee 
ees 5+e 
+x 
Integrals of the Form 
Je™ sin bx dx, fe* cos bx dx 
Let T= Je* (sin bx) de 
Then, I= fsinbx-e* dx 
1 a 


= (asin bx — bcos bx) 


(asin bx —b cos bx) 


+ (asin bx —bcos bx) +C 


Ge (asin be — bcos bx) +C 


© (acos bx +b sin bx) +C 
a+b 


Similarly, f e%* cos bx dx = 


Aliter Use Euler's equation 
Let P=Je* cos bx dx and Q= Je sin bx de 


Hence, 


P+iQ=fe* 


‘i e, 
S etme 
at+ib a+b 


sel dea felt * de 


P 


e* (cos bx +isin bx) 
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_ (ae**cos bx+ be™sin bx) ~ i (ae**sin bx—be**cos bx) 
a+b? 
(acos bx +b sin bx) 
a+b? 


{a sin bx — bcos bx) 
a? +b? 


1 Example 37 Evaluate 
(i) Jer cos? x dx 
(ii) Jsin log x) dx 


So. (i) T=fe* cot? de = fot fPSE2E a 


tad fer de +> feos 2x-e* de 


1 
I=> By, i 
Leraly 0) 


where, I, = is 2x-e* de 


I, = J cos 2x e* dx = cos 2x-e* ~ J-2sin 2x-e* de 
I I 


cos 2x +2 fsin 2x-e* de 
1 


cos 2x +2 {sin 2x-e* — [2 cos 2x-e* dx} 


-cos 2x +2sin 2x-e* — 41, 


= : {e* cos 2x +2sin 2x e") -Aii) 
From Eqs. (i) and &, we get 
ea {e* cos 2x +2sin 2x-e*) 
2 | 
pater +Le® (cos 2x +2sin 2x] +C 
2 10 


(i) T= fain (log x) dx 


Let log x= 
= xe! or dx=e' dt 


T= [(sin t)-e! dt =sin toe! ~ Joos te! de 
1 q 1 st 


T=sin t-e! - {cos t-e' -[—sint-e! dt} 
I=el-sint -e'-cost-I 


pate! (sint—cost)+C 
2 


=F sin (log x) — cos (log x)} +C 


x?dx 


Example 38 Evaluate }—————_5" 
! P lier X-+c05 x)? 


x? 


Sol. Let = | ————_ 
(x sin x + cos x) 


Multiplying and dividing it by (x cos x), we get 
(xcosx) ay 


We Jess) Tan x +008 x) 
1 


ee eee 
execs | 
(xsin x + cos x) 


d x cos x 
pit 25 ¥_ abe 
gene cattaar} 


-1 


= x sec x: 
(esin x + 005 x) 

—4 

= J see x-tan x + see x)» de 

(esin x + cos x) 


=a ay (xsin x + cos x) 


—_ dx 
(esin x + cos x) 


cos? x-(x sin x + cos x) 


—xsecx 
= SEE + fosec? xdx 
(x sin x + cos x) 
~xsecx 
[= ————— + tan x +C 


(xsin x + cos x) 


1 ane 39 The value of 


jp =" sn" (5) is equal to 

(a) Gol (:))+2 lg— x? «cos! (:)-a} + 
(b) i fs (oo (:y) +2.J9=x? sin” (3) + »| ¥e 
© ifs (x (:)) +29=x7 sin (S)+2 | +c 


(d) None of the above 


Sol. Here, T= J sre (Gee 
x 6 


Put x=3cos 20 
aa dx =—6sin 20d0 
3— 3 cos 20 n> 1 
{SSS 8 (ge a) esto 8 
=fsne ip, 
coro “sit” (sin 8)-(—6 sin 26) 40 


=~ 6J0-(2sin? 8) dO = ~ 6 [0 (1 - cos 20) dd 


Hence, (a) is the correct answer. 


sec x (2+sec x) 


1 Example 40 The value of ; ~ 
(1+ 2sec x)’ 


dx, is 
equal to 
(ay 50% cos x 


+C (b) 
2+ cos x 2+ cos x 


(a 4c (8% 
2+sinx 2+sinx 


+C 


+C 


Sol. Let 1= feeX@+ see 2) gy = [228 e 41 gy 
7 (1+2see x)* (cos x +2)" 


=f x (cos x +2) +sin? x 


ax 
(2+ cos x)* 


= fee cos x ax +f sin? x 
2+ cos x (2+ cos x) 


1 
sin? x 
= feos x-——* — dr + [8 $= 
 @teos x) (2+ cos x) 
T 


Applying integration by parts to first by taking cos x as 
in? 
second function, keeping { —""—*— dx as it is. 
(2+ cos x) 


1 


sin x 
+ cos x 


-(sin x) - fsin x 


“(e+ cos x)” 
J sin? x 

fone 
2+ cos x 


Hence, (a) is the correct answer. 


TExample 41 The value of flog (/1= x + 1+ x) dx, is 
equal to 


(a) xlog (JT=x +.JT+ Xe dx Iso we 
(b) xlog (THR + (TH) + he sin! (x4 
() xlog (T= x + 74x) 3 xin wee 


(d) None of the above 


ae de 
(2+ cos x)? 
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Sol. Here, we have only one function, This can be solved 
easily by applying integration by parts taking unity as 
second function. 


If we take u = log (,/1 — x + J+ x) as the first function 
and v =1as the second function, 


Then, 


T= fi-log (t= x ++ x) dx 
= flog (T= x + yi+x)hx- J 


1 
d= x+yltx 
Pe ee ee ee 
2yI-x 2jitx 
=x log(ft-x + yi+x) 
1 eeere 
i Rox+jitx 
=xlog(ji-x+i+x) , 
/ 
apdraretesdoayinst 1 
2 


(l= x)-(1+ x) yee 


-x'- 
=x lat ime +firx)-3 [4 Xa by 


= x log( Ji x + rem) -$ frde+t 
= x log (fim x + iFR)- 3 xt teint xtc 


Hence, (c) is the correct answer. 


. 
1 Example 42 The value of fe* (Se J is 


(14 x?)*/? 

equal to 

pa ef (In x4 x7) 
Prraya ® (142)? 
on (4) None of these 

+x 
a A 42 

Sol. Let I= fe (oe) 


‘ 1 1-2x? 
“fe (ape ea) 


=fe Ge pee eee } 
Ga? ex? Geet? Ge 

xe wet tiextexd 
"aa tape oe 


Hence, (d) is the correct answer. 


+c 
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TExample 43 if (sin 38+sin6)e%"® cos 60 metteeren (sn i Jee 
fi X COS x, 
= (Asin? @+Bcos? 6+ Csin@+Dcos0+E)e™*+F, reas; (@)tv the cauréctanewer, 
then : 
=12 (b) A=—4,8=-12 . 2x+2 ¢ 
q Example 45 Evaluate] sin™’ _———— dx. 
2 (d) A=4,B=-12 ! P f fax? +8x+13 
Sol, Let 1 = [(sin 36 + sin 8) e*°-cos 8 d0 [MT JEE 2001] 
= [(3sin 0 - 4 sin? 6)-e%"°-cos 0 d0; 2 
I Sol. Here, 1= fsin”'| -—===2__ | ae 
PutsinO=t => cos 0d0=dt Jax? 48x +13 
= [(Gr— at? )et dt fi) 
f nhac( 
As, [=(Asin’@+ Bcos*6+Csin® + Dcos0+ Ee? + F Vex+2° +3 
=(A sin*@~— Bsin?+Csin0+ Dcos0+ B+ E)e™ "+ F Put2x +2=3 tan @ => 2dx =3sec* @d0 
When, sin @=¢ 3tan@)3 2 3 2 
= [sine [2822)2 soc? a da == [Osec? 0 do 
1=(At— Bt? + Cr+ B+ Eye +F [ee (2222) See J 
as by Eq. (i) D=0...{ii) 3 
From Eqs. (i) and (ii), =} @tano-f fan oh 
JO@r— 41?) ef de = (Ar? - Be + Cr+ B+ Ee +A, = 3 @ tan 0— log|sec@|} +C 
t 2 
differentiating both sides a0) 9 ewe ee lan? 
(3t — 4?) e'=(Ar?— Bt?+- Ct + B+ Ee! +(3At® — 2B +Chet a=} = tan (22 mal (2? ) +e 


> A=-4 and 3A=B = B=-12 


Hence, (b) is the correct answer. a! {ke " an(2ee ‘ ») tg farreera}sc 


T Example 44 The value of 
Ce 
= +C0S X 
Jetssneeoss). xo dx, is equal to 
x? cos? x 


) 1 Example 46 Evaluate J 
be 


= 1=(x+1) tan” (F-+0)-3hecax $x 413+ 


x? (x sec? x + tan x)dx 
(x tan x+1)? 


a, xsec? x+tan x 
(x tan x +1)? 


oe Nef 1 i 
( va) fee wataa)* =D 


s 
[ie EI et 


fayetsna cos) Le 4 
x COS x, 


woeriorrern (xcosxet J+ Sol, Here, I= fx’ 
x 


tgetarroens [x i Jee 
X COS X 


(d) None of the above 


1 
(x tan x +1) ? aml 


oe) ee 


xtanx+1)/ xsinx+cos x 


(rains con | Heed xaraprios) 


Sol, Let = fe teats 


= fe eitte 49 cos x) de folnrtonn 


xsin x — cos x [put, x sin x + cos 
‘Uguar )* =9(x cos x +sin x — cos x) dx = du) 
‘ 2 
Applying integration by parts 3 a —+2 du 
er nx 
a fxceleim ater fel ) dey e+) u 
4s 
ia arinreme ad Fanaa t2bslul+e 
2 


a +S log | tt 
Pian ya 12181 xin x + cos x|+C 


Exercise for Session 4 


1. J x?e%ax 
3. flog x-ax 
5. J (tan x) dx 
7. J xtan'x dx 
9. [X=S8O% ay 
1—cos x 
11. Je*(tan x + logsec x) dx 
13. (000010 Gee] 
18. rs a 
17. [6% -cos (bx +c) dx 
19. { sinvx dx 
21. foot (1x + x?)dx 
23. Feige ae - 
25. fo (season 
cos* x 


AON 


J x?sin x dx 
J(log x)Pax 


J (sec 'x)dx 


. [de 


Jlog (1+ x?) dx 


cos? x 


i jerftese xcos hoe 


fom. 1+ sin 2x | 
1+ cos 2x 


J e* -(2—x?) ae 


(t= x)j1- x? 


Jsec® x dx 


J (sin x Pax 


. sin! | — ax 
at+x 


i cos? x +sin 2x 
(2cos x -sin x)? 


dx 
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Session 5 


Integration Using Partial Fraction 


‘This section deals with the integration of general algebraic 


rational functions, of the form JB where f(x) and g(x) 
x 


are both polynomials. We already have seen some 
examples of this form. For example, we know how to 
1 Ux) P(x) 
or or 
Ox) Q(x) Q(x) 
where L(x) is a linear factor, Q(x) is a quadratic factor and 
P(x) is a polynomial of degree n> 2. We intend to 
generalise that previous discussion in this section. 


integrate functions of the form 


We are assuming the scanario where g(x) (the 
denominator) is decomposible into linear or quadratic 
factors. These are the only cases relevant to us right now. 
‘Any linear or quadratic factor in g(x) might also occur 
repeatedly. 
Thus, g(x) could be of the following general forms. 
© g(x) = Ly (x) L(x)... L q(x) (linear factors) 
sae) th) gx) (BE HCO the 
© alt) = Ly (x) LE). Eg 
(x) = La (2).-- Lee) Ln) |. ctor is repeated k times 
—epcyrhar yey af? linear factors, the ith 
© ax) = Lp (Ng (x) Ee ae is repeated k; times 
gx) = Ly (x) Lg) Lg (2)Q(2IQ2() Om (2) 
n linear factors and 
m quadratic factors 
é a particular quadratic factor 
© x) =. Ex). 


repeats more than once 


* A combination of any of the above 
Suppose that the degree of g(x) is mand that of f(x) ism. 
Ifm > nwe can always divide f(x) by g(x) to obtain a 
quotient g(x) and a remainder r(x) whose degree would 
be less than n. 


fle). rx) 
ToD (i) 


tment! a is termed a proper rational function. 


‘The partial fraction expansion technique says that a proper 
rational function can be expressed as a sum of simpler 
rational functions each possessing one of the factors of 
g(x). The simpler rational functions are called partial 


fractions. 


From now on, we consider only proper rational functions. 


(x) 
es is not proper, we make it proper (2) by the 


procedure described in (1) above. Let us consider a few 
examples. 
Let g(x) be a product of non-repeated, linear factors : 
g(x) = Ly (x)La(x)---Ln(X) 
Then, we can expand ne in terms of partial fractions as 
B(x 
f(x) _ Ar 
a(x) 1y(x) 
where the A/s are all constants that need to be determined. 
Suppose f(x) =x +1and g(x) =(x —1) (x —2) (x —3). Let 


us write down the partial fraction expansion of ey : 
ale 


x+1 A B c 
+ + 


f(x) _ = 

ax) (x=1)(x-2)(x-3) x 
We need to determine A, B and C. Cross multiplying in the 
expression above, we obtain : 

(x +1) = A(x —2) (x -3) + B(x -1) (x —3) 
+C(x-1)(x-2) 

A, B,C can now be determined by comparing coefficients 
on both sides. More simply since this relation that we 
have obtained should held true for all x,we substitute 
those values of x that would straight way give us the 


required values of A, B and C. These values are obviously 
the roots of g(x). 


x-2 3=3 


x=l => 2=A(-1) (—2) + BOO) +C(0) 
=> A=1 

x=2 => 3=A(0)+B(1)(-1)+C(0) 
=> B=-3 

x=3 => = A(0) +B) +C(2) (1) 
=> C2 

Thus, A=1,B=~3andC=2, 


We can therefore write ran as a sum of partial fractions. 
x 
f(x) _ 1 
ae) x 


x), 

Integrating oa is now a simple matter of integrating the 
gl 

partial fractions. This was our sole motive in writing such 

an expansion, so that integration could be carried out 

easily. In the example above : 


[Ee ae=in(e—a-s In(x —2) +2 In(x -3) +C 


Now, suppose that g(x) contains all linear factors, but a 
particular factor, say L, (x), is repeated k times, 
Thus, 8(2) = Lh (x) L(x)... Ly (x) 
# can now be expanded into partial fractions as follows 
fo) A, Ary Ary My By yD 
ax) Lie) Li) Lie) L(x) La) 
ie aN) TAGS) Ei) 
1 pail fractions corresponding to (#) 


L(x) 


This means that we will havek terms corresponding to L(x). 
Therestof the linear factors will have single corresponding 
terms inthe expansion. Here are some examples. 

1 


(x= 1)(x -2) 


=> 


can be expanded as 


¥ x-2 
> 3, 
(«= °(x-2) (-3) 
can be expanded as 
A B &. D Cc 
+ + + 
F y-1*@-0? @ 0 9-3) 
1 
3 


(x —1)?(x +5)° 


can be expanded as 
A B c D E 


F-1 G@aye +S) Geta Ge tS) 


2xt+1 ; 
1 Example 47 —~——— into partial fractions 
Pe ee 
Sol. Here, —2* +1 has Q(x) =(x + 1)(x —2) ie linear 
(e+1)(x-2) 
and non-repeated roots. 
ax+t | A | OB 
(x+1)(x-2) x41 x-2 
= (ax +1)= A(x —2) + B(x +1) 


On putting, x =2we get 
5= A(0) + 3) => B=3 
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Again, let x =-1 
= A-1)+1= A(- 1-2) + BO) 
aed. 
3 
ax+1 1/3) 5/3 
(x+i)(x-2) x+1) x-2 


1 
int 
1 Example 48 Resolve Rope D Ox into 
partial fractions. 


rie 1 gully 8B c 
sail * one Dex +3) x 


where A, B,C are constants. 
1 = Alx+2)(2x-+3)+ B(x =1) (2x +3)+ C(x 1x +2)..() 
For finding A, let x — 1 =O or x = 1 in Eq, (i), we get 
1=A(1+2)(2+3) + B(0)+C (0) 
1 


15 
Similarly, for getting B, let x +2=00or x = ~2in Eq. (i), we 
get 
1=A(0)+ B(-2-1)(—4 +3) +C(0) 
= Bal 
= 


For getting C, let2x +3=0or x = —3/2in Eq, (i), we get 


1=A(0)+ B(O)+C 


= ¢ 


EA 
5 


1 1 1 4 


Hence, = te ss 
(x-1)(r42) 2x43) 151)” x42) 52x43) 


3x3 42x? 4x4 


i ‘ 
Ger) (x2) into partial 


1 Example 49 Resolve 


fractions. 


Sol, This is not a proper fraction. Hence, by division process it 
is to be expressed as the sum of an integral polynomial 
and a fraction, 


Now, 3x? +2x? + x +1=3x(x? 43x +2) 
—7 (x? +3x +2) + (16x + 15) 
So, the given polynomial 
3x? + 2x? +x+1 
(x +1)(x +2) 


(16x +15) 
(x +1) (x +2) 


=(3x-7)+ wi) 


Now, the second term is proper fraction hence it can be 
expressed as a sum of partial fractions. 
16x +15 


(x +1) (x +2) 
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To find A put x +1= 
the factor (x +1). 
16(=1) +15 
(1+2) 
pegeltent 2=0,ie,x = —2in the fraction except in 
16(=2) +15 


=~ Lin the fraction except in 


=A 3 A=-1 eo(ii) 


=> B= 

C241) ike 
=> The given expression =(3x —7)-—1_ + !7_ 
x+1 x+2 


[using Eqs. (i), (ii) and (iii)] 
Case IT When the denominator g (x) is expressible as the 
product of the linear factors such that some of them are 
repeating. (Linear and Repeated) 
Let Q(x) =(x —a)* (x —a,) (x —ay)...(x —a,). Then, we 
assume that 


PO) A, de, 
OG) @-a) (=a Gay 
By iy Ba 4 Be 
(=a) (¥-a2) (@ a) 
L Example 50 Expression — has repeated 
x 


(twice) linear factors in denominator, so find partial 
fractions. 


x45 
(e-2 (e-2) (x2) 
A (x+5)=A(x-2)4+B 
Comparing the like terms, A=1,-2A +B=5 or B=7 
x+5 1 7 
at 4 
(x—2) (x= 2) (x-2) 


Sol. Let 


3x-2 


1 Example 51 Resolve waned 


partial fractions. 


-2 
Sol, Let Sa (xe y(x +2) 
__A. B 
“GD (e-1 
Bx 22 A(x— D(x + 1)( +2) 4 B(x + D(H +2) 
4 (x - I(x +2)+ D(x - I(x +1) 


Putting (x - 1) =0, we get B=1/6, 
Putting (x +3) =0, we getC =~5/4 
Putting (x +2)=9 
Now, equating the c 


we get D=8/9 
‘oefficient of x’ on both the sides, we get 


5 8_13 
OHA+C+D = A= 2-==> 
4° 9 36 
3x-2 ee ng ot 
ae (x4+D(x+2) 36(e-1) 6(x-1)" 
5 8 


-—> + _ 
4(x41) 9(x+2) 


Case II When some of the factors in denominator are 
quadratic but non-repeating. Corresponding to each 
quadratic factor ax” +bx +c, we assume the partial 

, where A and Bare 
ax? +bx +e 


constants to be determined by comparing coefficients of 
fx in numerator of both the sides. 


fraction of the type 


similar powers o! 


x+7 


2 : 
| Example 52 Resolve ———;—~ into partial 
P (x+1)(x? +4) 
fractions. 
al ie ax +7 __A_, Bxt+C 


Gantt) etl te 
2x +7 =A (x? + 4)+(Bx +C)(x +1) 


-1 
o A or A=1 
Comparing the terms, 0=A+B => B=-1 
7=4A+C = C=3 
axt7 1 (x +3) 
(ee? 44) xt1) x44 


Aliter To obtain values of A, B and C from 

2x +7 = A(x? + 4)+(Bx +C)(x +1) 

2x +7=(A+B)x*+(B+C)x+4A4+C 

Equating the coefficients of identical powers of x, we get 
A+B=0,8+C =2and4A+C 7. 

Solving, we get A=1,B=-1,C =3 


1 Example 53 Find the partial fraction 
2x+1 
(3x+2) (4x? + 5x+6) 
2x41 __A Bx+C 
(6x 42)(4x7 45x46) Gx +2) (4x? 45x46), 
then 2x +1= A(4x? +5x +6)+(Bx + C) (3x +2) 


Sol. Let 


where A, B,C are constants, 
For A, let 3x +2=0, 


Comparing coefficients of x” and constant term on both the 
sides for Band C, we get 


4A +3B=0, 


B=-44 = B= and 6A+20 
3 10 


(3) 
ax+1 4 


"(Gx +2)(4x? +5x +6) 40(3x+2) 10(4x? +5x +6) 


Case IV When some of the factors of the denominator 
are quadratic and repeating. For every quadratic repeating 
factor of the type (ax? + bx +c)*, we assume : 


Ax + Az A, x+Ay 
ax? +bxte (ax? +bx +c)? 


1-6A 29 
=cs— 
40 


c=, 


Ana x + An 


(ax? +bx +c) 


2x" 42x? +x+1 


1 Example 54 Resolve +3 — into partial 
x(x? +1) 
fractions. 
Ags? 
gol tet 2 t2etta41 A, BetC, De+e 
x(x? +1)" x oxtt1 (x? 41/7 


or 2x4 +2x? +x +1=A (x? +1)? +(Bx +C) x(x? +1) 
+(Dx +E) x 
Comparing coefficients of x‘, x*, x”, x and constant term 
A+B=2,C =0,2A+D+B=2,E=1,A=1 
weget A=1,B=1,C=0,D=-1,£=1 


Hence, the partial fraction, 
axt+ox?+xt1_1,_ 1-x 
x(x? +1) x i+x? (itz? 


1 Example 55 Evaluate the following integrals: 


(1-x?) dx . p3x-1 
0 aoa 2x) w lear ® 
x? +x41 4 i 8dx 
OW Sama ag ) Feserrcery 
1-x? A B 
fol Ole Sa 2 x Om 
= (= x3) =5 x (0-23) + ACL 22) + a) 


tT 
On putting x = Oand x =>, we get 


1=Aand1 


fs 
Saray 
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3 log|1=2x1 , 


1 
px tloglal+> 
= 5x + log = 


1 3 
=< x + log|x| — = log [1 - 2x] + C. 
git eeld—4 eh —2a| 


= = A(x —2) +B, 
On putting x = 2in Eq. (i), we get B=5. 
On equating coefficients of x on both sides of (i), we 
get A =3, 
3x-1 s 
sak dx 
Saw ea aa) 
5 
= -2|-—. +c 
Slog |x -2|- 
i A c 
G9) Let Gaze x42 


ms xt xt i= Ax(x +2) + Wx +2) + C(x?) «(i 
=~2and x =0in Eq. (i), we get 
C =3/4and B=1/2 
On equation Coefficient of x? on both sides of (i), 
we getl=A+C=A=1/4. 


On putting, 


2 
PET ae f(A M24 A) is 
x? (x42) xe xt? 
=F hogix|— +3 log|x +4+C 
Goin, —— A “e 
(x4ay(x? 44) x42 x? +4 
=> B= A(x? + 4) +(Bx + C)(x +2) wi) 


On putting x = -2 in Eq. (i), we get A = 


On equating coefficient of x* on both sides we get, 
0=A+B=B=-1 

On equating constant term on both sides, we get, 
8=4A+2C>C=2 


Ce) a 


xed 


8 1 
oer ta ters 
2x dx +2 dx 


= log) +2)— Flog x? +a)4 2.5 tan (z)+e 


1 Example 56 Evaluate J 


Sol, Let I= [——*___ dew f_—__1 ___we 
sin x —sin 2x sin x —2sin x cos x 


sin x ie 


=J—+— «=f 
sin x (1-2 cos x) sin? x (1-2 cos x) 
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sin x 
(1 cos? x) (1-2 cos x) 
(put cos x= = -sin x dx =dt) 


dt...G) 


t=f[ 38 = Sacpana 
Q-P)(-2) 7 =) 0 +8) (1-21) 
Here, in Eq, (i) we have linear and non-repeated factors thus 
‘we use partial fractions for; 
-1 ei ng 8 c 
G@=)0+)G=2) (= G+ A-21) 
or —1= A(1+t)(1—2t)+ B(1—#) (1-24) + C (1-8) (+8) 


Putting (f+1)=0 or t =—1,we get “te 
~1=B(2)(1+2) => B=-2 
Putting (1—¢)=Oort =1, we get 
-1=A(2)(-1) > Ast 
Putting (1 —2t) =O ort =1/2, we get 
-1-e(1-2)(1+4) + c--4 
2, 2 3 
-1 Aa a: Sean 
G@-H(+)G—21) 20-1) 6(1+t) 3(1-2t) 


So, Eq. (i) reduces to 
ed ee ee 
1-2t 


i+t 


I-t 6 
1 i 4 1 

=< 1=t|—=log|1+#|-—x —=log|1-—2t|+C 
2 el [Pe belitel= 58-3 BI | 


1 2 
=~} log|1— cos x|~ 5 log 1+ c08 x] + 5 og 
[1-2cos x|+C 


xin x) dx 
1 Example 57 Evaluate Sa is ern 
(ie xsin a 


cor) 


Sol. Here, I= 
x (1 — (xe 


ne 
= (xe *(-sin x) be *) de = de 


f dt 
t(1-t)(i+e+t?) 
= (42S 
t tt f+ter 
Comparing coefficients, we get 
1 2 
=1,B=-,C=-=,D= 
A=18 3 3 


yen 


siieed aicate aaa 
(where, t = xe*] 


Tier 4 


tan 
[Example 58 Evaluate fsin 4x-e" * dx. 
Sol, The given integral could be written as, 


T= [4sin x-cos x cos 2x-e4" “dx 
=4 ftan x-cos? x (cos? x — sin? x)-e"" *dx 
=4 ftan x-cos' x(1- tan? x)-e""* de 


(i= tan? x)-e™"* de 


tan x 
=4f 5 

(sec? x) 
Put tan? x= 
=> 2tan x-sec® x dx = dt 


(a= tyet Mt oy a=nel y 
(+n 2 (tty 


=2{ jase 


_ a es a 
-aljee aol 


1 e+ 
a+t? 

[using fe*(f(x)) + f’(x))dx = e*. f(x) +e] 
oer 
(1+ tan? x)? 


= 1=4fe— > 


-2 


T=—2cost x-e™ 4 
1+ x cos x 


— xze2sine 


1 Example 59 solve lin dx. 


14x cos x 
Sol. Let jaf ites 

at 
Differentiating both the sides, we get 
cos x +e") de = dt 


=> e®™* (x cos x +1) dx=dt 


> I= It 


Put (xe 


(xe 


o 
) 


dt 
= liane (using partial fraction) 


= ——; >dt 
ata aR -aa} 
=log| | ~F og|1—t|~Ltogha tel +e 


=log| et * | 2 togl1— xe? | +.¢ 
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1 Example 60 Evaluate; ef dx 

pele) UF bee) 

J toge® loge* loget’*} dx x{1 + log e*} {2 + loge*} (3 + loge*} 

* Put loge” =t => tdx=dt 
x 


Sol, We have, 


1 . dt i 9 1 1 

T= J floge™ . loge" logee* = =ff- -— + It 

J, Woge™ loge loge e?s} de if Jasnesnorn Gata Qh aa}! 

2 rf 1 1 1 | m [using partial fraction] 
x |loge™ “log et** " loge®* =Eloglt + #|—logle+ i+ log B+ e+. 


=f ie 


7 7, y 1 * x * 
wloge” 4 loge") loge” + loge” }floge” + log?) = blog) + loge*|— log 2+ loge | + log [3 + loge*|+C. 


Exercise for Session 5 


= Evaluate the following Integrals : 


x? ox 
a? Jena ~De ay * lta xs 
ax 4 2x. 
res) ‘ See 
cos x dx 
g larmnerann* Prices ha 


secx 
1+ coset x 


2 
rn 8 janx ttan’ x 


1+ tan® x 


J dx 
x 16 (log x)? +7 log x +2] 


Session 6 


Indirect and Derived Substitutions 


Indirect and Derived Substitutions 
(i) Indirect Substitution 


If the integral is of the form f (x)- g(x), where g(x) isa 
function of the integral of f (x), then put integral of 


Ff (x)=t. 
d(x?+1) , 
1 Example 61 The value of is 
J x42 
(a) 2x? +2+¢ (b) Jx? +24 


(yx yx? +246 (d) None of these 


Sol, Here, r= 249 
x +2 
We know, d(x? +1) =2x dx 
=f 2x dx 
Jere 
Put, xt+2et? 


2t dt 
ax dx =2tdt => t= [=F =a+e 


=> Ta2yx?+2+C 


Hence, (a) is the correct answer. 


; “ 
1 Example 62 fo dco “ rs 


then aandk are 


(a)2/5,5/2 (b)1/5,2/5 
()5/2,1/2 (d)2/5,1/2 
(We - dx 
Sol. Here, 1 [oe dx lagnasy ery 
_ dx 
= aE 
ma i+ da} 
—_ ee eer: 
Put Se) 778 y 
. d 
ec 5 ea 
Ten slity 


1 


2 2 
ace =i +c 
=—Flog|t+y| += 5 toe) > 
sia 
2 x 
== Jog) =—|+¢ i) 
Fld es 
(given) ...(ii) 


k 
where, reabe( 2a +e 
From Eqs. (i) and (ii), we get 

# )40=2t0g( =, )+e 
+¢=2 tog] =, 
sii 1+ x* 5 a tx" 
= a=2/5 and k=5/2 
Hence, (a) is the correct answer. 
5x4 +4x5 
(4x41? 7 


1 Example 63 Evaluate f 


x'(5+4x) oy 


2 ed 
x 


5x4 + 4x* 


@ex+) af 


Sol, Here, =f 


5/x® 5 
gif Slated int 3. 


Example 64 For any natural number m, evaluate 
JO +2 +) (2x7 4 ax 46)" dx, x0 
[LIT JEE 2002] 
Sol. Here, 1 = f(x" + x2 4 x™)(2x2" 43x" 46)!" de 
= form atm em) BM 4 3x7 46M 
x 
= JCP Ek Hy etm, gym Geyer fi) 


Put 2x3" 43x" + 6x" = 

6m (x8 2-1 1) de = dt 

:. Eq, (i) becomes, 

fem ati. 
6m 6m (1/m)+ i” 


ghia 


1 3m 4 3x2 == 
= fax" +3x7 + 6x™) 
rr nm x x7" + 6x") ™ +0 


xdx 


] Example 65 J is equal to 


ha x? + afte x25 


ta zing+ Jit) +c (by 2y14 flex? +c 
(20414 x2) + 


xdx 


Sol. 
ress +yit x? 
Put l+yl+x? =0? = 


xdx 


(d) None of these 


1+ x? ae 


r= [2tenscaaieviext+c 
t 

Hence, (b) is the correct answer. 

(2x+1) 


1 Example 66 err 


3 


x x 
—_*__se 
(axe 


(a ——*—__ +c 
(ax 4-9? 

2 

x 
——_,+e 
(x? 44x49? 
j 2x41 


asada 
(x? + 4x +1) 


Hence, (b) is the correct answer. 
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1 Example 67 The evaluation of 


P21 gyd-1 
fee — avis 
x2P+2d 4 OxP 49 47 
xP x? 
-—— + (b) ———— + 
a OT 
q x? 
-—*— +c @—*— +c 
xPrT 4 T xPr hey 
pe? 421 gxf! 
Sol, Here, I = pcre eaer 


p+2q-1_ get} 2-1 a 

je EO t= [PB 
(xP 841)? (xP $xc4y 

‘Taking x? as x°4 common from denominator and take it in 

numerator, 

Put x? +x%=0 => (pxPt— 


Hence, (c) is the correct answer. 


x (1 


1 Example 68 fo PE is equal to 
x=Xx 


win(B=)-3 tan (Src 
inxex) 2 x 
inc x) 1 
Ay 1 
Oy nee} 2 


1 Inx-x a (Inx 
@, ( (5 *) +tan ("))> c 
a 


Sol, Here, 1 = [71 x) 
Inx‘x - x* 
rafee yy .j_to te 
(ey ey 
x 
Put 2a, a» Lone _y 
=f dt = dt 
@-) /@ ene =» 
=}j@amawran +)-(7-0) 
(+t? 1) 


1(;_at 
T=> 
Al pai 


a2 {finto) tant 
2\20 +1 
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Hence, (b) is the correct answer. 


dx is equal to 
a 
[UIT SEE 2006] 
Jax® 2x? +1 arr 
(jp SESE ee: yaar ig 


| SRC ore ere 
he (ye Fle 


1 Example 69 Ss 


xt-1 


2? ax ax? ri 
=f- 


Sol. Let I= J 


x 


Hence, (d) is the correct answer. 


for n>2and 


[Example 70 Let f(x)= nae 
"2 o(x) dx equals t 
g(x) = fofo... of(x), then the g(x) dx equals to 


aiees (IT SEE 2007) 


1 
(14 x” y 94C 


@- 


“Fac tem)! 
=7) m1 


tt 
(14nx?) 94 


OF 


fn 6 sae) 
+1) +1 


Sol. - Sle a 


x Po 


SS) = a 


po 
Geax)” Geary 


Where, 


Similarly, (UF FCM)= 


x oo 


and (fofofo...of) (x) = a(x) = 


nm times. 


(1+ ax’ ar 


at 


53 je g(x) dx = ae 


=a)" 


ext he nxt yl dx 


Hence, (a) is the correct answer. 


Derived Substitutions 


Some times it is useful to write the integral as a sum of 
two related integrals which can be evaluated by making 
suitable substitutions. 

Examples of such integrals are 


Type | 


(a) Algebraic Twins 
2x? 


x? +1 is jet 


Sa Io ee 
2 pe (etty pata 
lan® pa +1 aa ee vial 
2 
ae 


(b) Trigonometric Twins 


Jtanx de, J feotx dx, 
1 
I —_- dx, j——+__ 
(sin* x +cos* x) sin’ x +cos® x 
J sin x tcos x 
a+bsin x cos x 


dx 


Method of evaluating these integral are illustrated by 
mean of the following examples : 


Integral of the Form 
1 [s(x+2)( ~y) ee 


1 
Putx+—s¢ = [y+ ~ 
z ( J Jacna 


1 1 
2 fi(x-4)(t- 5) 
Put xoter > (+5 Jana 
x x 


i x?+1 
. (| 
xi tk 41 


Divide numerator and denominator by x”. 


afte 
lata 


Divide numerator and denominator by x’. 


dx. 


J Example 71 Evaluate f 2 
14x" 


Sol. Let 1=f— 
l+x 


5 

2 
5[px2+1 x*-1 
=: - dx 
S| [siti ae [Este | 
Remark 


Here, dividing Numerator and Denominator by x? and 
converting Denominator into perfect square so as to get 
differential in Numerator 


pe 
x4 1/ x! 


2 2 
=f 1+1/x dx - fe 1 Stet dz 
2] 2 (x-1/xy +2 (x +1/x)? -2 


du 
hs: 


(ae 
P+ (Ry 


1 u-v2 
ee? c 
wi | uri |: 
1 
s|4 weisz) 1, [2tyr® 
1-5 tan )- i 
2Ye Ve) We aha 
x 
lExample 72 Evaluate la 
+ 5x7 +1 


2? xt 45x? +1 


1 
[where t = x-Landu=x+—] 
x x 
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a eat 
atalfs eae er 
xt xt +d Bi xt axl Ht 
=i ptt Lett éen2] hin 
xt 5+ 1/ x? 22 xP Sh / xt 


{(dividing Numerator and Denominator by x*)] 


=tf G4isx’) yt (i= 1/x*) 
(x 
du 


1x) +7 (xt i/xy +3 
wt alae teeta 
array 20 ui +(v3)! 
wheret = 2-4 and w= x4 
x x 
Hf oh BP) AD ai 
(ws) -pe le)? 
=P ape (ZEMEY_ EL tani Z41L2)], 
“ide (G4)-s" (eke 
TExample 73 evaluate {tan x dx, 


Sol. Here 1 = f tan x dx 
Put 


dx 


tan x 


=> sec’xdx =2tdt =» dx=—— 
1 


=fpttas 


(ttle at 


1st 
Fee" 


Pai 
iets? a-a/t? 
p(s 
“te Pesinver 
dr 


t=JaSast lay 
r-v2 
tates 


1 1 
-tandr=t++ 
t t 


+c 


[Qvhere t = tan x) 
aes ee 
sin* x+cos" x 


dx 
sin’ x + cost x 


1 Example 74 Evaluate dx, 


Sol. Let real 
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Dividing numerator and denominator by cos‘ x, we get 


Taf ae 
tan’ x+1 
Te spe x (1+ tan? 2) ay 
T+ tant x 
Put tanx=t = sec? xdx=dt 


v= a 


waist i 


1+1/t? 
Pave! Jj 


(1-1/t? +2 


i 
zat-- 


dz 4 
=4(— =A ta 
San a” 


Again, put 


(&)+e 


=1 (tan x—1/tan x 
1=2¥2 tan“*|="*— Jc 
( ve ) 


1 Example 75 The value of f is 


equal to 


fa) 2sin" (o¢) +k 


wath) +k (d) None of these 
c 


(b)csin” (o« 2 +k 


(ax? = bax __f (-3)« 


Sol. Here, 1 = 
legate He ap 


pa [at asin (Fe 
lc? -t? ei 
3 sin”! (= tisha 


Hence (c) is the correct answer. 


(X74 MIND 


LExample 76 j re 
Sol. Oo eee 


Put xt=y = x*(Inx+1)dx=dy 


1 Example 77 Evaluate 
(x? -1) dx 


(x4 +3x? +1) tan™ 


Sol. Here I= [— 


) ( 1 
xts 
Gt tx 243) tn x. 
‘The given integral can be written as 
(1=1/ x*) de 


T 


(x? +3-41/ x?) tan 


(dividing numerator and denominator by x*) 
(1=1/ x") de 


teria ea) tan (x42 
x 


a Ie +1)-tan7! (t) <t 


Now, make one more substitution 


tan“ t =u, Then, a =du 
Par 


+ Bq, (becomes, r= {4 —Iog|u]+c 
u 


= I= log|tan™' t|+C =log| tan”! (x +1/x)|+C 
(x07 ~ x5/8) dx 


1 Example 78 
Ie (x2 + x41)? — x12 (x2 4 x41)? 


gs 


(x09 — 3°!) de 
2 (xara ow? 
(1~ x*) dx 
(x? 4x4? PP axe 


Sol. 1 =f aH 


|r 


(xe? 


(1-4) 

x 

1.7 1." 

xt—+1) -[x+—41 = 
x x 


of dt 
(e+ ay? ~ (tay? 
Substitute, (¢ + 1) = u® 


Putting x++=r 
x 


1 
—|dx=dt 
2) 


J 


fou du 
at ae 
Put 2 
(z+) 
6 [Ete a 
Ia 
34 30? 
anefe test taest 4, 
z 
=-6f(#eaeeset ae 
z 
--6{2 2 32+ toglz ile 
1 ye 
where, («+4+1) a 
x 


JExample 79 The value of f{{Lx1}}dx, where {} and 


L.] denotes fractional part of x and greatest integer 
function, is equal to 


(ao (b)1 ()2 (4 
Sol. Let T = fil dx 
where, [x]= Integer and we know (n] = 0;n€ Integer. 


I= fodx=0 


Hence, (a) is the correct answer. 


Type Il 


Integration of Some Special 
Irrational Algebraic Functions 


In this case we shall discuss four integrals of the form 


J ae io dmhere Pand Q are polynomial functions of x 


and 6(x) is polynomial in x. 


(a) Integrals of the Form | o (x) iB dx, where P and Q 


are both linear of x 


To evaluate this type of integrals we put Q = 
1 


(ax +b) Jex +d 


Le. to 
evaluate integrals of the form f dx, put 


ox+d= 
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The following examples illustrate the procedure : 


TExample 80 Evaluate J 


1 
—_—== & 
(x+1) {x=2 is 

1 
Sol. la t= [oy rated 


Here, P and Q both are linear, so we put Q = t? 
2 


ie. xo 
So that dx = 2t dt 


1=f u vat dt=2fJ—@ 
Gavan 43 


is 
= Ci 
a2x Fa (+) + 
2, _s(fx-2 

l= t +C 

3" (=) 
9 (x) 
Po 
quadratic expression and Q is a linear expression 
To evaluate this type of integrals we put Q =?” ie. to 
evaluate the integrals of the form 


(b) Integrals of the Form f dx, where Pis a 


qi 
iene: Se 
eiesete n 
put px +q=0?. 
1 Example 81 Evaluate f ———*-—__ a xe 
(x $3x43) feat” 


x+2 
(i @ravy fe” 
Put x+1=¢t? = dx =2tdt 

(t? -1) +2 


I= di 
Ve WP = +43? -y eae ene 


41 Lease? 
“tags a +itie 
td reer rsa 


Sol. Let = T= 


i+ast? 


jn cay = iF oF 


[bere w= 


39 
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2zdz 
(c) Integral of the Form 2 a5) 

beam ay pe iene 
where in I; —~ Pis linear and Q is a quadratic put, 


1 PYO 


ax+b=+. 
t 


1 Example 82 Evaluate eae cree 


=e +x 


Sol, Let I= 


PU EEEET 4x41 
1 


Aliter Put x = cos 0, dx =~ si 
sin @ dO eo 
pa- f—ane@ __-- /_~_ 
Sarees? O)sin 8 lene 
sec? 0.d0 pee 
tan? 0+2 


wey) «(Eee 
ie t 
soft 
Yat eared 
2 
1 
=a Gy low tt + 1/2) + Yee +172) #17121 +C és #goA tn (4) +0 


=a at 
a! (jy. 


where, cos @= x 
1 =1| yl- Z 
we (: E)ee sin@=i-x* 


(@) Integrals of the Form Ia , where P and Q both — 
tang=¥—* 


are pure quadratic expression i in x, ie.P=ax? +b 


and Q=cx +6bel yard 


1 Example 84 Evaluate 


j Sade ae Serta yx" +2x3 — x Pe DHT 


F ‘ a1 
To evaluate this type of integrals of the form we put x = x (x1) 
1 Example 83 Evaluate Se fF ! Sol. Here, r= [2 =) Vet ax =x? ¥ax41 4 
meee 7 = 


ae Wy OT 
Sol. Le! I= (-- ) *( a 2 
t Sia eee » fie ; Z| fx? | x? +2x-14+ 54 


ee 
Put mal zi(e’ +2e+1) 
r 


Hist de las tdt 
lesan i= (+e ms 


Again,t? =u => 2 dt=du, («+4+2) 
x 


1 du dx 
aed which reduces to the fo ie 1 
alapagant sa FF rare Dante(t-)éena 
where both P and Q are linear so that we put u~1=2" so plain. 
(t? -2) +2r—-1 pleas ae 
+24-3 dt 


that du = 2z dz 
. (t+2) (+2) 


42-3 


sera +2t— a 


a(t +2) 


Tears 


-3l; 
tde 


agiad at 
f tdt 


Verne 4 
mutstaz = [GLO 
di 
Wee! 
=F 2 -log|z + —4| 
= yt? + 2t— ie eas +2043] 


Jal 
Putt ta= = Torey S 


dt 
la 17+ 2¢-3 


Where, I, = a 


dz 


1 
ae 
allt gua Bi nL spat [SEE fa 
“au |2 ae ( = 
3 


= ft? + 2¢ —3 — log (t +14 yt? + 2t 3) 


ann" {48 
+2 


1 
where, t = x +— 
x 


() Integrals of the Form] 


dx 
(x-W) Jax? +bx+e 


Here, we substitute, x —k a 


where r >2andreI 


d 
I Example 85 Evaluate [—_— 
(x —3)) yx? —6x+10 


Sol. Substitute (x —3)=— i= dx= dt 


We get, 
Wy -3) e —6x +10 


=e? dt 


a rE TET = 6(1/t+3)+10 


Ai) 
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=-| ede 


yee 
stog|t+ ive [fie —Diogler yire lee 
a pbgit + fire |S Vier +e 
“| 1+ fx? = 6x +10 
= 5 yl0e = 


|[x-3] 
(£) Integrals of the Form aaa eee, 


1+t 


“fgg Nera 


ax? +bx+c 


Diipeaeen 


Here, we write 
ax? +bx +0=A, (dx +e) (2fx +g) +B (dx +e) +Cy 
Where A;, B, and C, are constants which can be obtained 


by comparing the coefficients of like terms on both the 
sides. 


2x? +5x+9 


(x+ 1) fx? Saat 


Let 2x7 45x +9 = A(x+1)(2x+1)+ B(x +1)+C 
or 2x7 45x+9=x7(2A)+x(3A + B)+(A+B+C) 
= A=1,B=20=6 

ax? +5x+9 


ele eri 


1 Example 86 Evaluate \——— 


Sol. 


2J (s+ NGS) ae gal xt 
(x +iyx?4+x41 Gye rrr 
+6) 
wen 
2x41 dx dx 
= dx +2! +6 
Saree IB arg i oaieuen 


_ pd dx =adt 
“ll Gaarom eels Fatt 


[where w= x? 4x41 and? testi 


=nxtex+142- vege Neat 
(-)Fo 
(et) Weare 


2(x +1) 


=2Vx?+x41+2log 


6 log +c 


=x? txt1+2log -6 lo 
i 


+c 
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Type Ill 
Integration of Type { (sin x cos” x) dx 


i) Where m,n belongs to natural number. 

i) If one of them is odd, then substitute for term of even 
power. 

(iii) If both are odd, substitute either of them. 


(iv) If both are even, use trigonometric identities only. 


(v) Ifm and nare rational numbers and (ms-4) isa 


negative integer, then substitute cot x = por tanx =p 
which so ever is found suitable. 


TExample 87 Evaluate {sin? x-cos* x dx. 
Sol, I= Jsin? x-cos? x dx 
Let cosx=t => —sinxdx=dt 


T=- fa-#)-t5de 


T= Je? de- Je ae= 


cos" x _cos® x 


I=———-— +C€ 
8 6 
Aliter [= JR? (1- RY aR, 
if cos x dx =dR 


1=[R dR—[2R* dR+ [RdR 


potintx _2sint x | sin’ x | 6 

4 6 8 
Remark 
This problem can also be handled by successive reduction or by 
trigonometrical identities. Answers will be in different form but 
identical with modified constant of integration. 


1/3 -3 


x dx, 


1 Example 88 Evaluate Join X-Cos 


cos7!? x. 
i= |i ante 


dx = J(cor” x) (cosec?x)*dx 
xosin’ x 


T= f(cot”? x) (1+ cot? x) cosec? x dx 


afer aseyd =f +e?) at 
[Put cot x = #, => —cosec* x dx = dt] 


=-f2e de} ec 
5 8 


ae {2tcor x)+ 2 (eot™” = +C 
2 


dx 
1 Example 89 Evaluate lim Wa sani 
cos x dx i jee 
Sol. Let = = Vinae+1 72! 1+sin2x 


jee: x +sin x)+(cos x sin x) 4, 
(sin? + cos* x +2sin x cos x) 
(cos x -sin x) 4, 


jose 
(sin x + cos x)? 


dx+ 


(sin x + cos x)’ 
1 J dx 

sinx+cosx 2 
1 dx 


¥ 
18, where,v=sia.x--corx 
- 


i dx 1 


= een 
“wl G3) 2(in x + cos x)" 


Ae 42) ~cot(x+2 2 + 
mpg atone a)! 2am x+cos x) 


Type IV 
Integrals of the Form] x™(a+ bx”)Pax 


CaseI If P € N.We expand using binomial and integrate. 
Case Il If PI” (ie, negative integer), write x 
where kis the LCM of m and n. 


Case mm 16% *1 


is an integer and P ¢ fraction, put 


(a+b x")=t*, where k is denominator of the fraction P. 
m+1 
Case IV (2 + r) is an integer and P € fraction. 


We put (a +b x") =t*x", where kis denominator of the 
fraction P. 
TExample 90 evaluate JF 24x?) ax. 
Sol, I= fx"? (24 x42)? dy 
Since, P is natural number, 
=f? (4404 4x") de 
= fae 4 tr 


ax!) 7s 
+ +c 
713" 1176 


+37 24 ae 
7 uw 


+ 4x9) de 
axis 


+¢ 
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LExample 91 Evaluate fx-¥ (14+. x23)"" dy, 23 { 0 s vos} ahi 
16 


Sol. If we substitute x =f? (as we know P € negative integer) 1 1 
= +3)? =U +7740 


c Let x =t*, where kis the LCM of mand n, 
xet =dx=3t? dt 
a ae - L Example 95 Evaluate fx“ (14 x")-"? dx. 
or f= [> dt=3 f= 3 tan (+c = 
Fare) Pen Sol. Here, (2t+»)-[ wet i) 
=  I=3tan (9) 40 # 
If we substitute (1+ x*)=1? x‘, 
1 example 92 Evaluate f x-7 (1+ ‘i dx. then Ay at and hot 
Sol. If we substitute 1+ x!/? = ¢%, then = aa dx = 2t dt is dx 
se o tela an lar 
1s JS =6fe dt=20°+C ~f de __lpatde 
Se T=204x)? 40 Peasant 


u 


1 2 a 1 cpt — 2p? 
1 Example 93 Evaluate Jom x¥) de - 5 feta dt = Alc 2t? +1) dt 


Sol, Here, m=+andn=+ 
2 3 


Put x=t* dx =6t' dt 


> r=fe (1+ 27)! 685 de 


1 
=> 1=6fe® sat? tort + 4ee + t%) de J Example 96 Evaluate | ———~ dx. 
fee ” lea 
=6 fer +40 + er + ar +e) ae sol tat | T= ae 
I = x 
Sate 
oat gt gph gt 
a6) ha Eee Put x” =, = x=t" and dx =12t" dt 
9 11 13 15 17 4 iy 
T= fo i2tae =12 fat 
16) 234 A tty, & ey Zanhec +e tet 
u 13 Ww Again put (t + 1) = 


(y-1 
TExample 94 Evaluate j x° (1+ x*)* dx. dt=dy=2f2—™ 4 


43 


2 

Sol. Here, Je (atx)? dx have m=5,n=3and p= > 

m+1_ 4 
n 


So, we substitute 1+ x? =t? and 3x” dx =2t dt 


[an integer] 


2 feb de = fx? 14 PY xide Sree et a 
2 2 apy? 
= Jer rye sede Sal Peay 


2 et 4) 7d a2 [cy 7 uit 
st (021) 27?de == (0-27) de Where y= x" +1 
5 Jen 5Se 


ory 4 
=12 se '—By"+ 28y*— S6y® + 70y*— S6y"+ 28y*— By + Day 


(using binomial] 
= 12 [y= By"+ 28y"~ soy'+ 70y'— Soy* 28y 84+ Vy )dy 
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Exercise for Session 6 


= Evaluate the following integrals 


ie : 2)dx 
Dy ee se 2 (xt 2iex 
lee J araax+3) jeri 
2 [(— | ae 
eran rnrren 4 Suray eo” 
i sec x .dx 
lsin(x +2A)+sin A 
6. The value of { [(x)]dx; ( where [. Jand {.} denotes greatest integer and fractional part of x) is equal to 
(ao (b)1 
()2 (d)-1 
7. If] f(x) cos x dx =3r (x) + G, then f(x) can be 
(a)x (b)1 
(c) cosx (a) sinx 
sin x + cos X 
. fx i 
8. The value of, | 5 6cin dx ix is 
1 5+4 (sin x — cos x) 5+ 4 (sin x — cos x) 
—h =—s_e— tC (bd) I Patti ah Seth a dl 8 
(2) 49 3] 5—a (sin x — cos x) Wea Coa Ginacaes\ lS 
1, | 5+4 (sin x + cos x) 
ns Bed a I of 
(6) 09] FF cine reo) |* (d) None of these 
cos 7x —cos 8x 
. ———_ ax, is 
9. The value of [ Tae GF 
(a) sam + oe MW 03 (b) sinx — cos x +6 
i 3 
(RH - +e (4) None of these 
10. The value of { 225.5% + 6084% gy, is 
1-2 cos 3x 
(a) sin x + sin2x +C @ysinx 882% 4 ¢ 
(c) - sin x — sn +c (d) None of these 


Session 7 


Euler's Substitution, Reduction Formula 
and Integration Using Diffrentiation 


Euler's Substitution, Reduction and 
Integration Using Diffrentiation 


Integration Using 
Euler's Substitutions 
Integrals of the form f f(x), Jax* + bx +e dx are 


calculated with the aid of one of the three Euler's 
substitutions 


() Jax? +bx +e=t+x Va, ifa>0. 
(ii) Jax? +bx +e =tx+Ve, ife>0. 
(iii) Jax? + bx +e =(x-@) t, if 


ax® +bx +¢=a(x —G)(x—B),ie. 
(ax® +bx +c). 


Ifo. is real root of 


Remark 


The Euler's substitutions often lead to rather cumbersome 
calculations, therefore they should be applied only when it is 
difficult to find another method for calculating a given integral, 


xdx 
1Example 97 Evaluate |= f —————- 
(J7x—10- x?) 
Sol, In this case a<0 and c <0. Therefore, neither (1) nor (1) 
Euler's Substitution is applicable. But the quadratic 
7x -10—x* has real roots &=2,B=5. 
<. We use the substitution (I) 


ofix—10- x? = (@-DE-x) =(x-2)t 


Where (s-x)=(x-3e? 
or 5+2t?=x(1+t") 
5+2¢7 
ers 
5+ 2t7 
ce-aye (SO -2) 
=6t 


“arep 


xdx 3 
Gix-10- 7? 


a 


Hence, = f 


J xdx 


Sol. Since, here ¢ = 1, we can apply the second Euler's Substi- 


tution, 
ye ox+i=te-1 
Therefore, (2¢-1) x=(t?-1)x? > x= 21 
f 1 
2% -t4n)de 
de and x x+ 
—2e? +2t-2 


=f = =jf———a 
xtyxt—xti /tt—1(t4)) 
Using partial fractions, we have 
—24+2r-2 A 
tt-a(t+1F et 


or (—2t? +2¢- 


28 D 

(+1) (+1)? 
2)=A(t—1)(t +1)? + Be(t +1)? 
+C(t=1)(t+1)e+Dt 


wegetA=2 B=-1/2 C=-3/2 D=-3 
Hence, '=2 f*— 1 j_# a _4j_a 
t (t+1) ey 


=2log,|t I-Flow, | et | ~Floeele +1 


ait 
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Introduction of Reduction 
Formulae (a recursive relation) 
Over Indefinite Integrals 


Reduction formulae makes it possible to reduce an integral 
depending on the index n >0, called the order of the 
integral, to an integral of the same type with smaller 
index. (ie. To reduce the integrals into similar integrals of 
order less than or greater than given integral). 
Application of reduction formula is given with the help of 
some examples. 


Reduction Formula for { sin” x dx 


Let I, = Jsin® x de =sin"* xsin x de 
u 
=-sin"“' xcos x+[(n—1)sin"~? x cos? x dr 


=-sin"! xcos x +(n—1) fsin*~*x(1-sin® x) dx 


=-sin™“? xcosx+(n—1) f(sin*? x—sin*™ x) de 
=-sin"! xcos x +(n—1) I,-2 (1-1) I 


xcos x +(n—1)I,_2 


ae 
—sin""!xcosx n-17. .-> 
Thus, fsin® x de =P SEE 5 A fos xdx 


Reduction Formula for [cos” x dx 
Let I, =[cos” ré-jes Reseed 
=cos""! xsin x + [(n—1)cos** xsin® x dx 
=cos*"! xsin x +(n—1) feos"? x (1—cos* x) dx 
=cos"~' xsin x +(n—1)I,_2 —(n—-1) 1, 
nl, =cos"~! xsin x +(n—1) I,—2 
cos" "' xsinx 


ot [oot 2 


 feost? x de 


Reduction Formula for f tan” xdx 
Let J, =Jtan” x de 
= 1, =ftan"”? x tan’ x de =ftan*-? x (sec? x -1) de 


= ftan"-*x-sec? x—Iy-2 fer deta 


where, tanx=f => sec’ xdv=dt 


Reduction Formula for fcosec” x dx 


xcosec* x dx 
be 


Let I, =]cosec" x dx = [eosec' 
I 


=cosec* “x (~cot x) — f(n—2) cosec"~* x (cosec” x ~ 1)dx 


cot x—(n—2) J (cosec” x —cosec*~* x) de 


* xeot x—(n—2) I, +(n—2) In-2 


(n—1) 1, =—cosec"~* x cot x +(n—2) I,_2 


Reduction Formula for fsec" x dx 


Let 1, =[sec* xdx=[sec*™? x sec? x dx 
r 0 


see"? x tan x —[(n—2) sec"? 
xsec x tan x-tanxde 
* x tan x—(n—-2) [ sec"? x (sec? x —1) dx 


=sec*~* x tan x —~(n—2) I, +(n—2) Ing 


=sec™ 


= (n-1) 1, =sec"~* x tan x +(n-2) In_> 


a 1,=Se stam (0-2) 
=) @ 
2 Jove? xe =227 X tan x  (n=2) ee 
(n-1) (n-1) 


Reduction Formula for foot” x dx 
Let 1, = feot® x de = foot"? x cot? x de 
= foot"? x (cosec? x —1) de 
= Jeot*"* x (cosee® x —1) dx = feot"”? x de 


afea-n_,, where t=cot x 


Reduction Formula for J sin” x cos” xdx 


Let A=sin™ * xcos"*! x 
dA (m1) sin" ~* 


ae xcos"*? x —(n+1)sin™ x cos" x 
=(m-1)sin"~? x cos® x (1—sin® x) 
—(n+1)sin” x cos" x 
=(m-1)sin™~* x cos" x—(m—1+n+1) 
sin™ x cos” x 
2 


dA ee, i : 
= xl sin™? x cost x —(m-+n)sin™ x cos" x 


Integrating with respect to x on both the sides, we get 
A=(m=1) fsin™~? x cos" x dx -(m +n) 
Jsin™ xcos” x dx 
=> (m+n) [sin x cos" x dx =(m—1) 


Jsin™~? x cos" x dx —P 


m= m- n 
> Jsin® x cos" x dx =! » sin 2 x cos" x dx 
(m+n) é ‘ 
sin™~ xcos"*! x 
m+n 
1m), sin™~' xcos"*! x 
or mn = m—2,n 
(m+n) (m+n) 
Remarks 
Similarly, we can show ‘ 
paiyenat™ 
1, fai 1c05" x drm SM AOE 4 © 1 fsinecos"-*x ar 
m+n men 
ot gener 
2. foi” xcos! xx SP noose, mene 
m+t m+i 


fsin”*® x cos” x dx 


sin?! xcos"*'x 5 m+ n+2 
ati n+i 
fain x cos??? x dx 


3. fsin” x cos” x dx = 


sin?@' xeos"*! x, m=1 


4, sin xcos? x dx = - aa 


n+ 
fain? x cos”? ® x dx 


sin” *! x. cos?” 
m+ 


5. Jsin” x cos” x ox = 


m+i 
Jain’? x cos?”? x dx 
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Reduction Formula for] cos” x sin nx dx 


Let Ip.n = Joos” x sin nx dx 


1 0 
cos” xcosnx om axl ‘ 
=- —= Jeos™-* x sin x cos nx dx 
n a 
cos” xcosnx om m-1 
-2 feos™-! x 


n n 

{sin nx cos x —sin(n—1) x} dx 
=sin nx cos x —cos nx sin x 
in nx cos x —sin(n—1) x] 


[using sin (n -1) 
= sin x cos nx 


cos™xcosnx m mn 2 
= SSX COSTE _™ Fcos™ x sin nx de 


n n 
Meme 
+™ feos™™? xsin(n—1) x de 
n 
cos” xcosnx m 
——In.n $= Im 1,01 
n 


m+n cos” xcosnx | m 
= Inn = +— Im =1,n=1 
n n n 
cos™ xcosnx | m 
or In.n = Im ty 
m+n m+n 
Remark 


Similarly, we can show 


1. Joos” x cos nx ea ELENA, _ 
men m+n 


Joos”! x cos (n—1) x de 


nsin” x cos nx 


me 


+ 


_msi"" x 008 x cos nk 


mm — 


nm? 
} fain”? x sin nx de 


2, fsin™ x sin nx dx = 


mi 


m =a 


mn al 
8. for? cos nx de = 2807 #8in _ msi" eens rene ne 
a 


4 mim-1) 


m= 
dx 
(x?-+07)" 


Jain? x-cos nx dx 


TExample 99 Evaluate 1, = f 


a 
@+aey aaa 
Applying Integration by parts, we get 
ae xf 
quay Gey 


Sol. Here, I, =f 


(=n): (x) de 
x x? 


ee fz +a? - 
Gray Graph 
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«-2'|=Sy Integration Using 


arty tint ts Differentiation 
xa 
2 x inf dx j—. |———. 
Bhs ace ag (@abeos x)’ /(atbsin x)? * (sin x +asecx) 
or Inv =— =, =) [22 BSN a... we follow the following method. 
ana® (x* +a*)" an a? (b+asin x)? Cs 
os x : 
Remark = SX gy a =—°F* _ according to the 
nat ties aebesx a+bsinx 


Above obtained formula reduces the calculations of the integral 
Jn, to the calculations of the integral /, and consequently, allows 
us to calculate completely an integral with natural index, as 


dx 
he 
ial see 
2. From above formula 
Let n=1 


- and so on. 


1 Example 100 Derive reduction formula for 


sin” x 
J— 
cos” xX 


o,m) 


Sol. Using Integration by parts for I, my» We Bet 


is required reduction formula. 


integral to evaluated is of the form 


i dx 


(a+b cos x)? 


.j— 
(a+bsin x)’ 


dA 1 
‘ind — it in te ————_ = 
2, Find and express it in terms of 
—_1 as the case may be. 
a+bsinx 


3, Integrate both the sides of the expression obtained in 
step 2 to obtain the value of the required integral. 


1 Example 101 Evaluate |} ————. 
P lene 4cos x)? 
Sol. Here, A=—""* _ then 
544 cos x 
dA _(5+4 cos x)(cos x)—sin x (—4 sin x) 
dx (5+ 4 cos x)* 


5 25 
dA _ Seosxta _gicsxtH+4—F 


dx (S+4cosx) (5+4 cos x)" 
dA _5 1 = 1 
dx 4 (5+4cosx) 4 (5+4 cos x)* 


Integrating both the sides w.r.t.‘x’, we get 


P| ee a 
4°S+4cosx 47 (5+4 cos x)’ 
at) dx ig 
4 49544 cos x 
de sins 
544 (iotant x/2) (5+4 cos x) 


(1+ tan? x /2) 


=f 5 pit tan £2 ae 4 _sinx 


ite O+tan?x/20 9 5+4cosx 
=f Sp2dt 4 sinx 
oe, 940? 9 5+4c0sx 


(where tan x/2=¢t) 


-j 


1 Example 102 Evaluate J 


dx 
(16+9ssin x)? 


li) 


= 
dx (16+9 sin x)? 
dA _ —l6sinx—9 
= Basitsee 
dx (16+9sin x)? 
6 oy 256 
-SOsin x +16) + 28-9 
oh EERE) 
dx (16 +9 sin x)? 
a HA, 175 


dx 9 (16 +9sin x) 9(16 +9 sin x}* 


Integrating both the sides of Eq, (ii) w.r.t.'x’, we get 
nae i ATS de 


16+9sinx 9% 1 (16+9sin x)® 
2 
318) dx == Arif (1+ ta x/2)dx 
9 * (16+9sin x)’ 9 “16416 tan® x/2+18 tan x/2 
2dt 
175 dx ee 


9 “1607 + 18¢ +16 


(where tan x /2=¢] 
at 


9 4 (16+9sin x) 


9 cosx 
(16+9sin x)? 175 (16 +9 sin x) 


i 2 tan (8B 21249). 
(175) 175 


=f 


dx 
Example 1 uate | ————— 
pre 103 evaluate | aseen 
when |a|>1/2. 
cos? x dx 


(sin x cos x +)" 


dx 
Gin x +asec x)* 


Sol. Here, sad or [=f 


i cos? x de 
“TF + 2asin x cos x +sin? x cos? x 
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cos? x dx 


a 
a + asin 2x + sin? 2x 


J 4cos? xd a ftteosandde 
(4a + 4asin2x +sin?2x) (2a + sin 2x)* 
dx + 2) cos 2x dx > 
(2a + sin 2x) 


2 

lamar 

= [=2h+ sé [where (2a + sin 2x)=t, (2 cos 2x) dr=dt) 
r 


1 


1=21, -————— 
Cae sin 2) 
dx 3 
where h=f ~___ (i) 
(2a + sin 2x) 
Put cos 2x 
2a + sin 2x 
dA _ (2a +sin 2x) (—2sin 2x) — cos 2x (2cos2x) 
= ae (2a-+sin 2x)? 
dA __—4asin2x-2 
= GEE” 
dx (2a+sin 2x) 
= dA _—4a(sin 2x +2a)—2+ 8a" 
dx (2a +sin 2x)” 
oo 
= ga, aa __, ee 
dx (2a+sin2x) (2a +sin 2x)* 


Integrating both the sides wart. ‘x’, we get 


= A=—4a f——*~__ + (6a -2) |, 
Seassin ty i Dt 

2 
=3(8a? — 2) = A44af——8o 2d __ 
2a+2tan x +2a tan” x 

ye 

a" Pata 

a 
=A+2) at 


perm) wor ( Geren) 


4a? —1 


cos 2x 4a 
—s 


aa (e tant ‘ ae 


7 
From Eqs. (i) and (ii) aa, 


posse, da 
(4a? —1) (2a+sin 2x) © (4a? - 1)? 


a1 (2at 
wo (2 


pp es 
(2a+ sin 2x) 
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JEE Type Solved Examples : 


Single Option Correct Type Questions : 


ois equal to 


© Ex.1 The value of f — a 


(a) tan™"(2 cot 2x) + (b) tan”? (cot 2x) +C 
(©) tan” G cot ») +C (d)tan7"(—2cot 2x) +C 


Sol. Let 1 =f —%* =f 
1+ tan® x 


cos® x + sin’ x 
(1 + tan® x)? -sec” 
= jocemnt sitio 

1+ tan® x 
a+eyr 
1+t* 


dt 


Puttanx=t => sec* xdx=dt= 


=j__0+eF 
aema—Fey 


(144 )e 
F 


=f iti de 
i-f+8 aye —140) 


Putt-+= 
t 


1 dz - 
& (+5) arade = f= tn VQZ)+C 


wf} com 


=tan™!(-2 cot 2x)+C 


=f aurea 
a 


Hence, (d) is the correct answer. 
2 
-x 
— [tue qi +x?)? +cos! ( - J 
+x 
(x>0) is ao to 


(aje#”'* tant x +C 


oe 2)" 


20" ant xy? 


oS +€ 
(et (sect x?) +€ 
(d) ef *-(cosec! (y+ x?) +C 


e' a(i-x? “1 
Sol. Note that sec” «1 + x* = tan’ neot'(128) <2 
x 


Forx>0 erly 
a r= = {tan x)? +2 tan” x} de, 
+x 


Put tan x= 
= fee +andred =e" (tan! x)? +C 


Hence, (c) is the correct answer. 


(t-1/tF +1" 


. 
tla 


Then, for an arbitrary constant c, the value of J— ae 


i Ng (OPE ce 
=e (8 er ai 


. ae 
sattilec ie ate +c 
=# 


et tert pe 


e 
© Ex.3 tet =f aa 


Hence, (c) is the correct answer. 


© Ex. 4 Integral of [1+ 2cot x (cot x +cosec x) wert. x, is 
@)2Incos¥+C (b)2Insin> +C 

1 
(OF In cos = +C  (d)Insinx —In (cosec x — cotx) +C 


Sol. =f 1 +2 cosec x cot x + 2 cot? x dx 


eR ry ee ewe 
= J Yeosec® x + 2cosec xcotx + cot® x de 


= J (cose x + cot x) dx 


_ pltcos x a 4 
= JS ax= foot (2) ex=2108 jinz|¥c 


Hence, (b) is the correct answer, 


© Ex. 5 Ifl, = foot” x dx, then lot byt 2 


(lat byt ict Ty) + bgt hy equals to (where u =cot x) 
2 


Sol. I, = f cot" x dx =f cot"~? x-(cosee*x - 1) dx 


Pa 
Ty-2 OF Wnt Ina 


hth= 


hth= 


+h= 


Kot Iy= 


Adding, Ip + I) + 2 (Iz + 15 + ou Ts) + Ip + Io 


Hence, (b) is the correct answer. 


© Ex. 6 Let f(x) 


=x + sin x. Suppose g denotes the inverse 
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sin @ cos0 dB 


=2(b- 
! “pater asin’ 0) (b cos’ 8 — a cos’ 6) 


sin 8 cos 6 dB 
= fin cos oa fae 
=26-0) |B yin cor"? 


=2+C=2sin' [> +e 
\o-a 


Hence, (a) is the correct answer. 


er txt +x 


[put n =2, 3, 4,..., 10] 


dx, is 


® Ex. 8 The value of | 


(a) 2tan 24+ 
x 


7 
1 [ttxtt ye 
x 


(b) tan” 

(¢) 2tan™ (d) None of these 
(x=) 

(xt Dye ttt ri 


(x -1) 


al. +x rad 


Sol. tet 1=f 


Function of f. The value of g’ (E+ Je) ms the value equal Prer) 
” i eprarer I+ x? rar 
Zeit 
(a)V2-1 oe cae 
: -J wv < 
(2-v2 (d)V2+1 SD xyxtlti/x 
Sol. fx) =y = x4 sinx Put x+2=% 
= Bat cose (1-1) x) de =dt 2, 
yatt Sma a which reduces to [57 7 
£0 dy 1+ cosx Let t+1=2? 
n * 22 dz 
Ah Ey extsinxs = x= dt w2de= 
where : Onn 


arers 
n,1), 1 
(E+ 3)=3 so 


=p 


Hence, (c) is the correct answer. 


Ex. 7 The vale of fom 


X42 40  (b)2sin 
boa 


(©) sin" 


Sol. Let x =a cos’ @ + b sin’ 0 in the given integral. 


(d) None of these 


Ztan(z)+C 


=2j 


=2tan (Jf+1)+C=2 tan! 
Hence, (c) is the correct answer. 


P41 


2 —1)=2- V2 


(1+ x?) dx 


(1x?) fie x? +4 


— Wt a i Jin| | 

Vet +x’ Tete vax 
() oto Vit + x? +14 V2x 
xB xt +x? +1— ix 


® Ex. 9 The value of J 


+c 


So that, dx = a (2 cos 0) (sin 8) + b (2 sin 8) (cos 8) d® Pree etautasiGs be 
dx =2(b ~a)sin@ cos dO Wi — 
2(b-a) sind cos@ dO Wa Wet +14 ie 
[(a cos? 0 + b sin? 0 - a) (b - a cos’ @ ~ b sin’ 0) (d) None of the above 
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# cos @ dO 
Solter s=f—Gtee aj 7 — 
lee @ ee sin? @)- cos 
(ede =a yeaa im T@’ 
z 
“J ( ) f dividing numerator and denominator by cos” 6, we get 
x(4t-x]xJ5+14+2 : 
i =vaf a Be zg: Putlano=t 
a racer ee 


=-f (+1) x?) dx 


a-1/ =1/ x) +3 en ee Se 
; laestiates . Ob ewcres sites aah Fre 
Put sotar(i+d)acnat =-f 
‘Again, put? +3=s" ftote 
a 
emis de =f 
= 2t dt =2s ds Iso Sa __ eae elt 
1 ng 35 | Lo a? + BF a 
ws tant eva E 
gous = +3-V3 beg fa(a® + b*) avb—ax* 
2N3 fe +3405 Hence (a) is the correct answer. 
voe=1/ x) +3 - V3 die 
ane Oe omaieal" +e © Ex. 11 The value of 1 = { ————_——————— 
ni f(x -1/ x) +3 + V3 Ix ian yaaa yim 


i 


#4 S4+1-V3 1 3 1 
i" ra Lee =5 log tele +] 


a eteg 
WS 4 2-148 


aad 


c 


1 
logs->+4 st s+1|+ 


ands 2 =, then value of kis 
x 


ot xt +1 V3x) | 
sag Yeaateie de|" (1 (2 (3 @s 
ax 
Hence (a) is the correct answer. Sol. Here, I =J 2x fi=xJe-x+yi-x 
dx yl put (1—x)=t* —dx =2¢ dt 
© Ex. The val (=> 
Ex. 10 The value of! Sey fat maf ‘ds 
Prev 20-0) eyiteP er 
o—_ wn = lve — 
on avb—ax a-f) ye rera 


ant [ E48! Nc =f at at 
® (a? a" avb-ax? (nen dereri 2 


oF pee ae eee 
re) ww (ES) -c * ey si 4) 
Ferra a 


ase = ar Pre a3] mE arale 
ectiuzedhabiit® 

Sol, Substituting ax? = bs a nbyoby 7 
where, n=l 

© cos8 dO Tee eET 

a di 
ee 

(anyeterd 


For f,,put (t-1)=+ = dp=-+ de 
z z? 


1 dt 


=> de= ff cone 
a 


in? @ 


Ail) 


iii) 


2 foc(:+2 + (eF3¢+3)h 
6-2). ea 
1 t 
here, z= ands = 
1 


1 2 
= a2ak=2 
x+1 Vi-x-1 « 


Hence (b) is the correct answer. 


+C 


1 
+ = lo} 
28 


© Ex. 12 Nae 


1 
© ka? fz +a? 


(a1 (b)2 (3 @4 
Sol. Here, we know 
i ~o 
x ta 
1 
Mes laa 
dx x dx _ 44? dx 
itor stale late © 
From Eqs. (i) and (ii), we get 
Bn 8 hi cai ig titi 
Fug eaten aa 
2p__dx egg tt 
2 Waa eee 
aes ee Mae bee 
lattoredr| pipet tf 


b x | eee 
aaa titan Fhe 
tfste a s} 
“ k=2 
Hence, (b) is the correct answer. 
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pe Rg 
(x2 +a?) 4a?(x? +a?) na? 


© Ex. 13 iff 

a pg tan”*(2] +C. Then|m—nl is equal to 
2a2(x?+a?) 2a" a 

(a4 (b)3 

Sol. Let 


©2 (1 


de 
“lary 


1 
and I, = ered ru de 


1 eee ere 
“lear aaa” 
é - je +a°-a? 
© (f+ a)? Gita’)? 

i 
“(t+ a7)? 


1 2ahe dx 
etapa 


+4h,—4a"+1 [using Eqs. (i) and (ii)) 


=... 
(+a? 
x 
4a*I =——5 + 3h 
en aye 
x 3 
t= et a 
4a? (+a)? 4a? 
[using previous example, 


= sii) 


x dant (® 
went E+] 


x 3 x 1 x 
fp ie (S 
aaate aly * aa lao err (}< 


iv) 


dx 
alae 


m=3and 
|m=n|=|3-4|=|-1]=1 
Hence, (4) is the correct answer. 


© Ex. 14 Ify(x-y)? =x, then 


J dt __ inte y)? = 1 Then (wen) te equal to 
(e=3y) 0 

(a) (b) 3 Os (7 
Soli = P=f =) intix—y)?-1) 


(e-3y) 2 


dy 
«-f-2 
Pet eof} sai) 


de x-3y  (e- y= 1) 


Given, y (x — y)* = x, on differentiating both the sides, we get 
dy _ 1-2y(x-y) 


dx (x-y)(x-3y) 


yl )-2-ve- 
a yey) 


de (x-y)* 1) 


Ail) 
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(x=y)*-1 
(= 3y) (e-y)-} 


(xy) (x =3y) = 1+ 2y (x=) _ 
(x=3y) (xy)? Ih 


which is true as given 


J Spake 


m=1n=2 
= m+2n=5 
Hence, (c) is the correct answer. 


© Ex. 15 i [Orie de 
—$—— {x V1 x2} + 


argh tre se 


“a(n a 
Then (a +5) is equal to 
(2 (b)3 @4 @s 


Sol. Let =f (x+ i+) dx 
Put xtyite 


1 
1+ : 
« |saee 
> (Gee )e« «i 


ire 


(i) 


fit 


Weknow,t= x4 fit xt axt yt x! xT 


— => textyitx 
x—yitx 
wtex-fi+? 
t 
Subtracting, we get 
1 


atta =t+2 or Er ra 


From Eqs. (i), (ii) and (tii), we get 
f+ 


~*)de 


a1 
eE lee 
a-1 


1 pet arer 


+p 
2(n- 

‘Then comparing the values of a aytauiee (iva =2,b=2 

a (a+b)=@+2)=4 

Hence, (¢) is the correct answer. 


aot Na+ x?)y""' + C..iv) 


£0) oy, where f(x) is @ polynomial of 


© Ex. 16 WS 


des 2inx sch that f(0) = fl) =3f(2)=—3 and 


jlo dx =—log| x—1|+ 108] x7 +x+1| 
x1 
a (2x41 +n)is 
+2 tan '( Jee. Then (2m 
vn V3 6 
(a)3 (b)5 7 @) 
Sol. Let flx)= ax? + bx te 
Given, fi (a) =3f@) =-3 
“ fQ)=c=-3 
f0)satb+e=-3 
3f@) 
On solving, we geta=1, 
z flax? -x-3 
xt-x-3 
= refs @ G+ xtt) 
Using partial fractions, we get 
(2 -x-3) A_,_Brt+€ 
@-)G ext) (eH) (+ xH1) 
we get, A=-1, B=2, C=2 
1 ae J (2x +2) dx 
x @4xtt) 
ae oe Qx+1)de 
sn holenle | OE 
dx 
soto tlsteglat xslt | rae BaF 
2-2-1] tog | tease tan'(254) 6 


+. On comparing m=2,n=3 => 2m+n=7. 
Hence, (¢) is the correct answer. 


ii) © EX. 17 The value of | WER) pp iciegiial to 
x (14 xe*)? 
(a) log rt 
1+ xe" | (1+ xe*) 


(d) None of the above 


=f—@+») (1+ xe" 
Sol. Let f = | ———_ dx = 


putl+ xe" =¢ 


(1+ x)e* de=de 


= 1=A(") + Be(t-1) + C(t=1) 
=A=1 

= C=-landB=-1 

1 


F 


Ble eetsinveie xa 


= log | xe" | — log |1+ xe*| + +c 
i ee 
= log | *¥—_ |, 1 
1+ xe 1+ xe* 


Hence, (b) is the correct answer. 


= is equal to 
x +a? 
1 
3) send = 140, 


© Ex. 18 The value of, —__ 


Sol. Let I= x=asinO 


lfm 
= = a cos 0 d8 
Srcess lSeaedeastate 


=f ee cos @ dO =} joes teins esd sine ig 
sin@ + cosO sin@ + cos® 


“feast (epee 


=} are 5 Hog (sin 8 + cos 8) +.C 


JEE Type Solved Examples : 
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x F: 

xz, f 2 

a a 

sin (2) + og) 2+ fe UF hog a+c 
a 

(2) deel VP=F 1G 

a 


[where =e + log a 


=tsin-'(2)+ Liog +c 
2” \a)*2 


us 
2 
1 
2 


Hence, (a) is the correct answer. 


dr, is equal to 


© Ex. 19 The value ofl ay ee 


x? +1) 977 +1 


+1 afx?t+1 
“) (b) V2 sec (se)+< 


@ $ sec" (5 
2 
OF cosec* (2) +C (d) V2 cosec™" Ce) +C 


_ (7-1) x2 (1=1/ x4) de 
Sol. Let = Ie oT 
went (eet) fee’ 
x, x 
(1=1/ x*) de 


Jee 


ei 
oe ax 


Hence, (a) is the correct answer. 


More than One Correct Option Type Questions — 


we 20 fF ge AGHA HB) 
; 


Hence, (a) and (b) are the correct answers. 
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Ex, 21 The value of the integral 
Jet* (cos x +05? x) sin x dx is 


tet" *(3—sin?x)+C 
(b) as ( + ; cos? *) +c 


(e*™* (3 cos? x + 2sin? x) +C 


(d)e*"* (2c0s? x + 3sin? x) +C 
Sol. Put t =sin*x 


‘The integral reduces to TaZfe@-odr-3e -L+e 


2 


setts (: + bcos? ) +c {option (6) 


‘Hence, (a) and (b) are the correct answers. 


JEE Type Solved Examples : 
Passage Based Questions _ 


e"*G —sin?x)+C [option (a)] 


© Ex. 22 ifl=|(Jtanx +Jcotx) dx = f(x) +6, then 
F(x) is equal to 
(a) V2 sin“sinx — cos x) (b) z V2cos“\sinx — cosx) 


(0-2 tan Geet) None of these 


tanx 
sinx + cosx 
< as 


Bek fasinx cosx 


1= f(vianx + Yeotx) dx=[v2- 


Mine ~ ens = then (cosx + sinx) dx = dp 
r=V2f er 
sinx —cosx 
— AB cos" (sinx— it 
“5 NB cos (sinx — cosx)= 2 tan” Faunracuit 


= VB tan! SER OS = tan 


Vesinx cosx 


Hence, (a), (b) and (c) are the correct answers. 


= Asin p+ c=~2 sin’ (sinx—cosx) +c 


Passage 
(Q. Nos. 23 to 25) 


a a 
For integral fax +). (+5) putx—“=t 
a 
For integral filx+8 ‘). {: ~S apart Sot 
a 
For integral [e-s +). (+S), put x? FF 


a 
For integral f=? wt) e-)te ers 


many integrands can be brought into above forms by 
suitable reductions or transformations. 


© Ex. 23 | 


4 
ie SE gy 
xt xt tx? +2 


@fesetee mferi 


Potxt+ 21st = 2(x-Z)acnat 
x x 
1 pe 
= abd : ya tenvi+e 


= +2 eiec 
x 


Hence, (b) is the correct answer. 


© Ex. 24 f——@—)_ 


(x41 yxP tx? rh 


taran'(xelen +C  (bytan xe tarec 
x 


fe 1 
(©)2 tan" Rt THe (d) None of these 


1 
ca (-3) 
len 1 
Coa eres go ted 
x 
1 
Putrt+t+i-2 =(i-4)a- wide 
x x 


=f _2tat 1 
Seine lr 


stn (y4coatan( r+teilec 
sade: 


Hence, (c) is the correct answer. 


de 


sxtcane 
o Ex, 25 jx +4 
(x8 +x +1)? 
5 Pa 
(axd tx +14 w= +C 
x ttl 
s 
()xtt xh +e (— +e 
Reet] 


Sol. Here, I 


5x‘ + 4x? 
(xP + x41) 


JEE Type Solved Examples : 
Matching Type Questions 


@ Ex. 26 If x€(0,1) then match the entries of Column 1 


with Column II considering ‘c’ as an arbitrary constant of 
integration. 


Column! Column II 
-y [Yl+ve 1 4 oe 
) Jom[m Fe a @) yatee 
a [lt ve - Ve 4 vs 
2 fon 20m na Ie a& Oye re 


v= ES), 
veo tar =) 
©) [inl Ae xen @ 2x40 


Sol. Let Vx =tan’@ 
x=tan'@ => tan@=x"* 


(to) Zetec 


x €(0,1) 
dx =4 tan? @ sec’@ dO | 


0 €(0, 7/4) 


a + vx =sec@ 
+ vx -1 
(A) I = Gy dx 
prs EEE) 
a ffttvx-1 Ls 1 fsec@—1 
n(n [ESE SE 
=tan (: tan (ian )) =tand 


I= J tan0-4 tan’@ sec? 6 08 
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Divide numerator and denominator by x", we get 
sx + 4x 


Putt + x4 + x3 = tae(-4x® -5x") de =de 


dt_t 1 
1=-[$=-+cs— {+ 
Be at lextex? 
-_* 
x+xtl 


Hence, (d) is the correct answer. 


afuantorc=3)+c 


(B) 1=Jcot}2 tan” fir vx -¥e | ay 
jit vx +4x 


latent (VE le Ix = cot (2 tan? S860 = 228 
© Ota ia ve + Ve sec 0+ tand 
= cot (2 tan” (sec 8 — tan 8)*) 


scot (2 tan? 1= 58 
cos 8 


If@ € (0, n/4), thensec @ — tan @ >0 


scot (: tan" tan (% - °)) moot 3 Z 0) = tand 
42 2 


1 = J tand- 4tan® 6 sec? 8 do 


=funtor enter) y fel 


1B) gt (Ltt 
1+vx) 2 1+ tan*9, 


ee 
=1 sin (c03 20)=1 sin si 
2 2 


oll) 


= eal ™¢ 

——— 

1+ tan(¥-) 
4 

= fian(E-(£-0)} ton ose008 
4 4 


= J 4 tan‘ 9 sec? @ 8 


4tan’6 sec? @ 
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at tantatc=S (x40 
5 5 
(D) Let Vx = tan?0 => x = tan‘ 
dx =4 tan? sec? d0 v x80) 
2 0e(0,n/4) 
oft + Ve =sec 8 
1= fv tan|2 tan! i+ vax +1- J+ ve -1 bag 
neve +1 +j1+Vx-1 


ae A tan|atanet | Wie de +1 Vive = 
{1+ Vx +1 + i+ Vx -1 


JEE Type Solved Examples : 
Single Integer Answer Type Questions 


YrcO +1 + yoccO—1, fsec O=1 


(Stee) 


=tan‘0: tan (em="( tan” 


a | 


=tan?0-tan] 2 tan” 
cos 5 Sy sing 


=tan’@-tan iG tan“! tan (2 -= )) 


=tan’®- tan (E -0)= tan? @-cot @=tan@ 


tan®@ 4 ys: 
1 = ftan0-4tan® 0 see 19 p= SPO c-Si) +C 


(A) @: 8) @: (C7 @O)> @ 


@ Ex. 27 itt the. primitive of the sey 
xm 
f(xy= 


a. 
then = is equal t0 su. 
m 


x 
want. x is equal tom 
1+x 


x 
Sol. flx)= J nae 
Put i+2x7=f => axdr=dt 
(- ae dea 1% 
2 jem (fa 
Put 1-tey Land 
os, 1 
=! at Y—se 
a ae oe 2 1005 * 
1 (ey 
atl, c 
2010 (3) " 
05,n=2010 =» 2 = a2 
a ae m 1005 
fx) fO) i 
© Ex, 28 Suppose| ”,, | =0 where f(x) is 
PROS gr x) f(x) 


continuous differentiable function with ti (x) #0 and satis- 
fies f(0) =1and f’(0) =2, then f(x)=e™ +k, then +k is 


equal to .. 


Sol. f(x): f(x) — f0)- f(x) =0 oF 


a | 2) ]_ 4 
af) 


(WF - fer" _ 4 
Yor 


fe ii 


Integrating, 7) +c 


() 

x= oft c= cn. 
fx) 1 
fis) 2 


FromEq. (i), 2f(x) = f(x) 


Put 


Hence, 


ii) 


fe) _ 
fix) 
Again, integrating, In [f(x)] =2x +k 
Put x=Otoget,k=0 
fix) =e 


= A+k=240=2 
© Ex, 29 | {sin(101x)- sin” x} be = i010) (sin x) 
Bh 


a 
then ~ is equal to 


Sol. (1) 1= J {sin (100 x + x)-(sinx)} de 
= J {sin (100 x) cosx + cos 100.xsin x} (sin x)” dx 


= Jsin (100x) cos x-(sin x)” dx + J cos(100x)-(sinx)'°"dx 
0 
= sin (100) (sin x)!" 
100 


100 
= Fp J £05 (100x) (sin)! d+ J cos (100x) (sinx)" dx 


100 ae 


=> =100,n=100 = 2% _ 100 
m 
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Subjective Type Questions 


@ Ex. 30 If1, denotes | z” e"* dz, then show that 


Ei tt fone 


Ina 
(n+), Hlo eM! (Wz? $2123 +... 4atzth), wie ae ed 
Sol. 1, = J 2" e"* dz, applying integration by parts taking e'/* as te ee et 
first function and z” as second function. We get, ereace Beaved: 
Ort eet ay atl 
ne Gay LP (-4)5 i © Ex. 32 Ifly =| (sin x-+cos x)” dx, then show that 
aad oe Iq =(sin x-+c08 x)"~"-(sin x —cos x) +2(m—1) Im 2 
(n+1) (n+1) 


fe ak Sol. I, = J (sin x + cos x)" de 
paar 1, 


esi) = Pi dx, 
nee Gen) = J (ein x + c05 x)" (sin x + cos 3) 

aeeghet 1 [ev 1 Applying integration by parts 

Gry ‘@enl 2 * ts] =(sinx+ c0sx)"~"(cosx+ sinx) — f(m—1) (sinx+ e0s x)"-* 
eG gy (cos x —sin x)-(sin x — cos x) dx 
Set 4 ey = iii ae oa 
f+) Gein Gwin? =(inx+ cosa" Ysinx—c0sx) + (m—1) [(sinx + 608 x) : 
Hey Maye atacand (sin x - cos x)? de 

=f Gr ee a. ‘As we know, (sin x + cos x)? + (sin x — cos x)? =2, 


Ties 
G+) @t)n Grin Gl) edn ae eT arene 


J (in x + cos x)"~*: {2 —(sin x + cos x)"} dx 
2 =(sin x + cas x"! (sin x — cos x) + (m—1) 

ee ae Gti) a 82 J 2(sin x+ cos x)""* dx—(m—1) f (sin x + cos x)" de 

1 

++ _y, = =) (sin x — = 

aepsecosa” Tq = (sin x + cos x)"~? (sin x et). a 

Multiplying both the sides by (n + 1) !. We get, or (m= 1)fgt I= (sinz+ cosa)""'sinx—cosx)+2(m—1Nq_> 

(n+ yt Ty = (CMF 2b ent eM 2" (m1) + 
tet elt eZ Qt elt -z?-1N + Ip 
=> Ig (nt1)!= Ip tet (2? + 2t2? +... ¢nl2"*4) 


Meggett ley 


or mI, =(sin x + cos x)"~" (sin x—cos x) +2(m=1) Ina 
Hence Proved. 
® Ex. 33 Iflm,, =| cos” x-cos nx dx, show that 


Hence Proved. Be: 
(m2) Inn =COS™ x- SiN Mx + M Him 4,91) 


© Ex. 31 fl, =] x" Ja? =x? dx, prove that Sol. We have, 
m1 (g2 x2)? (n— Inn = J €08"x- cos n x dx 
pe ket ax) oD gay pee 
_ +2) nas ; 
(n¥2) (n+2) mic [| f mene etna 9 SBE i 
7 


Sol. 1, =f x* fa? =x? dx =f x0' [x ya" x!) de 
I w 
Applying integration by parts, we get 
2_ ay (@- x4)" [As we have, cos (n— 1) x = cos nx cos x + sin nx sin x 
(ney be fee {en dx : a 
3 3 & Inn == cos” x-sinx-+™ [ eos"! x {cos (n 1) x 
n n 
a ZTE EDT nt (at xt) fal te = cos nx + cos xf dx 
3 


3 ef m n m oi m 

=— cos” x-sin x + — | cos” ‘x+ cos (nm —1) xdx -— 
pene pe ! oot x2 
3 


(een Ly ne ee 
== cos" x-sinnx + { cos"! x [gin x-sin naj dx 
7 n 


=v 


(n-1) 

tabs -—I, m 

ah Ina feos” x- cos n x dx 

“tts” Gena? 

ie ORD oe ee pea 5 = cos” x-sin nx + Ign n 
= ™ 3 3 n n 
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tag 
n 


J 


1 
Inn = [eos 2 sin ME + Ign 


men), lL rcagt esi 
a) mn oe x-sin nx +m Iq—1n-1) 


(0+ n) Iga = 608" Xin nx + Ig ins 


dx. 


(1 = tan? x) de 


x? +n(n-1) ke 


(x sin x +11c08 x)? 


@ Ex. 35 Evaluate f 


2 
Sol. Here, 1=f air 
a 


sin x + cos x)* 


Multiplying and dividing by x™"? we get 
{x2 +.a(n—1} x”? 
j=f (Fo aa 
Nanzen? coor 
We know x" sin x + x"~! cos x= 
= {(nxt7! sin x) + (2" cos x) +n (n—1) 2"? cos x 
=(n x"! sin x) dx = dt} 
=> x7* cos x-(x? +n(n—1)} dx =dt 
Keeping this in mind, we put 
{x7 + n(a-1)}- x47? cos x 
af tan x Ce . xt seeds 
f| Saeed aay 


0 I 
“Applying integration by parts, we get 
z 
=x" see x. -———_> >; —— 
sec x-|~ aaing tnx =a) 


(x' sec xtan x + nx'7! sec x) 
+] ansen os) 


= (xsec x) + J sec? xde 
(xsin x +m cos x) 
(xsecx) _ytanx+C Hence Proved. 


(esin x + 1.cos x) 


© Ex. 36 Ifcos@ > sin @ >0, then evaluate 


cos? 
1+sin26 £0526 
I= auesinst ig ee 
Sol. Here, I Ife i2s8) -m( 2255) 2 
ag ,,, (so20 +sin® cos +sin® 
= £0804 sin) _ jog | do 
{feew*ote( S25 "Sa) “(Sz r 


= [ @ cos? 0-1) log eos + sin |g 
cos 6 —sin® 


cos 8 + sin ; 
=f cas20- log (S227 * applying int 
Jcos e tog (SEO) applying integration by parts 
I 
cosO+sin ) sin20 2 
ee ee - 
cosO—sin®) 2 cos 20 


sin20 ,,,( cos0-+sin8) 1, Seine 
monaap a elt 


tan 


© Ex. 37 Evaluate J 


fi) 


Where, I, =f 


(t-1)Pe 


B=1C=1 


1 
“atte 


=o leg] t=1]- 75 + log] ti) 
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+. From Eqs. (i) and (li), we get bsi 
waaelig a sit 1 © Ex.39 Evaluate [2° dy 
! +f wghcl- tog «cbc (b+asin x) 
x 
ebbane b+ (b+asinx) 


(ae 


Sol. Here, I “Soecunat a (b+asin x)’ 
de b dx 
a lta aires | “° 


cosx _ dA 
let A= =. 
Now lta Taine dx 


that —+ 
TS 27 


asinx+ b+ 
—— 


(b+ asin x)? 


Sol. We know, log (1 - x) 


Put x” instead of x in the above identity, 
= tg 28)=-{ dA__b 1 ab? 
= =-P}_4_,_*— 
dx a|btasinx b(b+asinx) 


45 Integrating both the sides w.r.t. ‘x’, we get 


=> Hoge ay=—[at eae 


5 
s dx (a? -b*) dx 
Integrating both the sides, —__-f js 
"Tevet new |e x lteane rorerresy 
x? log (1-3?) dx=-4 2 4 2 4 
1s 27 J—*--2)/,* (ii) 
G@tasinxy a? b+asinx 


Now, to find constant of integration, put x= 0 
From Eqs. (i) and (ti), we get 


=> o=0+C 
= c=0 iol <- a+b je 
: ; a/(+asinx) a? (6+ asin x) 
Je log (1 - x*) de =) 
0 I = Ff are = 1=-( #4 )ec 
b+asinx 


“Applying integration by parts, and taking limits 0 to 1 for LHS 


dx 


© Ex. 40 Evoteate | ra 


Sol. Let 1 


and log (2) = log (1 + x) — log (1- x) Let 
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Indefinite Integral Exercise 1: 
Single Option Correct Type Questions — 


7 4 ; 
1. Let f(x) = [ ——*______ dx and f(0) = 0, Then 8. [ == dvs equal to 
seer re iad lye 
7 
es re ax =a Lees we ot Hoe 
(a) log, (1 + V2 (b) log, (1 + 2) -= x 
* ax ext -2x7 +1 
fax + 2x" +1 
(©) loge (t+ va) += (a) None of these ees wnat 


9. Let f(x) be a polynomial satisfying f(0)=2 f’(0)=3and 


2. 1f f F(x) dx = f(x), then f {f(x}? dis equal to 
f'"(x)= fice) Then f(4) is equal to 


1 
@) > bar © Ley? se! +1) wed 
{seoP lars, 2 

Charmed @ GP ae 5 2 
OF « 5(e° +1) 


3. If f f(x) dx = F(x), then f x? f(x?) de is equal to 
(x74 4Inz) 43 px? 
= * © de is equal to 


(0) Gf (EC ae] 10. 
(0) 3 LxP#(44)— Jr) a (4) @ (“") ee wane +e 
1 1 % 
(©) = LPF) ~ Sf (Fo de] 2 
2 2 (=) ot 
Ghscaii dere @F e+e (a) None of these 
4, Ifnis an odd positive integer, then f| x" | dxis 11. [tan'x dx =A tan’ x+Btanx+ f(x) then 
ee Se ()A=Z.Ba=1 fls)ax4e 
@) +C @— +e 
ra nei -1, flx)=x40 
\" 
ttre (d) None of these (Azh bat saaxse 
5, Let F(x)be the primitive of “% = want x. If F(10) =60, (a= 23 sifosexee 
fe 
: 4 
te te value of F(13) is tg 12. If the anti-derivative of fe * axis f(x), then 
(6) 248 (@) 264 sin’ (p+q)x) 5, ‘ 
6 f(x*)* (2x log, x + x) dx is equal to J x dein terms of flse)ts 
wa"ec weyrec (@) Flle+ ada) wfteroa 
(0) x? loge x +C (2) None of these (©) flp+4)x1(p+q) (a) None of these 
7. The value of { x log x(log x ~ 1) dx is equal to 1% (22 4 sin | singe Bis equal to 
(0)2(xlogx—x)'+C cos30 cos98 cos 270. 
1 2 
(b)2 (x logx- x)? +C (0) tog |Z 4c ty} tog [see 
2 2B sec 0 78 ec 270|* © 


(c)(x logx)? +C 
1 Usec 270 
(cs) rd poe 


seco (TC (d) None of these 


@ : (x logx)? + 


14, Let x? # nm —1,n€ N. Then, the value of 


-[2sin (x? +1) 
J 
(2) 
sec + 
2 


2sin (x? +1) +sin2(x? +1) 
© : log | sec (x? +1)]+C (d) None of these 


(a) og Fscc(xt +) +C (b) log 


dx 
SSS eat ual te 
\SGomnaa*™ ” 
eto 1+V@sin2x|_ 1 
HAS |y ie amag| 5 Moe lsee 2x —tan2x |) + 
1 1+ V2sin2x|_ 1 
8 ecm | pee lsec 2x —tan2x|) + 
(9 7b tog|1 +92 sinzx| _1 4, — 
Jp 8| eae 5 (ee lsc 2x —tanzx + 
(d) None of the above 
1-7 cos? 
16, fASTES ge = S25 ¢, then f(x) is equal to 
sin? xcos?x  (sinx) 
(asinx (bd) cos (Ctanx (A) cotx 
cae 
17. J = dx is equal to 


(cos‘x+3cos?x+1)tan~'(sec x + cos x) 


(a) tan (sec x + cosx) + C (b) log, |tan™ (sec x-+ cosx) |+C 
(0. ———__, +¢ 


‘aivmnt (a) None of these 
c 


2. J—*—= Alog(x+1)+ Blog(x —2)+C, where 
G(e-2) 


(a)A+B=0 (b) AB=0 

(co) A/B=-1 (d) None of these 

fe ktant x 4 tant 2 +Cthen 
(x? +1)(x? +4) 2 


1 2 ask wee 
@k=5 Olay Ear (Qi=-— 


23. IF [ x log(1 + x) dx = (x) log( + x*) + x(y)+C, then 
2 
(0) 42) = yy (y= 
+x? 
2 


© vin) tte (a) 4x) 
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18, The primitive of the function f(x) = x|cos x |, when 
ae x< mis given by 


(a) cosx + xsinx +C 
(b)- cosx- xsinx +C 
(© xsinx—cosx+C 
(@) None of the above 
19. The primitive of the function f(x) =(2x + 1)|sin x|, 
when t<x<2nis 
(a)—(@x + 1) cosx + 2sinx+C 
()@x +1) cosx -2sinx+C 
(0) (x? + x) cosx + C 
(@) None of the above 


0 x? —sinx cosx—2 
20, Given, f(x)=|sin x— x? 0 1-2x |, then 
2-cosx 2x-1 0 


J f(2) dx is equal to 

ai 
a) — 27 sinx + sind + é 
OE = 2 sine conte + c 


3 
(9% ~ x cosx— cosax+C 


(4) None of the above 


Indefinite Integral Exercise 2 : 
More than One Option Correct Type Questions 


ee 
24 | AR de = Ax + Blog, (9e™ ~4)+C, then 
e* — 4 


3 
A= = 
@a=; 
(c) Cis indefinite @aAt a--2 
6 
25, If fan’ xde=A tan‘ x+ Btan? x + g(x) +C, then 


(@aA 


(b) g(x) = In | sec x] 
(6) a(x) = In|coss| 


wee 
dA=-4 Bet 
(@)A=-7.B=5 
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Statement | and Il Type Questions 


= Directions (Q. Nos. 26 to 30) For the following 
questions, choose the correct answers from the codes (a), 
(b), (c) and (d) defined as follows : 
(a) Statement I is true, Statement II is also true; Statement II 
is the correct explanation of Statement I. 


(b) Statement I is true, Statement II is also true; Statement II 
is not the correct explanation of Statement I. 
(©) Statement I is true, Statement II is false. 
(d) Statement I is false, Statement II is true. 
26. Statement I If yis a function of x such that 
dx 
x—3y 
Statement II je = log (x —3y) +C 
x-3y 


y(x—y)? =x, then f = Flog(x—9)? -1 


27. Statement I Integral of an even function is not always 
an odd function. 


Statement IT Integral of an odd function is an even 
function. 


Passage Based Questions 


Indefinite Integral Exercise 3 : 


28, Statement I Ifa>Oand b* — 4ac <0, then the value of 
dx 


ax’ +bx+c 


will be of the type 


the integral f 


p tan? 2*4 4c, where A, BC, are constants. 
B 


Statement If Ifa>0,b? — 4ac <0, then ax*-+ bx +C 
can be written as sum of two squares. 


1 


29. 


3 


z) aco tntixtyre 


Statement I i(; 
4x 


a 


1 re 
Statement IT nee" xt+C 
x 


30. Statement I {2 '*d{cot™! x)= 


d 
Statement Il —(a* + C) =a" In 
atement Il 7 (a" + C)=a" Ina 


Indefinite Integral Exercise 4 : 


Passage I 
(Q. Nos. 31 to 33) 
Let us consider the integral of the following forms 


Sx sfx? + nx + py? 
Case I If m>Q then put mx? +nx+C =utxlm 
Case IT If p>O then put mx? +mxt+C =uxt Jp 


Case IIT If quadratic equation mx? + nx+ p= Ohas real roots 


cand there put mx? + nx+ p= (x-0)uor(x—B)u 


dx 
31, if f= | —————— 
eater 


proper substitution could be 


(a) 9x" + 4x46 =ut3x 
(b) yx? + 4x46 =3ut x 


1 
@x=t 


to evaluate J, one of the most 


(d)ox? + 4x+6= 


wp (eee 
a 
@ (x+ fi + x76 Te 


10 
1 


(b) c 
S@i+atex) 


15 
+c 
(Jit x? -x) 
zy 
wo etaie ey 
15 


33. To evaluate f 


dx is equal to 


dx 
one of the most 

(x-1)J-x? +3x-2 
suitable substitution could be 
(a) y- x? +3x-2 =u 
(b) Y= x* + 3x -2 =(ux 2) 
(2) =x? +3x-2 =u(1— x) 
@) yx? +3x-2 =u(x 42) 


Passage II 
(Q Nos. 34 to 36) 
Let Iy.m = Jin” xcos” x dx. Then, we can relate I, » with 


each of the following : 
(@) In-2, Gi) Tn 2. 
Gi) Jn, (iv) Tnm a2 
(V) In=2, m2 (VD In 2. m=2 
Suppose we want to establish a relation between Ip, and 
Tyom—2 > then we get 
P(x)=sin"*! xcos™~! x wai) 
InIq,m and Ip, 2 the exponent of cos xis mand m—2 
respectively, the minimum of the two is m= 2, adding \ to the 
minimum we get m— 2+ 1=m— 1. Now, choose the exponent 
m= lofcosxin P(x) Similarly, choose the exponent of sin xfor 
P(x)=(nH)sin” xcos™ x—(m—1)sin"*? xcos™~? x. 
Now, differentiating both the sides of Eq. (i), we get 
=(n+1)sin" xcos™ x—(m—1)sin" x (1—cos? x)cos”~? x 
= (n+ I)sin" xcos™ x— (m= I)sin” xcos' 
+ (m=1)sin" xcos” x 


m=2y 
=(n+m)sin” xcos™ x—(m-—1)sin" xcos™~? x 
Now, integrating both the sides, we get 

sin®*! xcos™~! x= (mm) Iq, — (= VD) Ln, m2 


Similarly, we can establish the other relations. 
34, The relation between I,,2 and Ip, 2 is 


(a) laa =F tsin® xeos? x+3 In) 
O) Iya =F (sin? x €05?x + 3153) 


(laa = Asin? x cos?x -3f,2) 


@hs =f sin? x cos?x + 2Ip.2) 


35, The relation between I, and I, 2 is 
@ha = (sin x cos? x +8 [y.2) 


(sin? x cos?x +8 I,2) 


Oha=} 
f 4 


Olas ms in’ x cos’ x — 81,2) 


(8) 1a = 2 (sin x 08" x + 8152) 


36. ‘The relation between I, 2 and I, 4 is 


(0) a= 2 (sin x cos? +8 1,4) 
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(faa =E sin? xc08?x +8160) 
Ola= ; (sin? x cos? x -81y,4) 
(€) Ia,2 =} (ein? x 08? x + 614.4) 


Passage III 
(Q. Nos. 37 to 38) 
If f:R— (0,2)be a differentiable function /(x) satisfying 
Set y)—SOr= Y= SOLFO) = LO) Yh G VER, 
UO)# SC y) for all ye R) and f” (0)= 2010 
‘Now, answer the following questions. 
37. Which of the following is true for f(x) 


(a) f(x) is one-one and into 
(b) {/(x)} is non-periodic, where (} denotes fractional part 


of x. 
(©) fx) =4 has only two solutions. 
(d) f(x) = f7'(x) has only one solution. 


Let g(x) =log, (sin x) and J f(g(x)) cos x dx = A(x) +e, 
(where c is constant of integration), then h w is equal 


K! 


to 

(ao (b) 2010 
1 

(©) Oar 

Passage IV 


(Q. Nos. 39 to 41) 


Let f:R—+ R be a function as 
Se) = (= Il 2) = 3Y(x— 6)— 100 I g(x)is a 


polynomial of degrees 3such that | a dedoesnoteaniain 
i 


any logarithm function and g(—2)=10 Then 
39, The equation f(x)=0has 


(a) all four distinct roots 
(b) three distinct real roots 
(©) two real and two imaginary 
(a) all four imaginary roots 


40. The minimum value of f(x) is 


(a) = 186 (b) -100 
(c)-84 (a) -68 


g(x) 
4. a dx, equals 


(a) tan™ 2) +e 


(c) tan“ (x) +c 


() tan“ (=) +e 


(a) None of these 
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Indefinite Integral Exercise 5: 
Matching Type Questions 


42. Match the following : 


Sa Column 
(vinx 
(A) raf SPE 208% os, where ® <x < 2%, then I is equal to m 
jsinx — cosx] 4 8 <= piacere afos 
7 : @ «+e 
®) jp * eel feet 
SIDeTa d= 5 J aa] t Cthen S(x)is equal to 
In |x] 
© itfsin x cose ae= 9] Ea 'o)=2 =] + 2e-+C,then f(x) is equal to © I 
sin! 
©) if _ SUG) + C, then f(x)is equal to Qe 
43. Match the following : 
Column | Column lt 
2 2 Asli 
if (2) cosectx dx = Acot!x + B OES, then a 
1l+x secx 
B) gf ies fete dea A (e+ fee 297-2, then @ 8=-1 
J 3 \ (et ye +2) 
=-x-x* =-x-x? om =-x-x? (r) B=2 
(©) [WPF geen Poza + Fog (4 xt4j2-x sie? (29) ten 2 
# x az E3 3 
©) ef — 222 — de = Bot" (tan?x), then () a=-1 
sin*x + cos*x 


Indefinite Integral Exercise 6 : 
Single Integer Answer Type Questions 


(2x43) de Spel 


x(x +1)(x+2)(x+3)+1— 
3x+2 


4 1Ef Fo 


45, Let F(x) be the primitive of. yea wart, x. If F(10) = 60, then the sum of digits of the value of F(13), is .. 
x 


46. Let u(x)and v(x) are differentiable function such that oe =11¢ 
P 


equal t0 uss 


2 
[> (3) +C, then find 24 A, 
x+1 


4. a eer po oa 
(x? -1) (x41 
e* (2-x") 


a 
1+x 
dx =pe* (2) +C, then AA +11) is equal to 
(-x)y1-x* ae, 


48.16 f 


-——, where f(x) is of the form of ax* + bx +c, then (a+b+c) equals to 


w 


(x) 


v(x) 


pra 


=p 


has the value 


wl) -08 


49, wf SEER SNE AL & ae tn L9(3)} + ge) +, where 
2 halt t x 
Cis the constant of integrating and f(x) is positive, then 


f(x) + g(x) 


is equal to .. 
e* +sinx 
50. Suppose A= j ——* and p= f 
x +6x4+25 x -—6x-27 
114A +B)=2- tan (2) +nn *-9) 46 then 
4 x+3 


the value of (A +H) is... 


51. iff OSE Cons 


1—2cos5x 


sin4x 


—sin x +C, then the 


value of kis 


Indefinite Integral Exercise 7 : 
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tanx dene 


52, The value of | - aoa 
+tanx+ tan? x 


2tanx+1 . 
SRS ]+C, then the value of Ais. 
( vA } 


a 1 
53, fsin®!? x cos? x dx=2sin4”? «[5-dom? Jee, 


then the value of (A + B)= Cis equal to... 
54, Tf (x21 4 8 4 YOK 4x8 + LOY de 


h(a?! 4 538 + 1024), Then (a— 400) is 
10a 


equal to ..... 
55. 1ffe™ +29-103x4 4 2x9 + 2x) dx = A(x) +0 Then the 
value of h(1)-h (— 1) is. 


dais ti 
xq, x4 cos? x— x sin x +cos x 
56, Evaluate e 8" ** <0 no oe xeaaeatees 


57. Evaluate f e+ x? +2 dx. 


58, Evaluate f ———_* —__.. 
(e— a)? =B* (ax +8) 
aE 
59, Evaluate f Vee dx. 
fe 


x? cos? x 


sin? (0/2) d0 


cos 6/2 cos? 0+ cos* 8+ cos 0 


(2sin 0 +sin 20) 0 


61, Evaluate [ — 
(cos @ 1) cos @ + cos® + cos* 0 


62. Connect | x"~* (a+ bx")? dx with 


60. Evaluate f 


‘ 
dx 
fam at bx" )P dx and evaluate | 


63. Evaluate f cosec® x In (cos x +/e0s 2x) dx. 


dx 


(sin x +asec x)?" 
ae en 
xx? $2044 
—_* . 
letters 


64, Evaluate 
65. Evaluate f 


66, Evaluate f 


69, Evaluate [ETM 4, 
Vit+x 


70. tty? = ax* +2bx + c,andu, = | ~— dx, prove that 
y 


(+1) ay 41 +(2n+1) bu, + "e Yq-1 = x"yand deduce 
that au; =y—buo: 2a*u, = y (ax —36) —(ac —3b*) up. 
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Indefinite Integrals Exercise 8 : 
Questions Asked i in Previous 10 Years’ Exams 


(i) JEE Advanced & IIT-JEE 


eae ; al =f—— a & Then, 
71. aanar eo to (for some arbitrary 72, tila F fe tet 41 
constant K) [Only One Correct Option 2012} for an arbitrary constant ¢, the value of JI equals 
“4 ft Hemsted ce [Only One Correct Option 2008) 
) Gexe tna n 7 
1 14 eee eh 4d 
© gers maralnmatertmnatfo® oo Bgl aS lee onze Sees | 
a4 
0 Gara mares fit heme aetna rf ® od 2iog Leese Lc (a) tog] e 
@) ——2 {bth sce x + tan x)*}+ K eared eds 
@ex+tanxy? [nn *7 
(ii) JEE Main & AIEEE 
12 4 gy? iets thea ete® 
73. The integral | Spe Ss eal en 76. 1ff F(x) de = w(x) then J x? f(x?) dxis Se can 
tg ‘= 16 JI 3 
hein i : el (0) ££ (s")~ J vee] + 
= — 
O Srey aes y 0) S8y6s)—3 f tye ae +c 
7 ow 
* x 
Omer to | Ogre ©) Eeye)~ J Byer) deve 
where, C is an arbitrary constant. @ Fw) Jeweyaqec 
74, The integral [ a + equals Sistas 
x2(xt +18 [2015 JEE Main} Tb tbe integral f— qn etales 
, i 1 |sin x-2cos sis taha ies ais equal to [2012 AIEEE] 
ol } *«e (x4 +18 +0 (a) -1 (b) -2 
1 (1 (d) 2 
1 
@esntee @ {4 sy +c 78, The value of Yaj[ S84, 
sin x4) 
4 [2012 AIEEE] 


tf 
75, The integral J(vx-4}¢ dx is equal to 
bi (2014288 Male] (a) x + log +C (b) x4 log +c 


cos(x -*) 
“(9 


b(e-9 
cos(x-2) 


1 ra 
(a)(x-1)e +E Q)xe +E 


(c) x — log +e 


+C (4) x—log 


4 aot 
(ete F+C @-xe F4+C 


Answers 


Exercise for Session 1 


2 v2, 292 2 3 ad 
1, 24 PF + EP ee +4 - > = 2tent 
3° 3 ax Sx aie 
= # A 
3. logx+ 2tan"!x+ ¢ 42 -x4 tan 'xte 
ipa 3 ico sin'x+ 1-7 +c 
“1 . 
{5+ Jr 6 tan x—tan'x+ 1s, 49D Fear + Blog (+3)+ [P+x+i+e 
1 8) 
Fyfe atondies a 16, tog] tan 5+ 1]+ 6 17.3 tm (F+ 2) +c 
6 Ee 18, Log |sin x cosx/+ Leos 2+ sin 2x+ 
T+ log.2 4 8 z 
ae aife +2 2 gat ced? 
in, Hae te Lesartc waw{Ze2}rc  m— Fear! (atc 
al Toga 3 


12 03 si 5 i 
2. zs |se3e|-2n [sec 2 x|—In |seex|+ e 2. ae ¥— 2.0082) — = log (3 cosx+ 2sinx)+C 


1 cy 25, 4(2x-3)] 
ia Zonser2ense¢ wanes Hen aeee eae Me 3 para? a (4=2) ee 
3 4 2 a2 4 ; 
15, ~ 2 cosde+ coset c 2, nearer + 2lg|(x+ 2) + (Free | 


Exercise for Session 2 =h8 2+) 
1, tan x seex+C 2.sin 2x4 C weit) 
x= SG 4.180 sine 4 C Exercise for Session 4 
5 we 6 sim Ne 1, xe" — xe" -— + C 2.- x7 cos.x+ 2(xsin x+ cos x)+C 
Fee ceca iG! ans eC 3. a(log x) — x + C 4. x(log x)? — 2(rlog x— x) + C 
9, (sin x + cos.x)sin (cos x— sin x) + C 5. xtan"tx- log + | +C 6. x(see"! x) - log x + fF? — 11+ € 
10, tan x— cot x- 3x+C u.- fie (2) +0 2 i 
i 1. Zan Lee tan'y+ © 8.- 10+ logs + C 
12, 2£084E Go 13.4 (c-sin)+€ 2 2 7 
8 2 9. ~xcot 5 +C 10. x log (x? + 1)—2e+ 2tan*x+C 
14, = 2cosx+C 
M1. & + log (sec x) + C 12. tan x+C 
j A 13. Zs lg 
Exercise for Session 3 HME" ge eaeke 
1 anf 24) 4€ ote 
8 4 eh 
5 Ligglt#'= 5] 6 7. 3s acon be +6) + bain (bx +o) 4.C 
160 “|4x" + 5| Fi it 
18. —sec xtan x + —log |sec x + tan x|+ C 
5, Liog |e + fa + #14 2 2 
3 19, = 2(- Vxcos- Vx + sin Vx) + C 
. F 1 og t+ [ara 25|+ 20, x(sin“'x)* ~ 2(- sin“ x JI-27 +) +C 
Tog.2 ail 
Be il 21. xtan tx Log (14.2) 1—2)tan"(1-x) + Llog + (1+.7)} + € 
8, ~8Y5+ 2x2 — 3sin! are 7 2 
Ve pee a Ce 
1 22. ag=tan™ [= — |= + tan™ J=b+C 
9, Llog |x? + 2x + 2)+ tan "r+ I+ C Cy a a 6 
2 1 vy? 15. 3h 1 
10, - = 2x2 = 4sin (Sere a-3(+3) vb (14 5) +5 (+ 3) me 
' ‘| 24, —008%__¥ _ 2tog | 2cosx- sin x |+C 
om flee? — ax 17+ 2 tan 2cosx-sinx 5S 5 


25, eM *(x— secx) + C 
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Exercise for Session 5 
te ; log |x — 1] = 4 log [x 2+ 2 log [x— 3]+C 


L Vat (2 
tog f+ x)-4 tog t= + a2) + tan 
3 al 8 | | w 


2 


2 7p ieg|t~ cos log [L+ cosa] +2 log|3 + 2eoss}+ C 
L+ sin is a6 
204 sins 


L 
to, + 
qi 


T— sin >| 


~ 5 log + tan a+ 2 tog tan? tan + 


o tog|2 28244, c 
* "BB log x+ 2| 


-1 
tan! x 
10. - 
i. 


+ og i ~ 2 tog i+ 41+ 


Exercise for Session 6 


++ 2 ay x c. 
L z+, al (ien)** 
3. 28 — 34? + 6t — Glog [1 + t|+ C, where, ¢= (+ NM 
v7 
dit (S 2) +c. 
G@+H\x+a 
5. V2 secA(JtanxsinAt+cosA)+C 6. 1.@ 
8 (0) 9.(d) —10.(6) 
Chapter Exercises 
1.) 2.(a) 4.(c) 5. (bt) 6b) 
7.) 8.0) 10.(4) 11) 12.) 
13. () 14.(b) 16.(c) 17.(b) 18. (b) 
19. (6) 20.(d) 22. (ad) 23.(a,¢) 24. (b,c,d) 


25. (a,b) 26. (c) 28.(a) 29.(d) 30. (4) 


uM. 
37. 
a2. 
43. 
46. 
3 


5 


s 


| 


02 


6 


6 


65. 


67. 


69. 


4. 


= 


24 P24 


2 
. — = hoy 
38 


(a) 32(€ —33.() 34.(0) 35.2) 36.06) 
(ob) 38.(d) 39. (c) 40. (c) 41. (a) 
A2qgBonC4pDor 
A>p.qB>pnCIonD44 44.(5) 45. (6) 
() 472) 48.G) 49.) -80.(4) 5.4) 
@) 53.6) $4) §8.() 
eines en) (: Nee 
weose 
Le Fe 2)? — 2 oer +E s8.tan 2 mr 
ae Vet Ve 42 2 


60. tan“!(cosO + secO + 1)? 4+C 


(cos6 + secO+ 1 - V3 
fcosO+ secO+ 1+ V3 


+c 


all -ey 3 -8y3-2a-2)3 c 
nae xy x07 Sale| itd id 
|. — cot x log (cosx + feos 2x) — cot x—x+ yfeos*x-1+C 


1 fog sin-i( 228in 2x41), f,_(2asin 2x41 
(4a? = 1)? 2a+ sin 2x 2a + sin 2x 
é 1 § 

@a+ sin 2x) 


2In| fe + e+ 4 —2|- 3 


Ue + 2e+4-@+)) 
~ fin P42 a= x-14C 


e +C 
(et 2)+ Ye? + 2x4 2) 
if, 2 Po | 
tan’ (« ) 3™ @)+e 


a-2) 45 ~yhy|taevaagne oe 
= 6 z 


log (x +14 x? + 2x4 2) 4 


1 
= lo} 
3 hs 


(r+ Vier ys 
seus ic T(@)—-72.() 73.00) 
@ 75.0) 76.6) 7.4) 78. 0) 


Put x=tan® => dx=sec? dO 


tan’@ 
1+secO 


Putting, x = tan, I = [ 


= Jc ~1) d0 
= log (sec @ + tan@)-@ + C 
f(x) =log(x + fx? +1) = tan x4 
f0)=0 = C=0 
> F(1) = log.(1 + V2) - tan 1 


= log, (1+ ¥2)-% 
We have, | f(x) dx = f(x) 
d is 
BUMRfe) = Te 


= 
> log {f(x)} = x+ logC => f(x) =Ce* 
ad {fo = C*e*™ 


ata sae 


4 


fireor? dx= Jove dx= 


|. We have, | f(x) de = F(x) 


Jr foryax= 2 z fix?) d(x?) 


= Etre?) — [Fle ato) 


|. We have the following cases = 


Casel When x20 
In this case, we have 
fixt |dx= flxit dx =f x" dx 


+ A 
eet cet se fe x205|x\=4 
n+1 n+1 


Casell When x <0 
In this case, we have |x|=— 
fle Ide = fixit dx 
=f a" de=- fot ae 


"1 fe 
FO cele celtleye 
n+1 n+l n+l 


Hence, fic lae= 2! a4 
n+ 


[fe lx|=>] 


[- min odd] 


5. Faye [FS de bets 


=> dx =2tdt 
2 
Fes)= (C224) at 
7 
=2 fQ9+3t*)de=2[29r+ 1?) 


F(x) =2[29 Jx—9 + (x-977]+C 

O=2(29+1]+C => C=0 

=2 [29 Jx—9 + (x-9)""] 
F(13) =2 [29 x2 + 4x2] = 132 

6. Wehave, [(x*)* (2x log.x + x) dx 


Given, 


=x (@xlogex + x) dx 
=fi d (xt ax" +C a(x tC 
7. Wehave, [x logx (log x-1) de 


= J log x(xlog x ~ x) de 


= fx log x — x) d (x logx — x) 


agi 
_(xloge=2)" | 


9. We have, FO = fxd 
= fF") =2 OF) 
d 
= Sre@r-S or 
= UF = {slay}? +c 


Now, f(0) =2and f“(0) =3. Therefore, from Eq, (i), we get 


{FO = {f(0)}? +c 
=> 9=44+C = C5 


(F=f +5 


= F(x) = 5+ (F(x)? 


a 
= | 4 f(x) = J de 
Nearer 
= tog | £02) + 5+ GOP [=x + 6, 
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f0)=2 => log|2+3 


log | sts) + V5+ FOF 
“pi [ee + £ + war | 


=> flx)+ 5+ (Go =5e" 
= 5+ YP + fle) =se™ and 5+ (fOOP - fx) =5e* 


=> 2flx)=5 (ee) 
= fa)=2e" 9) 

Aes on _Se*=1) 
= fa) =3¢e8 -*) = fa) =A 


= [x eM dx=? feed [where t= 
2 
=pe-ne Heat (tet +C 
11, [rant xd = [ (tan? x see*x ~sec!x +1) de 


—tanxt+x+C 


,B=-1 and f(x)=x+C 


sin' (pt q)x 4, _ fle+ at 
(p+ gx ptq 


sint x 


12. faa sn) > J 


pm et Dare rip+ 9) x} 


=} [tan 99 ~ tan30] 


5in98__1 fran 270 - tan9@) 
a 2 


-0 270, 


23) d0=5 fan 270 - tan8) d6 


= {5 log (sec 1270) — log (see o} +c 


27 
776 
= hog LE 46 
28 secd 


fa sin (x? + 1) -sin2(x* + 1) 
asin (x! + 1)~sin2(x +10) 4, 
14. webave,x ‘Qsin (x* + 1) + sin2(x* +1) Z 
sin (x? + 1) —2sin (x? + 1) cos(x* + 1) ee 
=) Vrein(x?+ 1) # asin (x? +1) c09(x" + 1) 


f= cos(x* +9) ge fx tan 

a 241 
ajo 222)e(2 om 
sin(4x—2x) de _p_s# 


15. Ja) costx) cos =) 


a2 J COBH 7 (og see 2x tan 21) 
cas 4, 2 


cos 2x 


22 | 224 — de 5 (og |se0 2x — tan 2x1) 
@-2sin?2x) 2 


2f4 14v2sin2x|!_ 1), mnex] He 
. I = = log | sec 2x — tan 2x] 
ial 8 | — Jasin 2x|| 2 
af, |r+v@sinax|) 1), . c 
= = log |sec 2x — tan 2x| + 
na |'* 1+ Gant 2 
7 
-—|a& 
a) 
Jogerhth 
sin’ 
Now, 
+= +0 = flx)=tanx 
sin?x 
> 
47. Wehave, [ ae 


(cos* x +3 cos? x + 1) tan™ (sec x + cosx) 


J (cos? x + 3 + sec*x) tan” (sec x + tanx) 


=f 1 


sinx (1 — cos? x) 
1+ (sec x+ cosx)* 


cos? x 
—————— us 
tan” (sec x + tanx) 
1 1. 
= be 2 
tan” (see x + c0sx) 1+ (See x + cos) 


=J A 


tan (sec x + cos x) 


(tanx see x —sinx) de 
d|tan“\(sec x + cos x)| 
= log, | tan“ (sec x + cos x)|+C 


18. We have, fix)=x\eosx|, exe 


=> f(x) =~ x cosx [+ cosx <0 for x & (x /2, m)] 
Hence, required primitive is given by 
Jf 00 de =~ [x cosxde + C=—xsinx-cosx+C 
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49. Wehave, f(x)=@x+1)|sinx|,n<x<2n Paes raft fattten s dz 
7 ‘ " 9 wezt4 
= fle) =~ Qx+1)sinx a 
Hence, required primitive is given by 1 farts 
~ Jes tain xara [Gx +1) oor Zane] + C atl 3 vahae 
I 
= (2x +1) cosx—2sinx +C jaa ah pPeeoet a 
0 x? -sinx cosx-2| sera) ae 
20. Wehave, f(x)=|sinx-x? oo 12x a2 pd 3 (-sy)« 
2-cosx 2x 0 gee ae\z z44 
0 sinx-x? 2—cosx| =(2+3)oer-Fise rare 
> f(x) =|2? sin v) 2x-1 5 a s ae 
ere ee 0 3g Bee ~4)= 3 leg (¢' pre 
[Interchanging rows and columns] 3 + 33 jog e* —4)-3 toga + C 
0 xtHsinx cosx—2 38 . 
=> flx)=(-1))|sinx - x? ° 12x 25. Jan? x ect ~1) de= ftan? x see? x de ftan'x dx 
2-cosx 2x-1 0 


ee ae 
(Taking (-1) common from each column) = Jtan? xsec'x de 


vi ira! p= ftanx (sec? x ~ 1) de 
= x)= 
2 
> ae Be vinisce zit Ge 
21. |— Ja 26. The Statement Il is false since while writing 
ae 2) “Sea Wx 2) dx 
J =a = log (x -3y) + C, 
pie 2)+C ames 


we are assuming that y is a constant. We will know prove the 
Statement I. From the given relation (x — y)? =~ and 
y 


2 log (x - y)=logx — logy. 


dj 
(Alag, O es (- 2). 4+ 79 prove the integral relation it is 


dx \ x) x=3y 
sufficient to show that  RHS = 
x x—3y 
2 Now, RHS fos[2-3] [-e-w"=4] 
y 2: 
2 1 
2), a = log(x - y) — logy] 
23. 1= Jepetts farm log (+ x") ej, aa 
1 =} [ese toe] © fog —3 logy) 


“x=3y 
‘Thus, Statement I is true. Hence, choice (c) is correct. 
27. Let g(x) = f(x) + fl-») 
Assuming, f(x) dx = F(x) +C 
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Jstae=fisey+ fob de 
=J flay de + Jf-x) de 


=F(x)+ C+ {- FX) tC} 


=F(x)- Fx) ++ 
which may be an odd function, if C + C’ = 0. 


Similarly, integral of an odd function is not always an even 


function. 
Hence, Statement I is true and Statement Il is false. 
28. Ifa >Oandb? — 4ac <0, then 


2 2 
ast sbetena(x+ 2) ieee 
2a. 4a 
j_*—-;_*— 
ax?+bxtc 


a(xs Vow 


rot ** 20 1xtA 


@ kia ka 
Thus, choice (a) is correct. 


+ Statement [is false. 
30. Since, cot x = ~tan's, 
d(cot™ x) =—d (tan x) 

Thus, ica * q(cot' x) =— fa" "* d{tan” x) 


gee 


¢. Statement I is false. Statement Il is true. 
31. Asm=9 > 0, hence, we can substitute 


ox? + 4x46 =ut3x 


32. Here, as per notations given, we can substitute 


Jit x? =-x) 


As m=1>0andp=1>0 


> 0. which will have an answer of the type 


+C tan? “4 
or pita AS 


12 fi dum fut 


15 


alot fie tyiee 
18 


‘We can use case III 


=> Putting, x" + 3x—2 =u(x—2) 


or (x-1)u or u(l-x) 


34, Let P=sin’x cos*x 


ices 2 
BP 3 sin? x cost x—3sin' x cos’ x 


3 2 
=3sin®x (1 —sin’ x) cos? x—3sin* x cos*x 


ee 
=3sin" x cos*x —6 sin‘ xcos* x 


P=3i,2-6ly2 
1 
NaaZCP +3haa) 


35, Let P =sin® xcos’x 
ap 


2 


= =Ssin‘ x cos* x —3sin® x cos*x 


=$ sin‘ x (1 —sin’ x) cos* x —3sin® x cos* x 


=Ssin* x cos* x —8sin® x cos*x 


P=5I4.2-8lo.2 
Kaa p+ Ble.) 


36. Let P =sin® xcos*x 


aP P 
< =5sin* xcos' x ~3sin* xcos* x 


dx 


‘ ‘ 
xcos* x —3 sin* x (1 — cos? x) cos?x 


=8sin x cos* x —3sin* x cos*x 


P=8i,4—3ly.2 


1 
25 CP + Ola) 


97. Here, 2f (x)= Jim (feta 


+0 


= iby: (& +h)- f=) 


h 
2f°(0) jim, (A220 
= tim 
am, 


Now by given relation, we have 


f(t) = f(-h) = fasn=fe-m 


and f(0)=1 


eli) 


From Eqs. (i) and (ii), we have £) = 2919 
fx) 
= f(x) =e™™, (0) =1 


2+ {f(x)} is non-periodic. 


38. Here, { fig(s)) cos x dx= J f(og (sin x)) cos x de 


= femOe 9, cos x de 


= J (in 9" cos x dx 


= J(sin x)" cos xde 


_ (sinx)®4 

~~ 2011 

(sin x)" 
2011 


= (2-4 
2 2011 


x)= 


Sol. (Q.Nos. 39 to 41) 


Here, f(x) = (x —1) (x + 2) (x —3) (x —6)— 100 
=(x? - 4x +3) (x? = 4x -12)-100 
= (x? — 4x)? - 9(x* - 4x) -136 
=(x* — 4x +8) (x* — 4x-17) 


9. 2. f (x) =0 = (x? —4x +8) (x? -4x417=0 
cilia asec 


40. 


Aes 


D>0 D<o 
, Equation has two distinct and two imaginary roots. 
fix) = (x? — 4x -17) (x? - 4x + 8) 

= {((x-2)? -21) (x - 2)" + 4) 
°F (min = (21) (4) =~ 84 


which occurs at 


B(x) 
S50 


(x) 


(x? = 4x -17) (x? - 4x + 8) 


__Ar+B_,_Cx+D 

Sax 17 x 4x48 
Clearly, A, B and C must be zero. 

a(x) 


(x? = 4x -17) (x? - 4x +8) 


g(x) = D(x? — 4x -17) 


g(-2) = D4 + 8-17) =—10 
2) Ax? - 4x -17) -2 
fx) (4x = 17) (= Axe 8) xT AK +8 


109) gee 
Sie * 


[given] 


2 — dx = 2{ ——_—_, 
iat ae 


tan (254) C2100 (H)+e 
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42. ne <xetk, thensinx > cosx 


ce [ARES de = fader +c 
jsinx — cosa] 


xtdx afi 1 
——— 3x*| ——- =—_| dx 
Ola ne “leat w42 
3 
1l2ec 
3 x+e 


(©) fsin™' xeos" xd = J [E sin x —(sin™ a] de 
oF lxsn tx + fi—x*) -{x(sin x? 
+ sin? x JI — x? - x) + C (by parts) 
= sis[Ex-asirtx- avin EF rare 


f(x) ssin x, f(x) =sinx 


dx 
=lIn|In c 
fsa [In| |] + 


f(x) = In|} 


2+ con? 
43. tare (EES sot de 
+e 


s (eS) ioasdlnite 


1+x? 


= Jf cosec’s -—+ 
14x? 


== cate cot x +k 
x 


= A=1,B=-1 


(Br = ffx yx? +2 dx 


Put yx?+2+x5¢ => 
= 
apts a +k 
et fx? +2 
=> and B=2 


76 


45. 
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46. u(x) =7x) = w(x) =7V (x) 


4 ps7 iven) 
wx) 7 
aa 4) 
= q=0 
wi (2x41) _ 1 ¢_(4e—1)de p+q_7+9 
@P)ins now, Btn 


0 


sin’ ( s eK As 


sin2x__ gy, dividing N‘ and DY by cos' x 


sin* x + cos‘ x 


of 


San * dx, put tan? x =t 


1=f? tanx-see*x 
= 7 
tantx +1 - 


= 2tanx. sect de =dt= fH = cot (+c 
+1 


=> -cot(tan?x)+C 2. B i : 
+ -@ 
49, p= [etext Ce" + sine +x) 4 


2x43 e 


leaner e+sinx+ x 


Put x?+3x=t = (2x+3)dx=dt =In(e* +sin x+ x)-x+C 
J dt J a Se 1, 1 
Het aye. - (+1) t+1 x43xtd => fx) + g(x) =e* +sinx 


b=3,c=1 atb+e=5 


f(x) =e* + sin x + x and g(x)=—x 


-5 
Let x-9=P aode=2tdt t (223) x 
4 x+3| 
Mt +9) +2 
F(x) = [| —~———- 2] dt 
(x) i( ; 
= *) de = % 15 
2 [essen are? Sremtx _2(su scott) cal! 
F(x) =2[29,/x-9 + (x-9)"7]4C 3 
3- i= 
Given, F(10) =60 =2[29 + 1]+C 4 cos’ ; 
=> c=0 Se 


ae 
F(x) =2[29,fx—9 +(x -9)°7] =-2cos yoy 
F(13) =2[29 x2 + 4x2] 
4x33 =132 
Hence, sum of digits =1+3+2=6 


= (cos 4x + cos x) 
fen sin 4x 


sinx+C 


tan x 
1+ tan x+ tan? x 


Lett = tan x,dt =sec? x dx 


etd 
=*aleepae! 


53. Jsin®? x cos? x dx = J sin*x sin’? x cos? x cos x dx 
= J sin?x sin’? x (1 —sin® x) cos xdx 
=ferra -t) dt = fie? =P? de 

pe gin 


= frrde—ferar= a ae 


O40 = 2 sin” x—7 sine + 
z u 


wraintte[L- ants} c 
7 nt *| 
=> A=7,B=7,C=11 

= (At+B)-C=(7+7)-11=3 


54, Let T= [(x + x + xi) (2x! + 5x1 + 10)" 


7 “h 


= f kai 4 2 4) a + 5x!" + 10)!"dx 
= fete 4 PY ee I + 10!) 


aa 
Put 2x7 452% +10" =t 


=> 40206277 + x8 + x4) dx = dt 
42041 


1 gyn, 
1=f[—(y"de= 
Scan @ 


1/402+1 


1 pees 


*"qoz0 403/402 


= ext eset + 10meyoves 


4030 
4 a= 400=3 
55, Lete® *** "x" + 2x° + 2x) de 
fate 1 Po1 Gx? + 2x) de f ert 


I 0 
Applying by parts in first internal, we get 


axe 271 f are? 8 aes fe?“ ax) de 


ex) dx 
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atic tPA Cane) +C 


: Wx) =x 
= Hi): 1) = ele! 


(asinx+ conn) | x4 cos? x—xsin x + cos x 
=fe' SS 
x cos! x 


= f etnne h(a? cos x) dx 


~fermeron AL 1 Jax 
dx\ x cos x 
a eltsin es cored | 1_j\ic 

x08 x 


=f fer V2 ae 


Let x+fx?+2=p or x7 +2=p? + x' 2px 


1 (oF 
=p EH?) yd si 
raf EDD ay ak pi aps fo ap 


1 
a+ (xt fx? +2)? -2 +c 
3 Jet fete 
=f ax 
(ex +b) x0) BF 


Put(x—a) =B sec 6 = dx =P sec @ tan @ dO 
— 
a(a cos6 +B) +b cos 
=| ——_* 
(acc + b) cos O + af 


= j —* 
ene cos eB 


<1 4) 


1 
an +b 
where seca’ =—B_ > tan Sar 
+b 2 
ra) 
59. 1=J ea far PY a 
Ef 
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+1 
Mit =1 ie, integer 


c. Let us make the substitution, 


rexBee pee denned 
Hence, 1=6fhde=2? +C=20+ x)" +C 
60. 1={ sin® (0/2) 
cos 0/2 Jcos’ 0 + cos’ 0 + cos6 


a 2sin@/2-cos@/2-2sin’@/2 ag 


bar 058 


sin 9 (1 - cas) 


ier ers Dr eotOrca6 


Put cos@ =t=>—sin 8 dO =dt 
ai {t=1) 
(+yserere 


=1] Li dt 
2 ti ye+eee 


Q-1/#) 


dt 


1 
=tart (erie) +c 
stan? (cos + sec +1)? +C 
(2sin@ + sin 20) dO 

(cos @ -1) ‘cos @ + cos? @ + cos’ O 


61. 1=f 


Put cos @ =x" 
=> ~sin@ db =2x de 
xs (+x?) ax dx 
(ax) fxextex® 
(+1/ x?) de 
G/x-x)\t/x-xy +3" 


af dt 
tyes 
‘Again, put +3 =u" 


= at dt =2u du 


r=4f Tr ) =-4f 


w-3 


ferret —8|, 
ad iio tvs 


ee 


eos + secO+ 


Flee 


Iga =f x (a+ bet) de 
and 1 aor pa frat bel de 
a peste (at bxtyht! 


where 2 and pare the smaller indices of x and (a + bx") 


Here,2 =m—n-1,H=P 
o pax" (at ox"! 
Differentiating w.r.t. x, we have 
2. BaP (p+ ila t bx)? (n bx!) 
+ (a+ bx" Pt! (m= n) x 

=nb(p+1)x""" (a+ bx")? 

+ (m—n) x" (a+ bx")? fa + bx’) 
=nb(p+1)x""" (a + bx")? 

+ a(m—n) x"-""" (a+ bx")? + b(m—n) x™-" (a+ bP 
=b(np + m) x""" (a+ bx")? + a(m—n) x" (a+ bx")Int 
egrating both the sides w.r.t. x, we get 

pab(np +m) I, + a(m—a) Inga 


"(at bx)! = b (np + m) Ips +a (m—A) Ipen-t 
x7 "(at bx")? a(m—n) 


binp +m) _-b(np+ m) 
Hence Proved. 


or 


=n 


x 
Again, i ig fr a-2y"? de 


bin tas b=-1L n 
1, ia) 


-1/3, a 


eofl) 


8 
3 (4) 
= rane 3 (here m=6) 
=5 5 
=o peti 


2 


Hence, 1,= pea Oe 2x0 2) 24 


63. Let 1 Jeosec* x In (cos x + fos ax) dx 


Jeosec* x- In {sin x (cot x + feot® x—1)} de 


Joosec? x In (sin x) dx 
+ J cosec? x. In (cot x+ Jeat® x1) de 
In second integral put cot x =1 


cosec* x dx = dt 


T= J cosec® x- In (sin x) dx —f in(e + Jf? =1) at 
In first integral (integrating by parts taking cosec? x as second 


integral) and in second integral (integration by parts taking 
unity as second function), 


We have, (In sin x)(~ cot x) ~ f cot x(—cot x) dx 
-ines P=) e+ jt 
yea 


~cot x(Insin x) ~cot x—x-tIn(t+ JP —1)+ Je —1+C 
== cot x(Insin x)~cot x—x~cot x {ln (cot x+Veot™x—1)} 


+ Veot?x-1+0 
== cot x+ In (cos x + feos 2x) - cot x-x+ yeot?x-1+C 
cos? x dx 


. T=] 


eer xP aeNel) 


“J 
J 


(a+ sin x cos x)* 
cos? x dx 

(a? + sin® x- cos? x + 2a sin x- cos x) 

1+ cos 2x 


2 
4.cos? xdx =2f : 
(a + sin 2x) 


4a? + sin* 2x + 4a sin 2x 
1 cos 2x 
=2 | ———, dx +2] ———| 
J (Qa + sin 2x)? J (2a + sin 2x)* 
=2,-—1__ a0) 
(a+ sin 2x) 
i dx 
(2a + sin 2x)?” 
we know 
oh 
aie give - yaa? —1 Tae 
3) aay 


Snax tt 
2a+sin2x (4a*— 


jo a 


ar 


= du _ (4a* 1) cos 2x 
dx (2a +sin 2x)" 


"aoa [2asin“' ut Jiu?) = 1, andsin2x = 
1 aac! { 2asin2x +1 
=—,L_,| 2 ani 

7 wel a ( 2a + sin 2x } 


a ff tasinzxet) | ote 
2a + sin 2x @a+ sin 2x) 


2a— 
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eee ee 
x yx? + 2x44 
Put yx? +2x+4=f4+x 


P+ xt + ote 


= xttaxt4 


% 
= 
tk! 
7 Pe if! a 
dt 
otffs oe bola 
a-9*a-0| 
=} [stoetet~a tes are 
=2log| yx? +2 + 4 —x|~7 log 
aoc 3 
ra yfxt + 2xt 44 x |+ ———————_—__ 
| | 2(Qi—Jx?+2x+4+x) 
=2log| fx? +2x+4-x Flee 
[ Vx? + 2x4 4 -1- x|-—__=_____ 
2(fx +ax+4—x-1) 
66, 1=j —_® 


1+ yx? + 2x42 
+2x+2 


SP +ext2aP +x? 


— x, squaring both the sides, we get 
ete 


2 2 
at yxteartaq14¢-t—2 Peat 
20+) 20+ 

- if 20+) + e+ 2) 4, p= fez) (84242) 

@+aeazaen (+42) 


Using partial fractions, we get 


dt at 
T=[—_-2 
t+. Sear 
2 
sinjetil+ +c 
lle 


=In(x+ 1+ fx + ax4a)+ 7 +c 
(x+2)+ xt tarde 
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(x? +1)? -2x7 


= Ref xed (2? +1) (04 - x? +1) 
=f eeu j x de 
(x? +1/x7 =1) pas 


af Gtwade af 


(x-1/ xP +1 aes 
In frst integral put x ~1/ x = tand in second integral put 
eau 
=f 2 
Pei slater 
stan (tan (w+ 
Stan" (x1 3) —F tan (24) + 
oa. =f 


@ 
Put x=1/tde= 


1st de 


fe j5 
Saga 
w= 31" dt =3u" du 


t(P -1)% 


=-f uf du -J udu 
Q+u’)-u (i+ u)Q—u4+u*) 

ut 

{ta 

woutl 

(using partial fractions) 

Lip _du bp ates, 
“3 uti 340 Qt—u+1) 
a ee ee du 


S/ut1 67 u—u+1 (u-1/2)° +3/4 


log |u-+1|—2 log] a+ 1] 3 
1 yf 2-1 

—_ c 

Ba™ { 3 }s 

= +1] logy e? 98 (0 - 
1, f 2-1-1 

ae eq i 


ayia ay 4 gt 
fing ==? = - x7)" + x! 


=} log |(?? a 41] 


(=r )P +x 


x 


1 
aly 
a 


oo, 1=feteitey” g. 


+ x? 


Put (x+yi+x)=t 


71, 


x" (ax + 2b) —2bx" 4 
aa: fax? + 2bx +6 
pti yr ax + 2b) dx By x a 
2a © Jaiuere a Jax? + 2bx +e 
2a (@ax+2b)_ 6 
ee lax?+2bx+e 4 
I 0 


tyes = [et 2lax? + abe te 
2a 
= fra ast + be +e) dx]? 
1 np a-t, foe & 
aixty-2 [xe + ax" +2betede— 7 hy 
a a 
a 
aegevy=af Gttaeted y by 
fax? +2bx +c 
the =a" yr [at yy + 2b + Cty —»]— buy, 
= (n+ Nae +n +1) by + ne- yy =x" y 
Now, putting, n = 0 in both the sides, we get 
au, + bg = x"y 
au, = y ~ bp ii) 
Putting a =1 in Eq, (2), we get 
2au, + 3bu, + cuy = xy 


zat +36 ( 2B) ex ery 


[from Eq. (ii)] 
=> 2a*u, + 3by —36%uy + actly = axy 

=? 2a*u; = y (ax —3b) + (3b? —ac) uy 

Plan Integration by Substitution 


te T=] fez ede 
Put 8(X)=t => g'(x)dx=adt 

=f flare 
Description of Situatio: 


nm Generally, students gets confused 
after substitution, i.e, sec x+ tan x= i eee 


Now, for see.x, we should use 

see? x-tan?x=1 
=> (seex—tan x)(sec x+tanx) =1 
= 


seex-tanx = 
t 


sec*de 
aii laa 
Put seexttanx=t 
> (sec xtanx + sec* x)dx = dt 
> sec x-tdx=dt 
x secxdc= tl 


1 1 1 
secx-tanx=- => secx=-(t+= 
t 2 t 
secx-seexde 
(sec x+ tan x)? 
: ae 


1j2 2 
fee hae 


“1 
© (sec x + tan x)'"* ff 
» 


72. Since,  ceet and J= Wa 


w-utl 
wtu+l 


2x? 45x" =f raed dx 
eseor ttt x8)? 


‘ 


73, Let =f 


== 2x45 ap 
ier +x *) 


Now, put 1+? 427% =0 


-|——+—_.+ —1___ nx 
Feet x+tanx)” 11(seex+tanx)™ 


— 
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=p (eax) - 5x“) dx = dt 
=> (ax + 5x" ")dx=—dt 
= ae DO 


ae 1" 


4 
= +¢-—,,—41e 
+1 2° ae + xh oe ay® 


| 
x(x! +1)4 x(t pill 
x 


th Ade =ardt 
3 


! ot red 

75. (vee S}e ete fe ‘der Jx(1-4}e “dx 
ore) ney ee 
Jeo Ade + xe * Jone "dx 


afer Fae ate af ree 


=xe 40 
76. Given, | f(x) dx = (x) 
Let T=] 2 fl) de 
Put 
> Ai) 


I 5 Jerod 


= ; [i Flt) dt _f {£0 at} a| 


(Integration by parts] 
=Flevo-f wioa 


(2 y(°)-3 f ewe) dr] +C [from Eq. (i) 


= ; style) = J tye) de +c 


77. Given Integral is f —"~- 
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Stan x 
tan x-2 


dx 


To find The value of a, if 


t 
[OBES dea x a log |sinx-2 605 x|+ Kofi) 
tan x2 
Stone yy 


Now, let us assume that I ale 7 
an x — 


Multiplying by cos x in numerator and denominator, we get 
Ssinx 


sin x —2 cos x 
This special integration requires special substitution of type 


i e Eas 
N’ ~ avr 0(2) 


=> Let5 sin x= A (sin x -2 cos x)+ B (cos x + 2 sin x) 

=> 0cos x +5sin x =(A + 2B)sin x+(B—2A) cos x 

Comparing the coefficients of sin x and cos x, we get 
A+2B=5 and B-2A=0 

Solving the above two equations in A and B, we get 


A=1 and B=2 
= Sein x =(sin x —2 cos x) + 2 (cos x + 2sin x) 


Ssin x 


78. 


= fine a Beas 2) +2 (cost Bsn) 4, 

. (sin x -2 cos x) 

3 tn fEAEET 2 ae 3 feoeeteain ad gp 
sin x —2 cos x (sin x =2 cos x) 

d(sin x ~2 cos x) 


SIs fraes2 ft =r) 


in x 
= [=x+2log|(sin x—2 cos x)|+k (ii) 
where, kis the constant of integration, 

Now, by comparing the value of Jin Eqs. (i) and (ii), we get 
a=2 


Let = va j #82 
= 


- fl cot es Jo] 


=14 log|sint|+C 


ln(=-2)]0 


=x+ log 
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Session 1 


Integration Basics. Geometrical nteroretatinl 
of Definite Integral, Evaluation of Definite 


Integrals by Substitution 


Integration Basics 


What is Definite Integral ? 


Let f be a function of x defined in the closed interval [a, b] 
and $be another function, such that $’ (x) = f(x) for all x 
in the domain of f, then 


[ Fl) dr =L0(x) +elf = 00) - 61) 


is called the definite integral of the function f(x) over the 
interval a, b], a and b are called the limits of integration, a 
being the lower limit and 6 be the upper limit. 


Remark 
In definite integrals constant of integration is never present. 
Working Rules 
To evaluate definite integral [' f(x) dx. 
1. First evaluate the indefinite integral J f(x) dx and 


suppose the result is g(x). 

2, Next find g(b) and g(a). 

3, Finally, the value of the definite integral is obtained 
by subtracting g(a) from g(b). 


Thus, f f(x) dx =[ g(x)]; = g(6) - g(a) 
1 Example 1 Evaluate 
Ao 
9 Seat 
mere] 


Soh Bere Lee 4 


(iy 6 sin xebe 


nit 
(ii) Let =f sin’ x dx 


=1(*? (cin? xt de= tf? (1 cos 2x)? d 
=i, (asin® x)? de = 5 (1 ~ cos 2x)* dx 


# ie (1-2 cos 2x + cos* 2x) dx 
40 


t+ 4 
=i? i= 2eosan + PSS) de 
4% 2 


=} des eae 


“ar 2 
Uae —4 dn zee SME 
“3 2 é 


1 Example 2 The value of f Fe (tan +) is 
(b)x/4 


(a) x/2 ()-m/2 (d) None of these 


= —[tan") = tan“(—1)) 


Hence, (c) is the correct answer. 
Remark 


Note that (Zeer 2a 
alates 


tan'(1)-tan"(-1) 


HG) 


is Incorrect, because tan( jis not a anti-derivative (primitive) 
x 


d 
of —| Etat Son tne iterat(-1, 1. 


L Example 3 1F/, = {°(logx)"dx, then I,+ nl, is equal to 


@ (bye (Je-1 (d) None of these 
e 


Sol. We have, I, = Pog) ax = fdogxy" + Ade 
So i 


I, 


#-(logx)"f  ['n-(ogx) +. xax 
x 

=(€-0)—nf (log, x)" "dx =e—n 1, 
Iq tly =e 
Hence, (b) is the correct answer. 

1 Example 4 All the values of ‘d for which 

f {a? +(4-4a)x+4x° }dx < 12 are given by 

(aa=3 (b)asa 

(0sa<3 (d) None of these 

Sol. We have, f {a +(4—4a)x + 4x? }dx < 12 


=> [ax +(2-2a)x? + x*]?< 12 
=> a?(2—1)+(2—2a)(4—1) +(2" -1*) <12 
= a’ +2—2a)+15<12 
=> a®—6a+9 <0 
=> (a-3)? <0 
a=3 


Hence, (a) is the correct answer. 


Geometrical Interpretation 

of Definite Integral 

If f(x) >0 for all x €[a, 6], then [° f(x) dx is numerically 
equal to the area bounded by the curve y = f(x), the 

bas ft flx) de 
In general, f° f(x) dx represents the algebraic sum of the 


X-axis and the straight lines x =a and x = 


areas of the figures bounded by the curve y= f(x), the 
X-axis and the straight lines x =a and x =b. The areas 
above X-axis are taken with plus sign and the areas below 
X-axis are taken with minus sign, 


Figure 2.1 
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ae: if: f(x) dx = Area (OLA) — Area (AQM) ~ Area (MRB) 
+ Area (BSCD) 
Remark 
{ff a) ds, represents algebraic sum of areas means that area of 
function y =/(x) is asked between ato b. 


= Area bounded = [| f(x)| dx and not been represented 


by [f f(x) de-eg. Ifsomeone asks for the area of y =x? 
between —1 to 1, then y = x* could be plotted as 


Figure 2.2 


-x def? xide=t 
1 0 2 


or using above definition, area ={', |x° [dx =2' x° de 
Ee 0 


7? 
=2| * 
4 

0 


But, if we integrate x* between —1to 1. 


1 
=> f, x° dx =0 which does not represent the area. 


Thus, students are adviced to make difference between 
area and definite integral. 


TExample 5 Evaluate [° |(x—1)(x-2)| de. 


Sol. Let 1221 -(e-2)| de 
We know, 
= eayjal (*-(e-2), x<lorx>2 
ema ai={_{e7pe73 l<x<2 
+ 
t 4 


Using number line rule, 


1=f(e-0(x-2)1 de 
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=f} Ge Mx -2) de P (x=) -2) de 

+f (x -2) de 
=f Gt ax 42) dr fP (x? 3x +2) de 

+f) Gt 3x42) de 


Evaluation of Definite 
Integrals by Substitution 


Sometimes, the indefinite integral may need substitution, 
say x = 0(t). Then, in that case don’t forget to change the 
limits of integration a and b corresponding to the new 
variable t. The substitution x = (¢) is not valid, if it is not 
continuous in the interval [a, 5). 


T Example 6 Show that 


[2 dx 
0 a? cos? x+b? sit 
=n? dx 
Sol. Let = = oo 
: x=0 a? cos? x +b? sin? x 
sec” x dx 


ana 


eno g? +b? tan? x 


(divide numerator and denominator by cos? x) 


Put tan x =t =>sec? x dx =dt 
dt 
Fo ee 
no taba 


We find the new limits of integration t = tan x => tf =0 
when x =Qand t = when x = 1/2 

aw 

ads 


Ape ttt 
Pray, BF alb 
(3) me 


a1| 2-0 
abl 2 


1 Example 7 Evaluate ie 


dx 
nex 


directly as well as by 


the substitution x = 1/t. Examine as to why the answer 


don't valid? 


On the other hand; if x =1/t, then 
dt we dt 


2 dx 2 
“(ae CF aeay v2 ae? +1 
wa 


iB tan" (at) | 
2 awe 


In above two results, I = ~ m/4 is wrong. Since, the 
1 


44x 
this function cannot be negative. 


Since, x = 1/t is discontinuous at t = 0, then substitution is 
not valid. (el=1/4) 


integrand > Oand therefore the definite integral of 


Remark 
{tis Important that the substitution must be continuous in the 
interval of integration, 


int 
1 Example 8 Evaluate fre. Ue 


Sol. Let r= fi? x. 


Vin 


Put sin”! x =, then x = sin@ = dx = cos8d0 


Also when x =0, then @ =0 and when x =1, 


then 0 ssn()=2 
2, 


6 


T= [sino © cosoda =f 9 .sinaad 
Z Vi-sin’6 f 
= (-0-c080)5/ + ("cos 6.48, 

using integeration by parts. 
=(~8.cos0)q/* +(sino)* 
—Vin 1 
12 2 


La x 
=-=cos= +0+sinZ— 
6 6 6 


1 Example 9 For any n>1, evaluate the integral 
1 


——_——_ ax. 
ee ret 


1 
Sol. Let I = dx 
aes 
put xtV¥itx?=1 = vie 


sitx?=(t-x? = 


dex (re z}e 

at 

bata eee 

Af d)a- 20 ar )at 
=n -aa 

pe alee seen (ES (2-4) 

alisn (m+n) al Gn nei 

ae ee 

2li-n? 


1 Example 10 The value of 


x2 42x-1 


x= 


2-2 
(as e a de+ f° xlogx-e ? dx is equal to 
Wel" We" (Qo wer 
xte2x-1 
25 xt-t 
_ pete ‘ ee 
Sol Let r= ff aD de + fi xlogx-e ? dx 
Put x +1=+ in first integral 
e-2 hea 
0 


dt +[* xlogx-e 


e 
ref 
=f FP taro 


=(vey"* 
Hence, (d) is the correct answer. 
x dt 
Le = and g be the 
1 Example 11 Let f(x)= f° Fee nds 
inverse of f. Then, the value of g’(0) is 
(a1 (b) 17 (v7 (d) None of these 
dy 


Sol. Here, (x)= rece 2 
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Now, g’(x) = & Sex 
g Pa 


dt 
1+e* 


‘Therefore, g’(0) = V1+16 = V17 


Hence, (¢) is the correct answer. 


When y=0 ie. f* =0, then x=2 


PP cans 
1 Example 12 Let o, = ["”" (1-sint)” sin 2t, 
2, 
then lim }\—* is equal to 
ne An 


(a) 1/2 (b)1 

4s 3/2 

Sol. We have, a, =f" (1-sint)" sin2tde 
Let 1-sint =u =>-cost dt = du 


a, =2{) wud =f u'du-f udu) 
=(4- 1 ) 
nm+1 n+2 


Therefore, = =2 ( 
a 


Ae 
mn¥1) n(n+2) 
lim S2=2 


ae Se: [BSH 
ge eee 


0) IG)- 


Hence, (a) is the correct answer. 


1 Example 13 The value of x > 1 satisfying the equation 
frintat=1is 


4 
(a) ve 


(b) e (Je? 
Sol. Let I=" tlntat -[m 


(d)e-1 


: 2 
1p Lita =Z ine 
2 t 2 


2 
xtinx 1. u 
axtinx te el 
2 ral i 4 

r 
BEL steo = [2inx-1]=0 


(as x>1) 
= Ine=5 = x=ve 


Hence, (a) is the correct answer. 
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LExample 14 if lim 1 


aed 4x4 


2 
equal to a where KEN, then k equals to 


(a4 (b) 8 (16 (d) 32 
cpr xttaxti (1 
Sol. Let 1 = | tn (t)e« 
Put x =1/t and adding, we get 
[using tan“'(1/x)+ cot" x = 0/2] 


a (x? 
rE pr Gttvtary, 
ae 1tx* 
ates 
A 2) Pre ee 
al iss mex! 


-4 7 +=]. a Ra 
ala a "aa 16 
we tim 2| 4 8]. we 


=> k=16 
Hence, (c) is the correct answer. 


2 
Rena eel (3) dx is 


1 Example 15 |f the value of definite integral 
ik x-a7©°80%) dx, where a>1and [x] denotes the 


greatest integer, is = then the value of ‘d equals to 


(a) Ve (b)e (Qve+1 


Sol, Let = f° x-al%* de 


(d)e-1 


Putlog,x=t => a’ =x 


T=mna-f (at-a!").a") dt = Ina-f) (a .ayde 


=ina-ft (all -a!)de = Ina: f) ade 
[as {t} = 4, if ¢€(0,1)] 


Xa) 


Aliter xe (1a) 
> log, x € (0,1) = [log,x]=0 
ds e-1 
T=[? xdx=+(a?-1)=5— = a=Ve 
ff xax ees a=ve 
Hence, (a) is the correct answer. 


Exercise for Session 1 


1. Jcos? xdx 
3. [O Vivcosx ae 
5. ft 
"hh Ye —e-4 


w/4(SiNX + COS X) 
SNe. 
7. fi 9+ 16sin2x 


bX —@ 
9. if herrea 
11. ff c082x:109 (sinx dx 


1 


o 


1 


& 


fan (b)nt 


1 


2 fh dx 


lo 1+c0sx 


4. [[sin2x-cos xdx 


6. & logx dx 


b 1 
. [xmaye ray > 


10. [" ianx dx 


cos? x 


2. [ftom seems a 


. Sacre 1 cosee' 
}. If f(x) is a function satisfying (2) + x(x) =0 for all non-zero x, then fsa °F(x)ax is equal to 


J. The value of [, (tie +n] (Sak equals to 


(chins yt (@)n-nt 


15. The true set of values of ‘a! for which the inequality fom 2:3") dx 20is tue, is 


(a) [0,1 (b) [-es, ~ 1] 


(104 @) bs quit) 
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Properties of Definite Integral 


Properties of Definite Integrals 
Property Lf” f(x)de=" fit) adt 


i.e. The integration is independent of the change of 
variable. 


Proof Let $(x) be a primitive of f(x), then 
Ftael= f) > Ltoen= 400 


Therefore, L Flex) dx =[9(x)]> = 6b) - o(a) ali) 


and 


J. £0 ae=Loo = 06) - Ha) 
From Eqs. (i) and (ii), we have 

ff feoae=f? foe 
Property Il. tid fix) de =—f* f(x) dx 


i.e. if the limits of definite integral are interchanged, then 
its value changes by minus sign only. 
Proof Let $(x) be a primitive of f(x), then 


Jf fe) dx = 410) - Ha) 
= Jf f(a) dx =—[o(a) — 0(6)]= 608) ~ a) 
[ feoae=-[f foo a 


Property HL f. f(x) dx = [f(a ~ x) dx (King’s property) 


Proof On RHS put (a - x) =t,so that dx = —dt 
Also, when x =0, then t =a and when x =a, then t =0 


a Sfla-x)dx=-[" sie) ae =f" flr) at=[* fix) dx 
i Jp fla-x) dx =f" f(x) de 


wii) 


and 


Remark 


This property is useful to evaluate a definite integral without first 
finding the corresponding indefinite integrals which may be 
difficult or sometimes impossible to find. 


Geometrically [" f(x) dx = [' f (ax) dx 


This property says that when integrating from 0 to a, we 
will get the same result whether we use the function F(x) 
or f(a — x). The justification for this property will become 
clear from the figures below : 


As x progresses from 0 to a, the variable a — x progresses 
from a to 0. Thus, whether we use x or a — x, the entire 
interval [0, a] is still covered. 


y 


The function f(a— x) can be obtained from the function 
f(x) by first flipping f(x) along the y-axis and then 
shifting it right by a units. Notice that in the interval [0, a] 
f(x) and f(a ~ x) describe precisely the same area. 


There are two ways to look at the justification of this 
property, as described in the figures on the left and right 
respectively. 
1 Example 16 show that 
RZ ey en/2 
(i) fi f(sinx)dx =f f(cosx)dx 
(i) [ fltanx)dx=["" f(cot x)dx 
Ci) J" flsinax)sin x de = [VE f(cos2x)-cos xdx 
=f "Asin 2x)-cos xdx 


fm myn 
tiv) f° x flsinx)de => J) flsin ahd |NT JEE 1982) 
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Sol. (1) We know, 


fe" restm xdeo (eta sls & = *)] dx 
[sing J sya = fi fa- ads] 
= je Seos x) de 


1 24 VGoin x) de = J pleos x) de 


i) f°" Feean xy de = fp {1 (§ = 3) de 
[using Jp Fon de = fs. Fla- x) dx ] 
=f" foot x) de 
o Je roan x)de= a flcot x) dx 
(iti) We know, I = f = flsin 2x) sin x dx Ai) 
sr fs az - *)}: sin (@ - a) ax de 
[vsing Ji ferax = ff fa») ar] 
= J2" Fein (x = 2x) cos x de 
Is ig ‘f(sin 2x) cos x dx 0) 


‘Adding Eqs. (i) and (ii), we get 
ar= J" flsin 2x)(sin x + cos x) de 


= 27 fisin 2x)sin (« + 5) ax 


nitx+E=(2-0) (tex=-0) 
4 2 4 


= =n v2f 7" F(cos 28) cos 0 a0 
= 2 ["" flcos 20) cos 8 a0 
= V2)" F(cos 20)c0s0 a0 (since itis even) 
1= V2 §2"" flcos 20) cos 6 d0 
(iv) Let. T= iF x f(sin x) dx wi) 
Replacing x by (m — x), we get 
I= is (n= x) f(sin (m= x)) dx 
= 18h} (m= x) flsin x) dx w(t) 
Adding Eqs. (i) and (ii), we get 
a =f- ne f(sin x)draoiat {ft f(sin x) de 


of x fein x)dx= Eft flsin x) dx 


1 Example 17 if f and g are continuous functions 


satisfying fixl= fla- xyand g (x) + g (a— x) =2, then 


show that J flx)g (x)dx= =|° f(x) dx. 
Sol. tet 1=[" flx)a(x)de = f° fla~ x) g(a- x) de 
= ff £0)-2- de 


[vsing ff feae= ff fle- as] 


ss flx)= fla x) and g(a~ x) + g(x) =2 


(given) 


Jf Fey abodde =2 ff fod de~ JP £2): (x) dx 


or 2 fx): g(x) dx =2/" f(x) dx 
= ff fergidr=[" fle 


1 Example 18 Evaluate 


m/2 dx 
i 
of 1+,/tanx 


Ui) 77" toga + tanxdeie Civ) * 


(i f°" logitanx) dx 


/2 siNxX —COSx x 
1+sin x cos x 


Sol. =f™? dy =[™? cos x 
A Ae ea rer 


Then, 1=[%? feos (m/2= x) 
M Yeor/2—x) + quin(e 22m) 
<i" ysinx 


sin x + cos x 
Adding Eqs. (i) and (ii), we get 
fin x 


apm 
tl fengas 
in N08 2 5... ae =f"? 

; 


sin x + Joos x 


eos x 


s(x]? =--0 = a=2 = yak 
a 4 
(ii) Let r= [™" og (tan x) dx 
Then, = {."* og {tn iG = “} ac 
= =f" tog (cot x) dx 


Adding Eqs. (i) and (ii), we get 
we 
21 = [log (tan x) de + I" 108 (cot x) ax 
ne 
=f" (log tan x + log cot x )dx 


wa 
=f log (tan x cot x)dx = [™* 
=> 2=0 = T=0 


log (1) de 


Yan x + eos x 


oii) 


dx 


wali) 


ii) 


log (1 + tan x) dx Al) 


ma 
lo 


(i) Let T= f, 
=f" log [1 + tan (n/4 - x) de. 

i wa log {1+ tan /4 — tan x 
1+ tan (n/4)- tan x 


1+ tan x +1— tan x 
log | —————_— | dx 
1+ tan x 


we 2 
= log | ——— | ds 
, “(oe ;) . 


2" tog (2) de — 5" log t+ tan x) de 
= 1 = (log 2)(x)q4 -1 [using Eq. (i)} 


big ™ 
21 == log 2 Teoh 
me Tbs? = Tae loga 


m2 sin x — cos x 
iv) Let pol eee ES 
Wile S 1+sin x cos x ) 
in[ Bx )-oo(2-x] 
Then, I= [.™ a eee ey 
1+sin(E~x)cos(4-») 
2 2 
Wi_cos x 
= ja[ Seas, Ai 
if 1+ cos x-sin x “ 
Adding Eqs. (i) and (ii), we get 
i cosx-sins 4. _, 


1+sin x cos x 


2r=0 = 1=0 


Example 19 The value off, log (cot a+ tan x) dx, 


where ae (0,7 /2) is equal to 
(a) alog (sina) (b) -alog (sina) 
()-alog (cosa) (d) None of these 


Sol. Let 1 =f" log (cot a+ tan x) dx 


a sin x 
=f og 282422 Jae 
= sina cosx 


= oo 2) a 


sin acos x 
=f log [cos (a ~ x)] dx — ig log (sin a) dx 
- i log (cos x) dx 


= ff log cos( x)ds- f"log(sina)dx ~["log (cos x) dx 
[using [fteode= ['/a— 2) de to fist integsal] 


= = log(sin a) [.* dx = ~ a log (sin a) 


Hence, (b) is the correct answer. 
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Property IV. [° f(x) dx =[' fla+b-x) de 
; (King's property) 
Proof Put x=a+b-t =dx=-dt 


Also, when x =a, then t=b, and when x =b 
ef Sle) de = [" fla+b=t)(-dt)=-f" flatb-0de 

= flatb-1)de=[" flarb—x)dx 
af' peyde=[? flarb-x)de 


Geometrically" f(x)dx = sf fla+b-x)dx 


yy 


As the variable x varies from a to 6, the variable a + b - x 
varies from b to a, Thus, whether we use x or a+b —x, 
the entire interval [a, b] is covered in both the cases and 
the areas will be the same, 


The graph of f(a +b ~ x) can be obtained from the graph 
of f(x) by first flipping the graph of f(x) along the y-axis 
and then shifting it (a +b) units towards the right; the 
areas described by f(x) and f(a +b - x) in the interval 
[a, bJare precisely the same, 


dx 
1 Example 20 Evaluate (re Se 
/8 1+ ftanx 


Sol Let =f? Tes =f" Sorrow iced = (i) 
‘litt, Ps ia Icos (n/2 x) 
eos (R/2— x) + ysin(n/2— x) 
(sat b=n/2) 
= ref” AN lil) 


isin x + ycos x 


92 
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Adding Eqs. (i) and (ii), we get 


1 Example 21 Prove that 
L(x) 


i F(x)+ fla+b— hae 
Sol. Let ref’ __f@) __y. Ai) 
Tix)+ flarb—x) 
then, rf’ fe b=e) lg 
I! fla+b—x)+ flat b-(a+b—x) 
= raf? —flatb-x) 


k Flat b— x) fis)” ip 


Adding Eqs. (i) and (ii), we get 
ara f° Larb=x)+ fla) 
flat b—x)+ f(x) 


= at={* ide=(b-a) = 1-278 


TExample 22 solve 
~sin® ¢ 


= fon 


Aft) dz : 
Vflcos 2t-z)+ Jflz) 


[F(z) dz 


Ai) 
[f(cos 2 -z) + ¥ f(z) 


Sol, We have, r= J**"' 
[fF (cos 2t — z) dz ti) 


co f ~sint t 
“hosts Yf(cos 2 — 2) + YF (2) 
[ using” flxae=f" fla+b—2)t| 
‘Adding Eqs. (i) and (i), we get 
ar= ( ‘a oU = ' 
1=—(sin' ¢ + cost t)=-4(1—2sin* t cos? t) 
2 2 
ao} (1—faint a) =F + int 
2 2 24 
Directions (Ex 23-25) Let the function f satisfies 
Alx)-f’(Ex) = flx)f(x) for all x and f(0) = 3. 


1 Example 23 the value of f(x)- f(-x) for all x is 
(a)4 (b) 9 

(912 (d) 16 

Sol. Given, f(x): f"-x)= he F(x) 


Integrating both sides, we get 


In f(x) =—f(-x)+C 
nf f()- FEM) =C 
f(x) f= C 
But fO) 
= F=C +. C=9 
Fla) flex) = 
Aliter f(x): f"(x)-f(-x)- f(z) =0 
4 Zyen-seal=0 


Integrating both sides, we get f(x): f(-x) = Constant 
Hence, (b) is the correct answer. 


1 Example 24 f has the value equal to 


S13+ = ) 
(a) 17 (b) 34 
(c) 102 (do 
de pi dr 
Sol te = Cy ase 


[wsing froodr =[irca +b- sar] 
=f Seflel+ fis) 
13+ f(x) B+ f(x] 
=f 6+ f(x) + fox) se 
39+ 3Lf (x) + f(-x))+ f(x): f(-x) 


=f 6+ f(x) + F(-x) 
518 + 3[f(x) + f(-x)] 


1 mi te _2s1 
st 
= l= aL =17 
3 
Hence, (a) is the correct answer. 


1 Example 25 Number of roots of f(x)=0 in [-2,21is 


{ao {b)1 
(2 (@a 
Sol. Let x = ct be the root of f(x) =0. 
f(a 
F(x): f(-x)=9 
Put x =o, then o=9 (impossible) 


Therefore, f(x)has no root but f(0) = 3. 
+. f(x) > 0,0 x€ Ras f is continuous possible function 
f(x) =3e™, 


Hence, (a) is the correct answer. 
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Exercise for Session 2 


1. The value of 2" log (1+ tan 0) d0is equal to 


(a) A log 2 (b) - 5 tog 2 oz log 2 (d) None of these 
4 

2. For any integer n, the value of jt 0 * cos? (2n + 1) x -dx is equal to 

(a)0 (o)1 (1 (d) None of these 
3. The value of f° t 

fe raat dx is equal to 

(a) 172 (b) 1/3 (0) 1/4 (d) None of these 

4, The value of f/ —___% __is equalto 
lo (7 + Ox 4x2 (Oa od 
4 2-V2i 1 24 V2 
(a) — i! — (b) — i 
(9) avai | 23 Va e) avai | Wei-2 
1 24 V2 
2 \ = {d) None of th 

(c) wa {ee log Fa } (d) None of these 

5. Ifis an odd function, then the value of {° ——1SIN%) gis equal to 
<9 F(cos x) + f(sin® x) 
(ayo (b) f(cos x) + f(sin x) (c)1 (d) None of these 
2) dx 
6. If[x]stands for the greatest integar function, then {*°——_X" x _ 
m1 2 a en, [x? 28x + 196)+ [x4] 

(a)1 (b)2 (3 (d)4 

7. The value of ("_—*% __o<a<n)is 
071+ cos a-sin a 
() (o) ()— (a) Sine 
sina sina sina e 


8. ff, g,h be continuous functions on (0, a] such that f(a - x)= f(x), g(a ~x) =-g(x) and 3h(x) =5 + 4h(a—x), 
then the value of fife 9(x)-h(x)dx is 
(a)0 (b) 1 (c)a (d) 2a 
9. IFaF(x)+F(-x)= Asin (« -4) then the value of ff fle is 
(a)0 (b)e (c) Ve (d)e+ tle 
10. Prove that [¥f(sinx)ox 5. ffrtsinxyax. 
_x?sin 2x-sin (eosx) ax 
11. Evaluate (“een 
12. Number of positive continuous function f(x) defined on 0, 1]for which fire yx =4, fot ydx =2and fh xt(x)dx =4, 


13. Let), =ftiax and |, = aa Then 41 is equal to 
ON tote x Faw) 
@3 (3 (6) 36 @t 
e e K) 


_ pho 8) veg h. 
= Iicay wy 9{(1=X)}de, then the value of 2 is 


1 
(a) (b) -3 (c)-1 (d)2 


14, 


x-g(x(1-x)}dx and I = 


Wy= ee iy 
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Applications of Piecewise Function Property 


Applications of Piecewise 
Function Property 
Property V(a). f° f(x) dx=[* flx)dx+ [/ feoe, 


where ¢ <> R 
Proof Let $(x) be primitive of f(x), then 


[2 Fe) dx = 010) - (a) fi) 
and f° flx)de +f" flx)dx =[He) - Ha)] +146) - Ke] 


= Kb) - a) ii) 
From Eqs. (i) and (ii), we get 
ff feyac= [i farae sf? fon de 


Generalisation Property V(a) can be generalised into the 
following form 


iy fixdde = J fladde + 1h fix) dx tot [flea 


where, <0, Cy << q-1 <q <b 


Property V (b). 
Jf le de= fo" flayde +40" fla-x) de 
Proof As we know, 
Jf Fl de =f" fled de + [0 fla) de 


Put x =a—t = dx =—drin the second integral also, 
when x =a/2,then t =a/2and when x =a, then t =0. 


Jf forde= J" flx)ae+ ff, fla-odn 
= f0" flay de +f" fla—n at 
ig flay de =" flxydx+ 2" fla-x) de 


Property V (c). 
0, if fla+x)=- f(b-x) 


b at! 
i; f(x) dx = af flx) dx, if fla+x) = flb-x) 


Proof Let us consider the function f(x) on [a,b] when 
f(a+x) = f(b x), then f is even symmetric about the 


mid-point x atten the interval [a, b] when 


fla+x) =~ f(b - x), then f is odd symmetric about the 


4+ ofthe interval (a, b} 


mid-point x = 
* 2 


eae 0, iff isan odd function 
Us = 
sing [", f(x) de { 2f(x)dx, if f is an even function 


0, if fatx)=-flb-x) 


“f(xjde =} att 
7 ff ape f(x) dx, if f(a+x) = f(b- x) 


x? forO<x<1 
1 Example 26 Given function, f(x) = 


5 vx, for 1<x <2 
Evaluate i, fxdx. 


Sol. Here, f° f(x)dx =f? fxdde +f? f(x) ae 


ff fonar= fix des? Je de 
2] 2] 
3 lo 3/2 I 


=] -L"], 


LExample 27 Evaluate the integral |= [2 |1- x|de 
ifa<b 
, if a>b 


fasexis (1-x),0Sx<1 
(x-I,1sxs2 


Sol. By definition, \e-b1={? 


Then, 
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\ 
we JP te sldy f= aden fi (r= nae 1 Example 30 Evaluate i, [x] dx, where (x} denotes 


the fractional part of x, 
Sok f.* {x} dvs ity (x-[epdee [* xde-* Eelde 


“ooh (SI =] ramet in) 


nprfoettey atu -o-({' ode+ f* 1d) 


=2-(x)P=2-(1)=1 


1 Example 28 Evaluate 
x ic fas Remark 
(0) [F Ieosx}dx (i) ff Lx? 42x 3] In above example, for greatest integer less than or equal to x, itis 
‘ an compulsory to break It at integral limits. 
Sol. (i) [| cos x] de = cos x|de+[" |cos x |dx 
i i ieee “he onl 1Example 31 Evaluate {, {Vx} dx, where (x} denotes 
= [PP Geos syd - Je, (eos x) de the fractional part of x. 
= wa ry 
{sin x)? = [sin x] Sol. [ (Wx}de ={ (ve-ti} a 
=(1-0)-@-1)=2 6 : 
=f oi hae= ff Fle 


(ii) [2 |x? +2x -3] de 
=f |x? +ax-s]de+ f? [xt +2x-3]de (i) 


We have, x? + 2x = 3 =(x +3)(x=1) =2en-f. [Wx]dx 


= EO) -f Wala 


x?42x-3>0 for x<-3 or x>1 ; 
As | (Wxldx =0sx<9 and o<Vx<3 


andx? +2x-3<0 for -3<x<1 
Thus, it should be divided into three parts 


So, |x? +2x -3] 
_{ (etb2e-3) foe xe-Soeeot o<Vx sis Vx <225Vx<3 
* | =(e8 +2x-3), for -3<x<1 ie 1=2(9)-f” Weldx 
2. Eq. (i) becomes 1 ‘ . 
=18-| f* Weld dx 
a P optvnoae |e nieeaie [ff Wales [* Welaesf Welds] 
: i ie 2 =18-( {odes [* des? 2dr) 
a es H h y 
--[+ -»] Sena -»] 
3 i 3 1 =18-(0 +4 +(20)t)=18-@-+10)=5 
=4 
1 Example 29 evaluate [' (x= Lxl)de, where L] 1 Example 32 If for a real number y,[y] is the 
ly greatest integer less than or equal to y, then find the 
denotes the greatest integral part of x. ! value of the integral we [2sin x] dx. 
f 1 1 
Soh Let =f! (x-[x)dx =f), x-de- [ld Sol. We know, -1Ssin x S1as x€[n/23n/2] 
iN! pe ; = ~2S2sin x $2 
-(=) -(f [x]dx +f [x1dx) ¢+ 2sin x must be divided (or broken) at x = 51/6, 1, 77/6 
"e As2sin x = + 1,0,-1at these points. 
1 ° 1 x 
=ha-0-(f) wide +f odr) 12" asin x] de = f°" [asin x)dx +f" asin x] dx 
=04(x)!,-0=1 +f" [asin x]dx+ ie [2sin x] dx 
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7n6 


ide +f" ode [7 Cryars (2) de 


[Example 33 The value of f° [tan™' x1 dx is equal 


[tan~ 
to (where [.] denotes the greatest integer function) 


(a) tan1-100 (b)x/2-tant 
(c) 100-tan1 (d) None of these 
Sol. Let T=." [tan™' x] de 


where [tan™* 


x] is shown as 


—- 


of” tan 


x] dx is shown as 


Oo] tant 100 


= 1x (100 - tan 1) 
Hence, (c) is the correct answer. 
i} Example 34 The value of 
ie min {x —Lx], - x -[- x]} dx is equal to (where [] 
denotes the greatest integer function) 
(a) 1/2 (b)1 
(23/2 (d)2 
Sol. Let f(x)= min (x ~ [x], ~ x ~ [= x]) = min ({x}, (-x}) 
Graphically, {x} and {-x) could be plotted as; 


2 1 1 % 
[i fevax=sf fla)de=4x>xIx5=1 
Hence, (b) is the correct answer. 


1 Example 35 The value of f? (x07) 40x27" ) dx is 
equal to where [.] denotes the greatest integer function 


(a= 245 «(2% - Mo 50> 3) 

wee ee 2 ae 3%) 
5 B,. 

2+ gi? a ae — 


(d) None of ei above 
Sol. Let fe] GE) Et) de 


ve aes 
= fh tne s (P(t 2% )de + [7 (4 3%)de 


Sea, 


5 vo 
eS ey td pat _ yy 1 sgt gil 
4 haga? Pe 


Hence, (b) is the correct answer. 


VExample 36 The value of {™ {|sin x|+|cos x|]dx is 


equal to 
@s (b)x 


e) = (dan 


Sol. Let f(x)=[|sin x|+| cos x|] 


As, |sin x|2sin? x and| cos x|2cos* x 
[sin x| +] cos x] 21 
and [sin x|+| cos x|S yi? +17 


=>  1S|sinx|+|cos x|< V2 
Thus, [|sin x| +] cos x |]= 

an an 

S {[sin x|+| cos x |Jdx =f ldx=2n 
Hence, (d) is the correct answer. 


TExample 37 The value of the definite integral 
if. sin |2x- | dx, where a € [0,7], is 


(a) (b) cosce (cp LE SOS (gy Icosee 
2 2 
Sol, Let r=" sin|t\dt, where 2x-c. =t = de=H 
Be Fi 


f° -sinedr +2 [""“sineat 
240 


0 oat 
=|+cost| -| Lcose 
a ke: ER ly 


1 
= =[1-cosa]--[-cosa-1) 
3 last i} 


1 1 
=70- cosa) + or cosa) =1 
= (-cosa)+2(1+ cosa) =1 
2 2 
Hence, (a) is the correct answer. 


1 Example 38 Let f be a continuous functions 
satisfying 


fiinx)= { 
and f(0)=0, then f(x) can be defined as 


1 for O<xs1 
e*-1 for x>1 


1, if xso sft if xso 
(9 foa={, if x>0 t f0={,. if x>0 
x, if x<0 _[ x, if xso 
(0 -{ if x>0 ca poo-{,. if x>0 
4 1, for O<xS1 
ot roused ie ot 
Put Inx=t = x=e! 
Forx>1; f’(t)=e' for t>0 


Integrating f(t)=e'+C; f(0)=e°+C => C=-1 
(given, f(0) = 0] 
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f(t)=e'-1, fort >0 (corresponding to x> 1) 
Therefore, f(x) =e*-1, for x >0 wndi) 
Again, for0< x $1, 

fi(lnx)=1 (ox sel) 
Fi(t)=1, for t<o 
flt)et+e 


FO) +C = C=0 = f(t)=t, for tso 
= f(x)=x,for x0 
Hence, (d) is the correct answer. 


1 Example 39 The integral 
lea (|cost |sint+ |sin¢ |cost) dt has the value 


equal to 
(a)0 (b) 1/2 
(v2 @1 
Sol. Let 


T= [Paint cost dt-+J™ , [(-sint cost)+(sint cost)]de 


+ £"* (asin t cos t) dt 


oy 
= f0? sin 2t ar— J?" sin 2t at 
on 5 


‘These two integrals cancels 
=> Zero. 


Hence, (a) is the correct answer. 


1 Example 40 the value of j,”f (x) dx, where 


0, when x=—"_, n=1,2, 
n+1 


f(x)= 335 equal to 
1, elsewhere 

(a1 (b)2 

(93 (d) None of these 


Sol. Here, i F(xax= f" de + i ide +f" 


Ide + 


+ ftiide +... + [71de 


(4 2) 
+(—- tet 
n+loon 


(6-6-3) 

2 3 2 4 3, 

=— +41, asn—oo 
n+1 


We take, limit n —> 2 
Wehave, f." f(x)dr=1+1=2 


Hence, (b) is the correct answer. 
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Exercise for Session 3 


1. The value of iis {|x =2| + [x]} dx, where [|] denotes the greatest integer function, is equal to 


(a)5 (b) 6 (c)7 (d) None of these 
2. The value of i (|x |+| x =1]) dx is equal to 
{a)9 (b) 6 ()3 (d) None of these 
3. Letf(x) = x -[x], for every real number x (where, [x]is integral part of x). Then, the value off! f(x) dx is equal 
to 
(ayo (b)1 (2 (d) None of these 
4. The value of |” [x + [x + [x]lldx (where, [] denotes the greatest integer function) is equal to 
(a2 (0)3 ()-3 (@) None of these 
5. The value of [!*? rat dx is equal to (where, [] denotes the greatest integer function) 
(a) eh Or = 5 or #1) 5 (d) None of these 
6. The value of {* {x} ax (where, () denotes fractional part of x) is equal to 
ws ws oz (4) None of these 
7. The value of {* {xI°*1dx (where, [J and {} denote the greatest integer and fractional part of x) is equal to 
@t os 
az ox 


8. The value of f,* [¢ + 1? dt (where, [] denotes the greatest integer function of x) is equal to 


2 3 
@ ( bade 4) +0d+ POD wo bate) 4) +1 Pe 
3 
(2 {el + ) + (b)+ 9? (d) None of these 
9. The value of "tant xx (where, [] denotes the greatest integer function of x) is equal to 
(a) tant (b) 10m 
(©) 10r- tant (4) None of these 
10. \f f(x) =min{|x -1],|x], +1], then the value of f, f(x)dx is equal to 
1 a 
(a) ' (b) 3 
1 
Orr or 


11. The value of fj (20 ~* Jdx (where, [] denotes the greatest integer function of x) is equal to 


(a)4 (b) log, 2 
(0 @s 
3 


12. 


13. 


14. 


15. 


16. 
17. 


18. 


19. 


20. 
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The value of f"s00" x]+[cot-'x])dx (where, [] denotes the greatest integer function) is equal to 


(a) (sec 1) - 10% (0) 10n—sec 1 

(o)n-sec 1 (4) None of these 

The value of |i [cot~’ x}dx (where, [] denotes greatest integer function) is equal to 
(a) m+ cot1 


(b) n+ cot2 

(c) r+ cott+ cot2 (d) cot1+ cot2 

The value of [°"(tan"(x -[x])+ tan"-*(x —[x]))dx (where, []denotes greatest integer function) is equal to 
1 1 1 1 

a) 1 by d 

(@)- oO On9 Ora 

The value of foe —x + dx (where, [] denotes the greatest integer function) is equal to 
5+ 48 15 1-8 8 

a a (ce) 2 (d) 2 


Evaluate filers. (where, [] denotes the greatest integer function). 


Prove that f° [xix = x[x]- Heute 4), where [|] denotes the greatest integer function. 


a 
(x x 
Iff(n)= Gv (where, [Jand (} denotes greatest integer and fractional part of x andn <N). Then, the value 


of f(4)is ... 
Iff(n) = ffleostiat, where x € (20m, 2nn+ 


G) 


I [oxide = "ace, x einteger (where, [and {} denctes the greatest integer and fractional parts respectively, 
A 0 
then the value of 4{x} is equal to ... 


of is... 
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|:n EN and [] denotes the greatest integer function. Then, the value 


Session 4 


Applications of Even- Odd Property and 
Half the Integral Limit Property 


Applications of Even-Odd 
Property and Half the Integral 
Limit Property 


Mose 
1 Example 42 Evaluate [ x3 sin® x dx. 


Sol. Let f(x) =x? sin* x, then 
F(— x) =(- x)? sin® (~ x) =— 2° [sin (- x)" 


Property VI. =- x3 (-sin x) =- x° sin’ x=— f(x) 
é a . A A So, \dd function, 
I feyax= 2 J f(x) de, if f(x) is an even function f(x) is an odd Fane ps 7 
0 if f(x) is an odd function Hence, J"), fls)dx= 
Proof We know, ie J xP sin x de=0 


> € 6 
f(x) dx=[" f(x) det" f(x) dx,ifa<ce<b , 
J, I [i Texample 43 Evaluate [%" sin? x dx 


a ° < ; 
Jl, fodaea[l, fade +f) sad de Deltas f(x)=sin? x, then 
Now, ie flx) dx = f(-t)(-dt), where t=—x f(- x) =sin? (— x) = [sin (- x)? =(-sin x)? 
< 7 =sin? x = f(x) 
=f? flenat=]" fonae So, f(x) is an even function, hence 


i [EE Goin? x) de =2 J (gin? x) de 
=f #(- x) de (using properties I and 1) wy o 
0 =2(™ 1—cos 2x 


@ ‘ F a 
A Jf #02) de, if fle) is even ae [oa be 
= [i fle) dx, if f(x) is odd ey ae 
From Eqs. (i) and (ii), we get oe [EE sin? x de == 
a _|2{* fle) dx, f(x) iseven 
ff, fede -| i 0, if f(x)is odd 1 —— 44 The value off’ te 3 =) dx is equal to 
41 Evaluate x? + 5x + sinx)dx. 2 
1 Example [i 0e cs 5 (oy) @a (ao 


Sol. Let, f(x) =x° +5x+ sinx Sol. Let flx)= tos 4 es *) 
flex) =— x8 5x -sinx =— f(x) n 
So, f(x) is an odd function). Now, f(- x)= toe( 2 cae ) - ie as : ) 
Hence, f ) (x? +5x +sinx)dx =0 2) 
=o 
[ose flx)de= ema is | 2( 24x 
2 0, f(x) is odd Faia: ig 2 ). aft 


ie. f(x) is an odd function, 
so, [', f(x)de =f ws( S* 


[: [ feoar= i 2 


Hence, (d) is the correct answer. 


én 0 


o if f(x) is odd 
f(x) dx, if f(x)is even 


1Example 45 The value of 


xsin (20): sin( x cos x 
ie 3 
lo Qx-z) dx is equal to 


8 z 8 x 
a we os ox 


xin 2x) -sin (Ecos x) 


Sol. Let f= [" ——___\*__/_ 
ors @x=7) be 
(a ~ x)-sinate ~ x)-sin(¥ cos 2) 
ot ee 
5 n-x)—" 


(m- x)-sin (2x)-sin ( 4 cos ‘) 
If ——=Ey aii) 
Adding Eqs. (i) and (ii), we get 


(2x -)sin asin % cos ) 


ar = [" ————___~———dr 
o (2x - 1) 
lye i ( % 

 1=—[" 2sin x cos x-sin| — cos x |dx 
ato 2 


(put cos x = t, then ~ sin x dx = dt) 


=- [esin( Ee Jae 
‘J 2 
Zz 
2 


(using by parts) 


=240+=-| —~=— | }= 
™ 


Hence, (c) is the correct answer. 
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cosx 9%? 2xcos?x/2 
Example 46 if f(x)=| x? secx  sinx+x? |, 
1 2 x+tanx 


then value of [7 (x2#1)Ef00+ f”(xI] de is equal to 


(a)1 (b) -1 (2 (d) None of these 
cosx e 2x cos? x/2 
Sol. As, f(x)=| x? secx sin x +x? 
1 2 x+tan x 
= f(-x)=- fx) 
= f(x)isodd. => f’(x)is even. 
= f(x) is odd. 


Thus, f(x) + f(x) is odd function, let 

(x) = Ce #1) (F(2) + fC} 
= (=x) = -0(2) 
Le. (x) is odd. 


cee o(x)dx =0 
Hence, (d) is the correct answer. 
1 rene" AT7 The value of 
(i. 1 (ax q/t— x?) dx is equal to 
(a)4V¥2 ——(b) 4(V2-1) (©) 4(V2+1) (Ad) None of these 


Sol. Let r= J" Fe ee 
wh fix? 
=2]" jee 1 — x?) de 


[sin Flx)de=2f" f(x) dx if f(-x)= 1) 


Put x =sin 8 =9dx = cos @ 8 
=2f™? __sin® 
r=2f 


+sin”'(2sin 8 cos 8)-cos 6 dO 
Vi-sn*0 
=a" 


sin 9-28 dd +2" (m-20)sin 6 ao 
[singin ino) ={ 2 een 


u-B, m/4<O<n/2 
=4)."'0-sind do +20 f**sin 0 ao —4 [™* O-sin0 dd 
=A ems 4 [4 (-cos he +2 (con 
- 4 {8 (- cos 6)}%? peal (—cos 6) d8 
ant eve vin- Fa ate aa a-4 
= 4(¥2-1) 


Hence, (b) is the correct answer, 
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I Example ! 4B Suppose the function 
B(x) =x" +a,x+b, (NEN) satisfies the equation 


f (px+q)g,,(x)dx = 0 for all linear functions (px+4q), 
then 


3 
(a) a, =b, =0 (b)b, =0;0, Sere 
(a, =0;b,=-—2— (da, =—>_;b, =-3_ 
2n+3 2n+3 ant3, 


Sol. We have, f (px +a)(x* 4a,x+b,)dx =0 
Equating the odd component to be zero and integrating, we 
get 
2p, 2p 
—— +—* +2b,q = 0 for all p, 
ats 3 ee 
sy 
2n+3 
Hence, (b) is the correct answer. 


Property VII (a). 
[M peoaca[P fl feds if flea—n= fe | 
0, if fa—x)=- f(x) 


Proof We know, 
f flx)dx=[" fxyax +f" fod.) 


‘Therefore, b, =0 and a, =- 


Consider the integral ik fix) dx; putting x =2a-t, so 
that dx =—dt 


Also, when x =a,then t =a and when x =2a, thent =0. 


2 [* flax =[? fea (-at) =-[? fea-nade 
={" fea-t)dt =" fl2a—x) dx 


y { fora, if f(2a-x) = f(x) ti) 


~{f fla) de, if f@a-x)= = Fl) 
From Eqs. (i) and (ii), we have 


2° flx)dx, if f@a—x)= fix) 


2a 
dx = 
fr fare 0, if f@a—x)=- f(x) 


m x ds 
Lexample 49 Evaluate j’ Ton 


i x 
Sol. Let “Wears 


-{" (n- x)dx « nde aff xdx 
0 14+0c0s*(n-x) “° ates 0 1 +cos? x 
I=" 
0 1+cos* x 
we dx 
rm 
= ers: 


0, f(2a- x)= = f(x) 
24 flx)de, flea~ x)= fix) 


[meh roae-{ 


we 2 x 
= ran [dx 


sec? x +1 


(dividing numerator and denominator by cos? x) 
ren 


Put tan x =f =>sec? x dx = dt 
aa ais eal 


de fo-E (mz) 
#8 


T Example 50 Prove that 


2 
sex yy 
2+ tan? x 


Hence, 


fig ” Jog (sin x) dx = cr? log (cos x) dx = — 7 log 2 
Sol. Let I =[” log (sin x) dx. onli) 
Then, 1= J." logsin(n/2- x) dx 


=f," tog (cos x) de.) 

Adding eqs. (i) and (ii), we get 
a= ["* 
= 2" Gogsin x + log cos x) dx 


fag (= x08 is 


log sin x dx + [™” tog cos x dx 


= J. tog (sin x cos x) dx =f." 

“Lf 

= f°" tog (sin 2) ax - Jy" Gow.2) ae 
= [,"" togsin 2x dx ~ (log 2)(x).4? 

= =f" tog sin ax) dx ~ Flog -(ii) 


we 
Let 1,=f."" log (sin 2x) dx 


Chap 02 Definite Integral 103 


™ a gt 
I= i logsint = 3 Jr'log sint dt (putting 2x = 1) 


1 we .: 
“77h log (sin t) at 


_ 0, flea x) =~ f(x) 
[sins f royee-{t JP fdas, fea-x)= f(x), 


= [7 tog in x) or f(x) of (E42 )+29(2- £)--xtog2 


Hence, (a) is the correct answer. 


2. Eq, (ii) becomes 21 = 1 - 2 Jog 2 
2 


2 
we = 
Hence, "tog sin xde=— Fogo 1 Example 52 aM (ss) dx = A, then the value 
: 2 
Remark if 2x? 0057 x/2 ig quali 
Students are advised to learn © (itsin x)? 
we we 
ff log (sinx) dx =f '09 (cosx) dr =— Flog (a) A+2n—n? (b) A-2n+n? 
\ x (0) n-A-n? (d) None of these 
1 Example 51 If f(x)=- Ip log (cos t) dt, then the on put 2x cost x/2 
vate of fos)~2p(E 4%) 2p %_X) ig equal to eo (tsin x! 
ae a 2 x x? (2cos? x/2-1) 
= F] B-A=[* SECs a 
(a)-xlog2 (b) tog 2 (1+ sin xy 
x _xt cos x 
Xlog2 x 
() 5 log (d) None of these hi a Tae Urea” 
; +2)--pe" log (cos t) dt Using by parts, 


as sais # Voit __2 
, log (cos t) dt — [°" itsinx [°° (1+sin x) 


3 4 log (cos t) dt 


Jog (cos t) de ...(i) 


sax ps (n= a)dz 
I+sinx ‘0 


na ea(2-4). ms Ken[? —S__k, 


1+sin x 


Five Geis [vs ( Here 0, fea x) =~ f(x) 
: areola 
2 fT tog (cos t) dt ~2 7" ** "tog (cos t) at 0 aff fdde, fea~x)= f(x), 
x ; x 
Putt =% —zin fi an tzi 
ute =F ~ xin frst integral and ¢ = © + 2 in second ee eee 
integral, we get l+sinx ° 1+ cos x 
aot! n x12, rt a 
=f logos (%—2) deaf logos (2+) ae =2n rs } =2n 
° 
=-2f"? log 3(cor? «sin? 2) az . Ken 
x2 bord ‘Thres w+ 2K 
24. (log 2) dx - 2 Jy" Woe (cos 22) dz = Gee 


or 
= xlog2-2 "log (cos 22) dz Hence, (a) is the correct answer. 
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T Example 53 The value of 
J, (cos! x—sin™* f= x2 de (a> 0) (where, 
f: cos! xdx =A) is 


(a)na-A (b) na +24 
()na-2a (4) ma+A 


Sol. Let r= [") (cos! x= sin=! fi x) de (as a>0) 


=f" (cos! x ~sin™! fa = x) de 


ff (oor at nae 


cos xdx+A-2{" sin“! Yi- x? de 
=~ [° (e- cos" x)de + A-24 
=ra-f" cos"! x dx A 
=ma-A-A=na-2A 
Hence, (c) is the correct answer, 
Property VII (b) 
’ 
LP fen de =(-a) [! fb-a) x +a} dx 


Sometimes, it is convenient to change the limits of 
integration into some other limits. For example, suppose 
we have to add two definite integrals J, and I,; the limits 
of integration of these integrals are different. if we could 
somehow change the limits of [, into those of I, or 
vice-versa, or infact change the limits of both J, and I, 
into a third (common) set of limits, the addition could be 
accomplished easily. 


Suppose that I= [° f(x) dx. We need to change the limits 


(a to b) to (a’ to b’). As x varies from a to b, we need a new 
variable ¢ (in terms of x) which varies from a’ to b’, 


As x varies from a to b, t varies from a to b, t varies from a’ 
to b’. 


Thus, 


As described in the figure above, the new variable ¢ is 


given by, 
enata( =a Jeno 


bi-a’ 


b-a 


= t= fi flx)dx 


tde(tes-0) 2) 


The modified integral has the limits (a’ to 6’). A particular 
case of this property is modifying the arbitrary integration 
limits (a to b) to (0 to 1) ie. a’ =0 and b’ = 1. For this case, 


T=) flx) dx =(b-a) [fla (b-a)t) dt 


1 Example 54 Evaluate 


25 aight ws (2-3) 

‘i e' + dee 3 f e Y dx. 

J 4 nfs 

Sol. Here, we know fe" dx cannot be evaluated by indefinite 
integral. 
Let I, = 


=5 tee ait i wnaiecaaap 
1 ett dea (o54 4) [See 5F ge 


Ta- ff ef dx Ai) 


Again, let I, =f. 28 (e219 ge 
f 


fm: 
a3 


=f! e-wyd 
jie’ Mae = 5 (- hy ii) 


“3 


wher T= 143h ates Jay 
3 


= 2 
L ef 5) de 43 f° ett? de ng 
his 


Property VII (c) If f(t) is an odd function, then 
Xx) =[" f(t) dtis an even function. 


Proof Weave, @(- x)= (7 f(t) dt 


> H=[" fends f* senate 
Hx) =04) 7" pyar 


> 


[: f(t) is an odd function, then [i floae 


= o(-x)=-[" fy) dy, where t =-y 


= -x)=[* fo)ay 


[- f is an odd function, then f(—y) =— f(y)] 


=> o(-x)=[* f(t) dt 
= (- x) = (x) 
Hence, (x) = [ * f(t) dt is an even function, if f(t) is odd. 


Lexample 55 If f(x)=/,* log (Si) then discuss 


whether even or odd? 


Sol. Let o1e)=t5( 4) 


7 pat (ee 
o-1)= tg 24 = ve i) o(t) 
= (= £) = O(t), ie. 6(¢) is odd function 
(x)= f log (=) dt is an even function. 
Property VII (d) If f(t) is an even function, then 
ox) = [* f(t) dt isan odd function. 


Proof We have, (— x) =[" f(t) dt= -f f(-y) dy, 


where t =~ y 


Chap 02 Definite Integral 105 


= o(-x)=-[" FO) dy 

[+ f is even function = f(- y)= f(y)] 
ff foa 

= O(- x) = Ox) 


Hence, (x) is an odd function. 


= rors 


Remark 
11 /(Q)is an even function, then for non-zero'a’f* f(t) at is not 


necessarily an odd function, It will be an odd function, if 
ff Meat =0, because, if x)= f° /( dt, itis an odd function. 


= o(-1) == 062) 

= fy{ Roat=-f" Moat 

= ff toat sf" Modt=- [2 noa-f" moat 

= JP Moat -[F f-vdy=- [2 Mat f" Korat 
(where, y=-tin second integral of LHS =>/(- y)=/Cy)] 

= 2p’ nodt=( Myay-f7 Moat 

> 2f° nade =0 

= = ff Mydt=0 = J" Aoat =0 

or 4(x)=[/" 1) dt isan odd function, [when f(t)is even.] 


Only, if hee Kt)at=0 
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Exercise for Session 4 


4. Letf:R +R and g:R Re continous functions, then the value of [" 7, (M(x) + (— xMlax) ~ 9(-X)] de Is 


equal to 
@-1 (00 1 (@) None of these 
2. The value of {' (x}x|)a is equal to 
(a1 w (0 (d) None of these 
4 (x? +sinx 
3. The value off (<5) dx is equal to 
(a)2- (o)n-2 (2 (d) None of these 
4. Wff(x)is an odd function, then the value of f*, ——4{8I0*)____dy is equal to 
-« (cos x) + f(sin®x) 
(ayo (b)f(cosx) + (sinx) ()1 (d) None of these 
sine ow (25) + tan {2 om 
5. The value of {17 Sse is equal to 
hd b) = (a) 
(a) 2 ( nd (c) Pry ( rac 
2 
6. The value of [" 2% dx, where a >0,is 
he Tea’ [UTIEE 2001] 
fan (b)an (0) 2x os 
- ve 14x 
7. The integral a {es + log, (#2) Jon is equal to (where, [] denotes greatest integer function) 
1 1 
il b) 0 (4 @) 21og(2 
@)-5 (b) @) 9: 3) 
8 tue of ("2 ——" — dx is equal to 
}. The value of {” a eq 
b) 1 = a 
(ao (b) ©, @-5 
9. If [denotes greatest integer function, then the value of [”", (| le jo is 
(a)x (5 (0 @-% 
pet fn b sinx 
10. The equation J cal fa sinx |+ iraste d dx =0,where a, b, c are constants gives a relation between 
(a)a, bandc ()aandc ()aandb (bande 
in? 
11. The value off’, SiN’ *_ dx, where [|] denotes greatest integer function, is 
x 2 
(a1 (00 (0)4~ sing (@) None of these 


12. Letf(x)be a continuous function such that f”"' f(x)de =n°,n € Z. Then, the value of f°, f(x)dx is 
Lal 3 
(a9 (O)=22 ()-9 (d)27 


x 


3. atl ana ft x32 
13. Let f(x) arom * A 


(a)0 (b) « 
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+1 ee 
= rd =a. Then, A t f(t) dt is equal to 


(c)2a (@) None of these 


14, Letf:R +R be a continuous function given by f(x + ¥) =f(x) + F(y)for all x,y ER. iff f(x) dx =a, then 


J3, foo des equal to 
(a) 20 (b) 
15, The value of f°, [x]|dx ts equal to 
(4 (o)2 
* Directions (Q. Nos. 16 to 17) 


a ft-lb leis1 
Let f(x) eels 


16. The graph for 9(x)is given by 


(c)O (d) None of these 


(c)3 (a4 


and g(x) = f(x + 1)+ f(x -1)for allx eR. 


y 

no 
(2) * 
a sso i 3 " 


17. ‘The value of f°, g(x}dx is 
(a)2 (b)3 


= Direction (Q. Nos. 18 to 20) 


® sinx 


Let t=), Tp mPyaing POY? 


18. The value of !,, » — In is equal to 
(a)nn (b) x 


19 
19. The value of ¥) lam, 1is equal to 
meat 


(a)o 
(c) 10% 
10 
20. The value of >) Jom is equal to 
met 
(a)o 
(c) 10n 


(c)4 @)5 
(c)-7 (d)o1 
(b) Sn 

(d) None of these 

(b) 5x 


(4) None of these 


Session 5 


Applications of Periodic Functions and 
Newton- Leibnitz’s Formula 


Applications of Periodic Functions 
and Newton-Leibnitz's Formula 
If f(x) is a periodic function with period T, then the area 


under f(x) for n periods would be m times the area under 
f(x) for one period, i.e. 


[ fedaxanfl fae 


Now, consider the periodic function f(x) =sin x as an 
example, The period of sin x is 2n. 


x 


Figure 26 


cd » 
Suppose we intend to calculate {""" sin x dx as depicted 


above. Notice that the darkly shaded area in the interval 
[2m, a +2n] can precisely cover the area marked as 


Thus, fo sin x dx = [9 sin x dx 
‘This will hold true for every periodic function, ie. 
3 ¢ 
[07 fx) dx =[P fle) a 


(where T is the period of f(x) 
This also implies that 


JOO" ped ae = sland =f) fle ae 


and [iO fleyde =f fx) ae 


and fh" sedax= fl slarde tml) flax 


an 
| Example 56 Evaluate i |cos x| dx. 
Sol. Note that | cos x | is a periodic with period x. 


Let 124 |cos x|de 
[sng property, J. fla ae=nf fo2)dr] 


=f" cos x dx— J cos x dx } 


-4{(sns)-(u ) “jee eyes 


1 Example 57 Prove that {.” e*- dx =25(e-1) 


Sol. Since, x — [x] is a periodic function with period one. 
Therefore, e*~!*) has period one 


Taf" eFC) de = 25 ft el dx 
[sing property, JP fra =n? feeds] 


=25 J ef 9 de =25(e*)} =25(e!-e°) 
=25(e-1) 


1 Example 58 The value of i," [sin x +cos x] dx is 
equal to 
(a)-nn (b) nt (c) - ann (d) None of these 
(where [.] denotes the greatest integer function) 
Sol, Let 1 = f.™ [sin x + cos x] dx 
We know, sin x + cos x = sin x+4) fl) 


4 OSxSm/2 

0 m/2<xS3n/4 

1 3n/4exsn 

sin x + cos x= 

<2 m<x<3n/2 

-l 3m/2Sx<70/4 
0 7n/4SxS2n 


2 awa 


of)" [sin x+008 x]de= f(a) de + f 


2 


(0) de 


+ fi fonds canes Pi 


Bho 3) +e 


Since, sin x + cos x has the period 2m. 


(adr +f" (0) ax 


aa a 
So, 1=f)™ [sin x + cos x]dx =n |” [sin x + cos x] dx 
=-mm 


Hence, (a) is the correct answer. 


1 Example 59 The value of ee fx) dx; where 


f(x) = minimum ({x +1}, {x —1}),V xe R and {.} denotes 
fractional part of x, is equal to 
(a)3 (b)4 (5s 
Sol. We know, {x + 1} = {x -1}= {x} 
Thus, f(x) = minimum ({x + 1}, {x - 1)) = {x} 


= [i pende= [bade =6-C nf} trax 


(d)6 


[as {x}is periodic with peried '1'] 
= 10 f. (x - Ex) de= wf" xd 
1 


i 
-«( =] 2s 
2 

No 


Hence, (c) is the correct answer. 


1 Example 60 show [™ YI sin x| dx =(2n+1)—cosV, 


where nis a positive integer and OSV <n. 
[IT JEE 1994, 2004] 


sol (™*" |sin x|de=f" |sinx|de+ f°" |sin x] dx 
0 , vy 


=" sin x dx-+n [ [sin x| dx 


[using property, f°" f(adde = nf fla)dx ic. 
F [sin x|de =n] [sin xr 


v 
= (-<o85] taf,” sin x dx 
lo 


=teonvenen(- soe) 
0 


=~ (cos V) +1 +n (1-+1)=(2n +1) - cos V 
27°" sin x | de = (2n + 1)~ c08 V, where mis a positive 
, 


integer and0 SV <7. 
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1 Example 61 The value of [* cot" (tan x) dx is 


equal to 
7 Tn? 
a> )— 
o% @n 
2 


Sol. Let i cot”! (tan x) de 


= i=" eot( co (B+) Joe Ai) 
[> LF feodr=tm—m fT peor | 


x ,0<x<n/2 


“4 = 
As we know, cot”! (cot x) 1 eigenen 


Hence, (b) is the correct answer. 


1 Example 62 Let g(x) be a continuous and 
differentiable function such that 


ifs { [2 Be -s1ax}- eo a=0,then gtx) =0 


when x & (0,2) has (where, [.] denotes the greatest inte- 
ger function) 

(a) exactly one real root —_(b) atleast one real root 

(c) no real root (d) None of these 

Sol, As,1<2x*-3<2, V xe (v2, /5/2) 


> i [ax? - 3] dx >0,¥ x€(0,2) 


=> g(x) =0 should have atleast one root in (0, 2). 
[fe a(x) 40) 
Hence, (b) is the correct answer. 


1 Example 63 The value of x satisfying 

ina * } dx= f°" b+ 141d is equal to 
(where, [.] and {.} denotes the greatest integer and 
fractional part of x) 

(a) [-14,-13) 

(Q) (- 15,- 141 


{b) (0, 1) 
(4) None of these 
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Sol, Given, ("7") { ks je = (” [xt 14] de 


2 


A 
2 ee {z}e-" (14 + [x]) dx 


= uf? {zh ace (| Eb de-oa stents 
using [" s(x)de=n {7 f(x)de and 


[7 Fe de = fF) do; where T is period of F(x) 


= £ {zhare pene {Z}asaestene 


= 4+ [x]=(4 +E) 
= (14+ fx) (1-{x)=0 
= [x]=-14 
> xe ([-14,-13) 
Hence, (a) is the correct answer, 

Property IX. Leibnitz’s Rule for the Differentiation 

under the Integral Sign 

(ji) If the functions (x) and w(x) are defined on[a, b] 

and are differentiable at a point x € (a,b) and f(x. t) 
is continuous, then 


d wis) 
ral to fone) ar] 
wi) 
= 3) Ot. edt + d peeved 
(x) Ox" dx Cz) 
-(! pee 
dx 


(ji) If the functions $(x) and y(x) are defined on[a, b] 
and differentiable at a point x € (a, b) and f(t) is 
continuous on[$(2), 0(b)], then 


d (pwn ie 
2 Ko roar ) -4 ive. fowle)) 
-£ fos) foc) 


Example 64 Find the derivative of the following with 
respect to x. 


2 
(i) [F costat (i) f° cost?dt 
Sol. (i) Let f= f" cost dt 
aL cpteneeoriai{ Ze}- cono-{ £0) = osx 
using Leibnitiz’s rule, 
dx. 


pea = Lenriviad- Lis s(etsd | 


= aly cos t art = cos x 
(ii) Let f(x) =[," cos Pde 


2 Eeroan= costs" {z 7} -couor{ Zo} 
=2x-cos x* 
a= 4 [* (cos t?)dt ]=2x cos x* 
(4 
1 Example 65 Evaluate 4 cos ¢? at) F 
Sol. Let soo= cos t? dt 
: 
2 Leyte cos edat {20a} eos (2) {e(2} 
=zhecos + 4 -cos( 4) 
ax x ea 
ae 1 1 1 
=> An cos t? dt Je gpm + eous(5) 
2 
1 Example 66 (Ree at ef sin? eat) =0 


ay OY 
find me 


d - 2 
Sol. We snow, £((? eh dts [* sin? vat)=o 


ae” {Zo} = {Zo vant) {co} 


-ydy 
=e” Se + axsin® x? =0 «a8 


T Example 67 Find the points of maxima/minima of 


2 Ste 4 
, 4 
2+e 
Pes 
Sol. Let f(x)= f dee 
ate! 


From the wavy curve, it is clear that ’(x) changes its 
sign at x= +2 £1 0 and hence the points of maxima are 
~1,1 (as sign changes from + ve to — ve) and of the 
minima are ~2, 0, 2 (as sign changes from — ve to + ve). 


3 
1 Example 68 Find Al lie mt): 


logt 
df{c# 1 1 od 1 od 
Sol. dt |= Fs Pie. Fs 2 
4(f logt ) ae ee ae 
7 3x? = 2x 
3logx 2logx 


d a | 1 
4( 3 Tog t #)= log gna) 
TExample 69 if y =(.* f(t)sin {K(x —t)} at, then 
2 
prove that Lea Ky =Kf(x). 
dx 


Sol. We have, y =f," f(t)sin {K(x —1)} dt 
Differentiating w.r.t. x, we get 

ay 

dx 


za {f(t)sin K(x - f)} de + pac) 
Af (2) sin K (x= x)}= 4 (0) {/(0)sin K(x) 
=K J," f(t) cos K(x-1)dt +0-0 
as 2 =K J," F(t) cos K(x —1) dt 
‘Again, aire both the sides wrt. x, we get 
*y. «{f Zuo cos K(x —£)} dt 
{700-008 R(x-x) eo} = [F(O)cos K(x -o-£00H} 
= «{- K [" flsin K(x-1) dt + f(x)-0 ] 


=-K* 1b f(t) sin K(x ~ t) dt + K f(x) 


2 
ofa Ky+ Ki) = Baya Kp) 
Example 70 if ie 3-sin? tdt+[.” cost dt=0, 


d 
then evaluate 
dx 


Sol. Differentiating w.rt. x, we have 


2(f, \=sin® aoe’ (cos t) dt = 
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d d 
=> 3 —sin® eA (e)- [3 — sin? na(z 08 2 


d 
= cos (0) + (0) =0 
cos (0) 7 (0) 
= Jo=aint x + cos y 2 =o 
dy__ y-sin® x 
= een 


dx cos y 


I bac 71 Let ¢ (Fos)= = 


j 2e*” 
h 


om eo 0. If 


2 ee F(k) — F(1), then the possible value of 


Kis 
(a) 10 (b) 14 (c) 16 (d) 18 
Sol. We hi # (p(n) =2* 
. We have, ae arr 
> ee aime F(x) wali) 
x 
Now, f* 2esin ® anf aay geo 
(sx? =1) 
= [F(t)}* = F(6) ~ FQ) 
=> K=16 


Hence, (¢) is the correct answer. 
1 Example 72 The function 

Foo=f* log) sine) (snes 3) dt, where x € (0,27), then 

f(x) strictly increases in the interval 
(2.2) to( an) 

x Te 5m 7m 
a 

0( 2.2) (2.2) 
Sol. Here, f “(x)= log) an «) (sn xt ) >0 


= sinxtt<i and (ans+2}>0 


> O<sin +21 
> -1/2<sinx<1/2 
7 
xe(22 as x € (02m) 
6 6 


Hence, (d) is the correct answer. 


u 
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LExample 73 Let f:(0,2)98 and F(x)=/," t fit)dt. 
IF F(x?)=x* + x9, then 2 fir?) is equal to 
re 
(b) 219 
F(x*) 


Differentiating want, x, we get 
x? f(x?) 2x = 4x? +5x4 


(a) 216 
Sol. Here, 


(9.221 (d) 223, 
Had =f F(t)de 


=> flxt)=a4 5x = flrty)=245r 
2 2 
3S setae Sncneys 
oon 


=» § f(r) BOA) 29 


ret 


n(n +13) 
4 


Hence, (b) is the correct answer. 


1 Example 74 A function f(x) satisfies 
flx)=sinx+ f° f’()(2sint-sin? t)dt, then F(x) is 


x sinx 1-cosx tanx 
(a) : (c 
1=sinx 1=sinx cosx 1sinx 
Sol, Differentiating both the sides w.r.t, x, we get 
f(x) = cosx + f’(x)(2sin x -sin? x) 


=> (1+sin? x-2sin x) f’(x) = cosx 


a: 2 
a i) I+sin?x-2sinx (1-sinx)* 
Integrating, we get f(x) = [—“*_ 

(isin) 


Puti-sinx=t, — f(x)=- 
Also, f(0)=0,hence C=-1 
fei=—! Iei+sing __sinx 


I-sinx — 1-sinx 


1-sinx 
Hence, (b) is the correct answer. 


TExample 75 if F(x)={" fitidt, where 


vitu* 


7 5 1sV7 

= w= Var (d) 

fa) ri ( 5 (c) (d) 7) 

Sol. Here, f’(t)= yee =m Ai) 
Now, Flx)=f" fede = F(x) = fx) 


dy, then the value of F“(2) equals to 


PM x)= f(x) = F")= f'2) 
From Eq. (i), f’(2) = V256+1 = 257 


Hence, (c) is the correct answer. 


Property X. Let a function f(x,01) be continuous for 
asx<bandcSa<d, then for any &€[¢, d], 

6 I(t) _ p> f(x.) 
if a) =[/ fle.) dx, then — =[ ax 


lo. 
1x?-1 

TExample 76 Evaluate (b)=[; =—— db 20. 

I. We have, 1(6) = f Ete FP 

Sol. We have, I( =|. ae 


c 
a(# +} a +0-0 


d apa 
aera er rs 


- vane gee! hyde = een 
“hae fh “(bei), 
1 1 


=——_[1-0]=_—_ 


+1 b4+1 
1 


4 =—— 
BO Ta 


Integrating both the sides w.r.t. b, we get 
I(b) = log (b +1) +C i) 


. 
1) =f) —— 


dx 


Given, 


Inx 


ate 10) =0 
Also, from Eq, (i), (0) 
* 1(0) = 
From Eqs. (ii) and (iii), 
=> 1(b) = log (6 +1) 
T Example 77 Prove that 
re dx _ (a? +b?) 
2 @ sin? x+b? cos? x)? 4a b> 


Sol. Let f=[™ idx 
0 aPsin® x +B? cos? x 


(when b = 0) ...(ii) 


ii) 


‘Then, r= i m2 sec? x ia at 


@ tan x +0? 
(where, ¢ = tan x) 


Differentiating both the sides wart. ‘a’, we get 
j, nid —2asin? x 
I, 


ee ee 
(a? sin? x + b* cos” x)* 2a°b 


2 sin? x n 
= i h 
i (asin? x +6 cos? x dab ais 
Similarly, by differentiating Eq, (i) w.r.t. ‘b', we get 
m2 cos? x ud 
ne 5 
is (a? sin? x +B cos? x)? 4ab* = 


Adding Eqs. (ii) and (iii), we get 
(e (sin? x+cos* x)dx ok Hy 
A Fees? ay 


(a sin? x +5? cos? x)? 4b 4ab™ 


c dx = @es) 
0 (a? sin? x +b cos? x)? 4a°b? 


Example 78 The value of 


pe log (1+ xsin” 8) iy 4 > 0s equal to 


o sin?@ 
(a) n(T#x-1 (b) n(fT¥x-2, 
(Ovn(itx-9 (d) None of these 
Sol. Given, fle) =" WEO+23Y 9,20 
in 


‘As above integral is function of x. Thus, differentiating both 
the sides w.r.t. ‘x’, we get 
2 


yoy pM? 1 C) _ 
ref, 1+xsin? mae . 
(using Newton-Leibnitz's formula) 
= ha @ w2_cosec’ @ dé 
0 y+xsin?@ “cot? +(1+x) 


la 
-(- tee ao _ 8 
tx rx),  2jitx 
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(2) 
f'(x) z 


A+ x 


= f(x)=nJitxte 
where, f(0)=0 = C=-" 
=> f(xenyitx—n=n(fitx-1) 


Hence, (a) is the correct answer. 


1 Example 79 Let f(x) be a continuous functions for 


2 
2_ fF. 2sec*t dt and 
all x, such that (f(x))? = [FO arn aM 
f(0)=0, then 
™ 5 nT me 
ta11(2) ton? w(2)=2 
s(2)-2 (d) None of these 
‘ 
Sol. Here, 2 TX ray, 2800? t 
ol. Here, (f(x))" = f° f(t) de, 
On differentiating both the sides w.r.t. x, we get 
4 2 sec? x 
SA dN or tanie 
4+ tan x 
=> fae sec? x 
4+tan x 


Integrating both the sides, we get 


2 
f(x)=] Freey ea log (4 4 tam x) +c 


F(x) = log (4 + tan x) ~ log (4) 
=> (2) = aca +1)~ log (4) = 0g 2 


Hence, (a) is the correct answer. 
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Exercise for Session 5 


1. The value of f i sgn(x —[x]}dx is equal to (where, [:] denotes the greatest integer function) 
{a9 (b) 10 (ce) 11 (d) 12 
2. The value of ic (x —[x]}dx (where, [| denotes the greatest integer function) 
(a) 1 () a (ce) xix] (d) None of these 
3. The value of [™)""|sin x +-cos x]dx is equal to 


(a) Van (b) Jn ©) xB" (d) None of these 

4. Let f(x) =x —[x]for every real number x (where, [:] denotes greatest integer function), then fi fev is equal to 
(a)1 (b) 2 (0 (d) 3 

5. i fi ieydt =x + ‘f if(t) dt, then the value of f(1)is 


@4 Ol 1 @-3 


6. The least value of the function ox) =f 4(38int + 40s {at on the interval eal is 


3 3,1 

(a) V345 O)-25+ 3+ 75 

© 3 + s (d) None of these 
7. The points of extremum of (x) =f e741) at are 

(a)x=1,-1 (b)x=-1,2 (c)x = 2,1 (d) x =-2,1 
8. Iff(x)is periodic function, with period T, then 

(a) [2 roan = fede (0) frente = fT Fee 

(0) fifeerte = JP frre (@) [2 Fada = °° Fra 


2S 


sinx 26%? 
et 2 (FU) = — x20. fax =F(k)—F(1), then one of the possible value of k is 
(a4 (b) 8 (c) 16 (d) 32 
10. Let f:(0,0) +R and F(x) =f A(t)at. IfF(x?) = x?(14- x), then f(4) is equal to 
@s (b)7 ()4 (d)2 
11. Let T >0 bea fixed real number. Suppose f is continuous function such that f(x +T) = f(x)for all x €R. If 
1 =f f0x)dk, then the value of BP" tex) dis 


(31 (b)2 (a (ae 


12. Let tx)=f" /2—#at, then the real roots of the equation x? -#"(x)=0 are 


(#1 (b) ty wed (¢)4v3 


13. 


14. 


15. 


16. 


17. 


18. 
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Let (x) be an odd continuous function which is periodic with period 2. If g(x) = [f(t) at, then 


(a) 9(x)is an odd function (b) g(n) = Ofor alln eN 
(c) g(2n) = Ofor alln eN (d) g(x)is non-periodic 
Let (x) be a function defined by (x)= |" tt? —3t+2ydt, 1< x <3, Then, the range of f(x) is 
1 1 
Fa b)| —4 mil d) None of these 
(@) (0.2) wl-24] f-3.3| @) 
ai 
2 m3 
Tre van of yo ig 
0 2x -sin2x 
fy 4 1 es 
(a)o 3 o-4 2 
if ff Ptcosat asin at yy _28iN4% for i x 40, thena and are given by 
r x 
(b)a= 2b =2 
()a=2b=4 
Iff(x) = { 4f(t)}"'at and fee = v2, then 
(a) F(x) = Vx (b) f(x) = /2log, x 
(c) f(x) = V3x-1 (d) None of these 
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Let f be a real valued function defined on the interval (~11) such that e*f(x) = 2+ f el + tat, for all x €(-1,1) 


and let f~" be the inverse of f. Then, (f-)'(2)is equal to 


[MT JEE 2010] 
(a)1 (b) 1/3 
(c) 1/2 (d) Ve 
® Directions (Q. Nos. 19 to 20) Consider the function defined on [0,1] R 
fx) = IBEX EO8 ip 20.and (0) =0 
x IMT JEE 2012] 


19. 


20. 


ff F0x)ax is equal to 
(a) 1=sin (1) (b) sin(1) —1 (©) sin(1) (@)= sin (1) 
lim z f f(x) dx is equal to 


(a)18 (b) 1/6 (12 (4) 1/24 


Session 6 — 


Integration as Limit of a Sum, Applications of Inequality 
Gamma Function, Beta Function, Walli’s Formula 


Integration as Limit of a Sum 


Applications of Inequality 

and Gamma Integrals 

An alternative way of describing 1 f(x) dx is that the 
definite integral (" f(x) dx isa limiting case of 
summation of an infinite series, provided f(x) is, 


continuous on[4,5].ie.[° f(x)de= lim h 
l a 


fla + rh), where h="— . The converse is also true, ie, if 
n 


we have an infinite series of the abave form, it can be 
expressed as definite integral. 


Method to Express the Infinite 
Series as Definite Integral 
(i) Express the given series in the form zs ral a ): 
(ii) Then, the limit is its sum when n°, 
ie. lim 5 1,(2). 


(ii) Replace “ by x and by (dx)and lim Eby the sign of 
n a teas 


(iv) The lower and the upper limit of integration are 
limiting values of for the first and the last term of r 
respectively. 

Some particular cases of the above are 


As(2)-f Sx) de 
=) 7 n bel 
where, ct = lim f=0(asr=1) 


and B= lim “=p(asr=pn) 
n 


ate 


Some Important Results 
to Remember 


1 FH A(nt1) 
05a 
ii) St = MD Cn +1) 
ay P= F 
iy Ft? 
= ‘ ae" =) ist 
(r-1) 
(iv) In GP, sum of n terms, S, = an, r=1 
a(i-r") 
Gay iri<t 
(v) sino. +sin(o +) +sin(a+2B)+...+sin[a +(n—1) B] 


sinnB/2 
sinB/2 
(vi) cose. +cos(a +B) +cos(ct +28) +...4+-c0s [cr +(a—1)B] 
_sinnB/2 
~~ sinB/2 


-sin[a +(n—1)B/2) 


~cos[or +(n—1) B/2] 


0 
(xi) cosQ=£ +6 


ete 


(xii) cos hO = 


and sin h@ = 


Remark 


The method of evaluate the integral, as limit of the sum of an 
infinite series is known as integration by first principles. 


1 Example 80 Evaluate the following : 
2: 8 


a) 
tet 


rat a(t+4) 
a 

Hence, S= lim $,= lim + 
ee eee 


ferae 


a 
1 dx 
= yey tbesa toh, = log 2 


(iil) Let 5, 


mater? 


1 
Hence,S= lim S, = lim = > + 


p+iy! 
- jx alt |- 1 


P+ij, P+ 


7 
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y 4 
ya =(r/ny¥ 


1 Example 82 Evaluate 

1 
li —+ 
om (as 2n+2 


tot 


Sol. Let S, =(— = =e 
2n+1 ant+2 6n 


@o41 8104 
Ai intr) Sn 24(r/n) 
dx 
24x 


= S= lim 5, = (,* =[ln|2+x|]4 


=log3 


1 Example 83 Evaluate i (ax?+ bx +c) dx from the 
first principle. 


Sol, Let x =14 rh, where h = 44 


2 
non 
Asx—1,r—0 and x4, rn 
4 * 
‘. J (ax? + bx +c) dx = lim hf (+ rh) 
a pry 
= lim ¥ Afa(i+rh) +b(1+ rh) +e] 
am eo 
H3 ary 3 
lim y= (1+) vo(e}e<| 
noe Syn n a 
* 2 
<3 lim B, 2a(ss 2 ot} ea(ro) se] 
aoe Son mon n 
ES one metered, ety 
6n? 2n 


+b (nee) es 2) en] 
2n 


=S[a(1+3+3)+ D(1+3/2)+ e]= 2104S b +20 


W 
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1 Example 84 The value of 


, moan 3m (n-ne \" 
lim | sin—- sin —-sin—... sin is equal to 
nae 2n 2n 2n 
1 1 1 
= b) — - 
@s ( Is (c) a (d) None of these 
un 
Sol. Let A { lim sin Rin sin in =D} 
wane an 2n 2n 
log A = lim 4 tog{sin sin 2... sn Hea") 
ae on 2n 2n 2n 
Parte) 
=lim = 3S logsin= 
a= on 


=f togsin (2) dx 
[sng im 22 i = [reas| 


= [J tow (sine) 2 a [pune = =] 


22pm, 
ai log (sin t) dt 


[eso Sx) dx =2 J" flx) dx, if flea x) = 700] 


4 T a mi? . 1, Sth 
=4{ ~ 2 tg }[ asin log (sin x)dx = 5 1og2] 
=-2log2 
* log A =log(1/4) => A=1/4 
Hence, (c) is the correct answer. 
T Example 85 The interval (0, 4] is divided into n 


equal sub-intervals by the points xq, X4) X2.-+1 XnayXp 
where 0 = Xq <X <X2 <X3 <..<Xq =4. 


a 
If &x = x, - x), fori =1, 2, 3,..0, then Jim, 3, xi5x is 
equal to o 
(a) 4 (b) 8 (© = (d) 16 
Sol, im Bx(x,+2-+ xy.) 
= tin f4 3B +4 =| ( bx 4) 
asenln on n 


Hy 2% 
nl 
we 


Xn-a B= 


16 16 n(n+1) 
= lim S(1 424344 n) = him ST a8 
asen a 


Hence, (b) is the correct answer. 


ee 
1 Example 86 The value of lim > 


rai 


equal to 


(a)14V5_—(b)-14-V5_—(c)-14-V2. 


am 


1 
Sol. We have, lim —- 
canes en liar 


: 
wo tim 2 hte = f) te 3 = VS -1 
=i a iar 

: 

: 


Hence, (b) is the correct answer. 


(d) 14-2 


Applications of Inequality 


Sometimes you are asked to prove inequalities involving 
definite integrals or to estimate the upper and lower 
boundary values of definite integral, where the exact value 
of the definite integral is difficult to find. Under these 
circumstances, we use the following types 


Type L If f(x) is defined on[a, b], then 
[ ferde|<[? [soo |ax. 


Equality sign holds, where f(x) is entirely of the same 
sign on[a,b). 


1 Example 87 Estimate the absolute value of the 


P 9 SINX 
integral dx. 
no 14+x8 
Sol. To find =|” 1% ge]? | sin |G, i 
a 1+x? A 1+x' a 
r (using type I) 
Since, |sin x| <1 for x 210 
‘The inequality | °"* | ¢__1 «il 
1+ x' Jr+x"| 
Also, 10Sx519 = 1+x*>10° 
=> ir it se 
1+x* 10! litx*| 
From Eqs. (i) and (ii), | | < 107 is fulfilled 
+x 
w sin x ot 
fi prestal <q, to" de 


° sin ae 
“ |k: ade <(19 = 10).107* <1077 


(: the true value of integral ~ 10 


1 Example 88 The sinimn odd value of ‘a (a>1) for 
19 sin x 


which ho Te dct a8 equal to 
(a)1 ws 3 (5 (d)9 
_ pe sinxde p19 dx 


(oanxet = x. 
1+" 14+ 


<f” dx <f” dx 
m fee ™ reat 


Cs 10< x <19 = 10° +1<14 2° <19" +1) 
9 
< 
1+ 10" 
9 
2 <11+10'>81 ori0®>s0ie. a= 2,3,4,5,.. 
“Tet 8 
~. Minimum odd value of ‘a’ is 3. 
Hence, (b) is the correct answer. 


Type Il. 
s\[ {fea} [ eee), 
where f #(x) and g*(x) are integrable on{a, 6]. 


a 3 
1 Example 89 Prove that [, l(t x) (1+ x3) de cannot 
exceed 15/8. 


| Sok ft rrsaa Paes (lores) (flo 4 ds) 


a 5 15 
B4 “ff 
Type Il. If f(x)| g(x) on[a, 6], then 
[P fe ae2{? of) de.in particular, if f(x) 20, 


then | f(x) de lo. 


1 Example 90 if f(x) is a continuous function such 
that fx}10, ¥ xe (2,10) and f° f(x)dx =0, then find 
(6). 

Sol. f(x)is above the X-axis or on the X-axis for all x € [2,10]. 


If f(x) is greater than zero at any sub-interval of [4, 8), 


then f° f(x)dx must be greater than zero, But 
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J.’ fle) dx=0, which shows f(x) can’t have any value 
, 


greater than zero in the sub-interval [4, 8]. 

=> f(x) is constant in the sub-interval [4, 8] and has to be 
zero at all points, x € [4,8]. 

= f(x)=0, Vxe[4,8] 

= F(6)=0 


Type lV. Fora given function f(x)continuous on{a, b],if 
youare able tofind two continuous functions f,(x)and f(x) 
onfa, bJsuch that f(x) < f(x) < fy(x),V x €[a, b],then 


lig fils)de sf" fox) de <[" fu ae. 


nop dk 
1 Example 91 Prove that =< ilk (arg 


Sol. Since, 4- x?]4- x? -x°|4—2x?>1,V xe [0,1] 


aoe | fa— x? - 9 | faa? > xe 0.1) 
1 
—e or oa 
a i dx sft dx 
a Ve-# ° Ja-x?-x? 
Veen 
= (sn “at 1 (sn ae 
2 is =x! Sh we), 
2 eek ore 


‘Type V. Ifmand M be global minimum and global 
maximum of f(x) respectively in a, b], then 


m(b-a)s i f(x) de S$ M(b—a). 
Proof We have,m< f(x) $M forall x €[a,b] 
= [Pmersy? Six)dxs[* Mae 


= m(b-a) Sf" f(x) de $Mt(b~a) 


1Example 92 Prove that 4s [.° J3+x° dv < 2V30. 


Sol. Since, the function f(x) = {3 + x° increases 
monotonically on the interval (1, 3). 


‘M = Maximum value of 3 +x? = y3+3" = V0 


and m= Minimum value of 


S+x? = 3+) =2 
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m=2,M=¥30,b-a=2 
Hence, z2s[? 34x? dx s2y30 


= asf? +x dx s2y0 


1? 

J Example 93 Prove that 1s [/ e* dx<e. 

Sol. For 0< x <1, we have e"<e* <e! 
eos i" e** dx <e'(1-0) 


1 
=> 1sft e"dxse 


Gamma Function 


If nis a positive number, then the improper integral 
[0 e-* x°°* de is defined as Gamma function and is, 


denoted by Pn. 
ie. In=f e7* x""! dx, where xe Q*. 


1 Example 94 Evaluate 
Oa (ii) £2 
Sol. (i) T1=[" ox! 'de= him [Peta 


= lim (-e7> +e°) 
bon 


Properties of Gamma Function 
Gamma function has following properties : 
@) ri=4T and [(n+1)=nTn 
eg. 15 =4974=4x3F3=4x3x2F2 
=4x3x2x1P1=4x3x2x1 


(i) Eneé N, thenT'(n +1) =(n)! 
(iii) PQQ./2) =Vr 


rn m 
(iv) [P" sin™ x-cos” x de = 


TT 
sin nt 
‘) vn 


wo rme(med 


(vi) rtr( 2)...r( aot) mn) 


n 


(v) PnP (1-1) = 


LExample 95 Evaluate [.~ e~* x* dx. 


Sol, By definition of Gamma function, 
[Oot P deaf rt xt de =T4 
0 o 


Jp ete dxe=6 
1 iy 
IT Example 96 Evaluate i (e+) dx. 


nee 
_ft 1 
Sol. Let 1= (2+) de 
Putlogt=t => dx=— edt 
x 


afte dal eta 


£ (2) dx =Tn 


Beta Function 


‘The beta function is 
B(m,n)=[" x™-1(1— xy"! dx, 


where m,n>0 


Properties of Beta Function 
(i) B(m,n) = B(n,m), where m,n >0 


(i) Bémn) = TeEn 
P(m+n) 


xml 


(4x) 


» Where m,n >0 


(iii) B(m,n) = [~ 


1 Example 97 Evaluate i x® J(1— x2) dx. 


Sol. Let, t=f? x {a-x7) de 
Put let x? =¢ 
= axdx=dt 


13h 1°? (m8 dt 


Walli's Formula 


nn 
An easy way to evaluate { sin™ x-cos" x dx, where 


m,nel,. 
nn om a a2 a ia 
We have, ["" sin” x-cos xde=[""sin™ x-cos™x dx 


_(m=1)(m~3)...(1.0F 2). (n= 1)(n 3)... (102) 
(m+n)(m +n —2)...(10F 2) 2 

when both m and n € even integer. 

_ (m= 1) (m= 3)... (1. 0F2)-(a= 1)(n=3) (Lor) 
(m+n)(m+n-2)...(1or2) i 


when either of m or n € odd integer. 


Remark 
IFnbe a positive integer, then 
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sniseven. 


2 nisodd. 
aha 


LExample 98 Evaluate ["” sin® x-cos® xdx. 


Sol, Using Gamma function, we have 
"sind x- costae = T(5/2)T(7/2)_05/2) 07/2) 


ar(its+2) 276 
2 
31 $32 
=x=xM(1/2) KS txrara ) 
Gee t (E55 i )) on 
2x5! 512 


1 Example 99 The value of jis e-®™ dx is equal to 
vr 


ve z 
as os 
(a) E (4) None of these 


Sol, Let T=." e**** dx 


U2 yp 


(put a?x? = t=32a7x de = dt) 


elypt pete ee ee 
Sql eee tae (using |e 


Hence, (a) is the correct answer, 
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Exercise for Session 6 


wl: 


in? 
1, The value of f(x) = f 2 log (1+ x sin’ 6) og x > 0 is equal to 


sin? @ 
@tyiee-1) (b) J (T+ x - 1) (o)m (1+ x - 1) 


2. Th ae ea 
ie value of mae ree is equal to 
(a) 1-log2 (b) log 4-1 (c) log 2 
3. The value of lim Aaa nen +2)(n +3)...(n +1)}"" is equal to 
(a) 40 we 4 

4 e 


4. ifm, eN, then the value of f° (x a)" (b ~ x)" dx is equal to 


(a @aatt*-min! (oy) 2 aan ttm iat 
(m+n)! (m+n+! 
() pean (d) None of these 
ait et 
5. The value of lim ( a al *1 is equal to 
one . 
2 1\s 
0 0 “() 
1 
6. The value of ima latseee + ata t6n +18 tit On tems} is equal to 
1/9 era) 
wzra( 5) or3r(§) 
4 ba( 2) (4) None of these 


13 26 {3 0 |. 
7. The value of lin {aint can +2sin° mete sin® ae } is equal to 
B 2 
(0) 2% (62-157) (b) sa (62 150) 
Ose (15 - 15) (d) None of these 


8. The value of f(k) = ie log (sin? 6 + k? cos? 6) dis equal to 


(a) n log (1+ K) ~ 2 log 2 (b) # log 2~ log (1+ K) (c) log (1+ K) = log 2 
9. Wim.n EN, then Im 9 = fy x" (1— x)" dx is equal to 
mint 2m int mint 
Gane ol Oat ol ened 


x sin? nd 
10. The value of Kn) = J. nr wevaen) 


(a)nm (o) om 


(d) None of these 


(d) None of these 


(d) None of these 


(d) None of these 


(d) None of these 


(d) Nona of those 


(d) None of thoso 


JEE Type Solved Examples : 
Single Option Correct Type Questions 


© Ex. 3 The true set of values of ‘a’ for which the inequal- 
‘ ity 2 (4-2-3) de 0 is true, is 

then fF («-t)« dsequal te @O.1 Hee OM) O-s-1lo#) 
Sol. We have, [’ 3°"@"*-2)dx20 


© Ex. 1 iff” flxdde = and f(x) is an even function, 


z 

@= we on (4) None of these 

é Put37* =t=93*In3dx=-dt 
Sol. Here, [~f(x)dx == a ane de 
i a = Inaf? w-aarzo =[£-] 20 
Putx=t-1 . I 
1 F 
“ (Fe29}-(a)2 
=> dea(1e 5a 2 2 


2 Gprerde=frt-2) (103 \at 3 

= ai = F¥-4x3%+3>0 = (3%-3)G%-1)>0 
Jars (Ae) oa = stostssact or 3¢<3°=a>0 
Thus, a€(-0-1]U[0,-) 


° 
=e - ag + pe a: ») -(-dy) (ms ie 4) Hence, (d) is the correct answer. 


2 [ete = fe -o asflxiseven 2 EX-4 The value of the definite integral 
j MP 


t P* max(sins, sin\sinx))dse equals to (where, n€ 1) 
= = fel deaf" 2-2 
=f Bae wig a=) ya =4) 
1 n 2 4 
fi xot)ae= fpete=E 
© Ex. 2 The value of 


if (Tie) (3 4] dx equals to 


n(x? -8) 
© a o—— 


= 1 


(an (b) a! (n+ arn! 


Sol. The given integrand is perfect coefficient of [ J (x +1) 


1 
I {ti (xt o =(n+1)!-nl=n-n! 


Aliter (x+1)(x+2)(x+3)..(x+m)=e 
So that, when x =0,then t =Inn! when x=1, thent=In (n +1)! 
[In(x-+1) + In(x +2) +......+In(x+ n)]=t 


1 1 1 
(ta +ig)ene 


Therefore, 1= f°" ear =[e' ger" 


ele! _ ola! (+1)! ~nl=n-n! 


Hence, (d) is the correct answer. Hence, (c) is the correct answer. 
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© Ex.5 lim i's) (11-273... 


@ve 


1 
.n")" is equal to 


OF OF wre 


fut a 
Sol. Let pei Jeg! 2 nt 


Uf(nt1 1g 
eee 


inky nS 

k 
22 laa 
ari a 


2222 }nn 
lary 


ae flt)de 


© Ex.6 lim is equal to 
: 
at 
: (IT JEE 2007] 
mira 2a) 02,3) ware 
Solin 2 20 jy [oes 2s0e! stan 
cari xt 2x 
, (applying L’Hospital rule) 


fa _9fle) 


m2 om 
Hence, (a) is the correct answer. 


© Ex. 7 Let f be a non-negative function defined on the 
interval [0,1]. yf Vi-(F')?dx = is f(t)dt,0<x<1and 


(0) =0, then HIT JEE 2009) 


i) efead ad mete 
o4(2) < 3 and 12) < 2 «) 13) > and (2) < : 


Sol. Given, fi =F WPae = ff dosxsi 


Applying Leibnitz theorem, we get 
LF =f) 
1-(f'(x))* = f7) 
> (foyt=1- Pe) = f'@)=#V1- F@) 


u 


=C=0 
nx 
inx= f(x), given f(x)20 for x€[0,1] 


Hence, (c) is the correct answer. 


1 px tin(i+t) 
© Ex.8 The vatoe of tim, — f aa tt 


‘i 
(d) a 


[IT SEE 2010] 


@o wt 


ogi 
. 
eae errr 


Using L'Hospital’s rule, 


‘i 
ag 


xlog(1+ x) 

lim 442" = jim HBG) 1 

x0 3x7 m0 3x 
[sin 


Hence, (b) is the correct answer, 


© Ex. 9 The values) of SOD i is (are) 


[UT JEE 2010) 
c ) 2 by SR: 
(a) ™ wz (co @ 7 
Sol. Let r= =ftoa 
its 
=f == x) 40-3)" 


ss (1+ x*) 


=fet-na- sItdes (OEP ae 


=f ~1)(-x)'+ (14 x4) Cares le 


=[{r-n0-08 ++x)-4rr4-—45) 


4 
Ve 


af(e-ae +5xt 4 


Hence, (a) is the correct answer, 


28x10 Ly F(standyds (0% Ene 1) is ena to 


(a) -cos0 i ‘fxsinO)de 


(b)-tand pet fodde 


JEE Type Solved Examples : 


More than One Correct Option Type Questions 


@ Ex. 11 Let f(x) be an even function which is mapped 
from(-n, 2). Then, the value of f (f f(t) de +t. fs) dx 


can be (where,[-] denotes greatest integer function) 
@o (b)n 
(Q2n (d)4n 


Sol. As, f(x) is an even function, then ["f(x)deis an odd function. 
Also, [f(x)]=1.2 [ast < f(x) <3] 


ace [" ([Lptoar)act fF ends 


=0+ iE Ue)ldx, [since [f(x)]=10F 2] 


=f" ide 
or 2de=2n or 4x 


Hence, options (c) and (d) are correct. 
© EX. 12 Let,Ay=[" "(minx nh lx —(n+ DI) dx, 
Ag = [27 x-nl-[x-(o+ Dd, 


Ass [Mx 0+4-1x-(os3i) de 


and (x)=A, +A, +Ay, then 
(a) A, + A, + Ay =9 WA tA tA a2 
v0 we 
OY a= Y alvy=300 
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(©) sind igs (f(x cos0)dx 
F(x)d« 


@— 
tand “#00 


Taf}, flesin0)cosOdz 


= dx=cosOdz 


Sol, Let, 1=[""f(xtanO)ds, Put xtanO=z3in0 


=-cos0f"™'slesin6) dz = cos} f(xsind) dx 


Hence, (a) is correct option. 


y 


Sol, Here, min {| x—nl,|x~(n + 1)|} can be shown as 


A= [0 (ming x-n),|x—(ata)lpdx 


i et 
Sox1xset 
za 


Now, Ay=["""((x-ni-|x—(n+ dx 


= fidei-le-apar 


[put x=n+t = dx=at] 


=fie-@-mar =ffide=(p=t 


and A,=[ 


= fe—a)-te-spa 


It 


x(n 4) -[x~(n+3)) i, 


(put x=n+t=9de=dt] 


= 6-9-0 -mpar= Pr de=t 


Also, aaa + At Ata rein? 
4 


we 
oY a)= ait) + g2)+ 9(3)+...+ (100) 
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JEE Type Solved Examples : 
Statement l and Il Type Questions 


™ Directions (Q. Nos. 13 to 15) For the following questions, 
choose the correct answers from the codes (a), (b), (c) and 
(@) defined as follows. 
(a) Statement I is true, Statement IT is also true; Statement IT 
is the correct explanation of Statement I. 


(b) Statement lis true, Statement I] is also true; Statement IT 
is not the correct explanation of Statement I. 


(©) Statement | is true, Statement II is false. 
(d) Statement I is false, Statement IT is true. 


© Ex. 13 Statement | If f(x) = (x f(t) +1)dt, then 


ff feoae=2 

Statement Il f(x) =3x+1 

Sol. Let firtoar=a, so f(x)=xk+1 
Now, [ikt+i)dt=k = Evi=ksok=2 
fx)=2x+1 

fiferd=n 


Hence, (c) is the correct answer. 


Also 


© Ex. 14 Statement I The function f(x) = [vera is 


an odd function and g(x) = f’(x) is an even function. 
Statement Il For a differentiable function f(x) if f’(x) is 
an even function, then f(x) is an odd function. 
Sol. If f(x)is of odd, then f“(x) is even but converse is not true. 

eg If f’(x)=xsinx, then f(x)=sinx-xcosx+C 


JEE Type Solved Examples : 
Passage Based Questions 


flex)=-sinx + xcosx+C 
On adding, f(x)+ f(-x)=constant which need not to be zero. 


For Statement I fea= [a + Fadt; (x)=Vie 
f-x)=[ h+ Pdnt=-y 


fea=-[i fieyay 


F(x) + fCx)=0 
= fis odd and gis obviously even. 
Hence, (c) is the correct answer. 


© Ex. 15 Given, f(x) = sin’ x and P(x) is a quadratic 
polynomial with leading coefficient unity. 
Statement! [- p(x): f(x) dx vanishes. 


Statement Il iF f(x)dx vanishes. 


Sol. P(x)=ax? + bx +65 f(x) =sin?x 
T= |" P@)-fe@)ex 

ror 
Using LBP. Pls) fae [™ 


=[1P'09- sour Peter sear] 


fe 


1) Faye 
cS 


=f Px)- fade =2 ("sin xde=o 


Hence, (a) is the correct answer. 


Passage I 
(Q. Nos. 16 to 18) 


Suppose we define the definite integral using the following formula f f(x)dx 


fore © (ab), Fle) == fla)+ fO==(f10) + F). 


When c= 222, then ? Flx)du = 9—2( fla) + (6) +20) 


SA f(a) + f(6)). for more accurate rest 


[IT JEE 2007] 


© Ex. 16 a sinxdx is equal to 


E+) (Zc+v2) 
A 
On (d)—~ wi 


3 sin(o)+sin( =) 2s 


Hence, (a) is the correct answer, 


Sol, [°"sinxax=2 


© Ex. 17 If f(x) isa polynomial and if 


=0 for alla, then the 


toa (t-a)? 

degree of f(x) can atmost be 
(1 (b)2 
(3 (da 


Sol. Applying L’ Hospital's rule, 


santa gtf* Fed) -E9 pe 
joe —— 


ie 3t—a)® ad 


ties fO-F00+ Fey s'0 | 
a at-a)? 


£O-F0o + fea = Fre 
= lim——_2-______2_=9 
isa 12(t-) 


= tmfWo 
ie 12 


roto srey-—9 


1a) 


£0) 
=0 
ie 
fe) _ 
= Jim LP =0 f"(a)=0 for any 0 


= fla)is atmost of degree 1. 
Hence, (a) is the correct answer. 


© Ex. 18 if f(x) <0, x€ (a,b) and c is a point such 
that a <¢ <b and(c, f(c)) is the point on the curve for which 
F(c) is maximum, then f’(c) is equal to 

@ £0)-F0) ( 2P)= Aad 


@2-f@ aie (a) (do 
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Sol. F'(c)=(b-a)'(c) + fla)— f(b) 
F(O)=SO(b-a)<0 
=> F()=0 
= so-fbafe 


Hence, (a) is the correct answer. 


Passage IT 
(Q.Nos. 19 to 20) 
cos(a +B) -sin(a+B) cos2B 
Let f(c.,B)=| sino. cost sinB |. 
-costt sina cosB 


© Ex. 19 The value of 


=f" e(s00+5($.8 


(ae? (b) 0 
(c) {2e"? — 1) (d) None of these 


Sol. Here, f(o,B)=2cospi ie. independent of a 


rf" 2(roo+ pus En) 3. 5- ) 


ant 


=[f" P@+2cosf +25inByap 
Hence, =[¢(2 + 2sinB))* 
= Ae"? 2. =22e" 1) 


Hence, (c) is the correct answer, 


ABE ee 


© Ex. 20 =f cos? 10.8)+s(0.2-8)) 4 then 
(Wis 


(a)e™? (b)2 
(©) 2(2e"? ~ 1) (d) None of these 


2 
Sol. Again, 1=f"" coe f(0.B)+ 03-0) 
= [2% os PlcosB + sinB) dB 
re Ibe cos’B dB + ee cos*PsinB dB 
=2"" cos'BaB +0 
= Isgoul-e 


Hence, (b) is the correct answer. 
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JEE Type Solved Examples : 
Matching Type Questions - 


© Ex. 21 Match the following. 


Column t “Column It 
a *—l-x, (p) -l 
(A) The function f(x)="——1—* js not defined at 


sina 
x=0.The value of £(0), so that / is continuous at 


ea) 
: 1 de @ 0 
The value of the definite integral [ @ 
(@) The vaus ofthe definite nepal fis 
equal to a+ bln2, where and bare integers, then 
__ @+d) is equal t 
(a) Given, ef O80 20, hen the vale of Owe 
tan nis equal to 
() 1 


s 
(D) Let a, = fn tan” '(nx) dx and 


1 
4,=[7,_ sin“ '(nx) de, then lim - has the value 


mT 
equal to 
Sol. (A) > (2), (B) > (P). (C) >). D) 9) 
e* cosx 2 sien 
oes “ht 


re 
(applying L’Hospital’s twice) 
eX" (Cxsin x cos x)-1 


Pi a 
£09 (x co5x-sinx—sinx) +e°**(-xsinx + cosx) 
= lta £— © 2 : 
La 2 
sa 
2 


(B) Put x=uS dx =6u" du 


. ys 
raf Sod of) EHIN ty as—oina 
ob aut 40 ud 


=atb=5-6=-1 
Oe 
Put — 


(sec? @—tan 6) d9=1 


j= = dO=—dt 
we fe! (sect t+ tant) de=1 
fuse f e* (f(x)+ fx) =e* f(x) 
=> -e" (e! tan t]g" =1 9-0" (~e* tana) =1 = tann=+1 
Ji, tan" (nx) de 
) lim 


cain -1 
Frey, Sin” (nx) dx 


Putax=t =9 dx=4dt 
a 


vee tan“*(t)de 


Ls sin "(t)dt 


7 
war( 2 } m 
Use L'Hospital’s rule, lim =e) S -t 
sin 
atl 2 
@ Ex. 22 Match the following (NT JEE 2006] 
Column! Column It 
7 1 dx a 1 2 
w Soa ©) 410e(2) 
te @ Fhog(2 
® Wee @ 41e(3) 
z 
© o 2 
z 
@) ; ® a 


Sol. (A) (5), (B) (5), (C) > @), 0) > @) 


dx 
mae 
f= 


ita? 


is an reven function, 


dx 
I=2f Tee Pltan oh =F 


 f eee xh=2 


© f dx ii dx [ps 


=ff? see Stan od 
0 “sec Otand 


-[? va0-E 


JEE Type Solved Examples : 


Single Integer Answer Type Questions 


© Ex. 23 Let f:R +R be a continuous function which 
satisfies f(x) = ig Ff(t)dt, Then, the value of f(\n5) is__. 
(IT JEE 2009) 
Sol. () From given integral equation, f(0)=0 
Also, differentiating the given integral equation w.r.t. x, we get 
F=f) 
£@) 
If f(x) #0, the 
aie 
f(0)=0 => e°=0,acontradiction 
f(x)=0VxER = filns)=0 


1 = fix)=ee* 


© Ex. 24 For any real number x, let{x] denotes the largest 
integer less than or equal to x. Let f be a real valued func- 
tion defined on the interval{-10, 10] by 

ro=| x-[x],  if[xJis odd 


1+[x]-x, if [x] is even” 


2 40 
Then, the value of =f” f(xjcosm xd is. 
10 +10 (IT JEE 2010) 


if [x]is odd 
if [x]is even 


x-[x], 


Sol. (4) We have, pedn{ Rh 


f(x) and cos 7x are both periodic with period 2 and are both 
even. 


2 J, fled eos nxdx=2 | f(x) cos x dx 
=10[ f(x) cosmede 


ff 102) 05 nxdx=[ (1-x)cosmede =~ wcos nuda 


-10-9 2-101 2 9 10 


ff pe2) cos sede = f(x -1) cos ned = 


40 
E fla)cosmxde=—20  weosmudu= 


rn? po 
= TL, Le cose de =a 
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© Ex. 25 Let f(x) be a differentiable function satisfying 
flx)+ {x + Wine Rand a(x) = {" f(t)dt. a(t) 


then the value of | ————8- —— | is. 
m2) SY (gl +k?) — a(x +h) 


mn 
Sol. (6) Here, f(x) + A xt 4) =1 
Replace xby(x+ 2), weet (x43) sat 1)=1 
On subtracting, f(x)= f(x+ 1) 0) 
Als, a(t =f" fidr= pars f°" fodde 


Since, f(x +1) = f(x) 
soeti)= [poder [fea 


atet2%)=["findrra?-f! float 
att )=f"Alorde reff floae lit) 
and gx +h=f" f(nde+k f.peoae -Aiii) 
Thus 5 (ate) ste 8) = 5, (Bb: fi lode 
= DI (=k): g(1), given a(x) =f floae 
w(eatnaain see) 


nn =1)(n-+1) 
3 


as 8 8x3 
= y (glx 2)— get hy me Dat) 
a 


-n§ (ace ae } 
mee Un-2)-n(n+1) (n=-1)n n(n +1), 


-o(5-b)(-sh) 
1x2 2x3. 2x3 3K4, ‘ 7 
(axa) 


-u(}-5) a8 
2 nin+1)), 
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Subjective Type Questions 


© Ex. 26 Find the error in steps to evaluate the following 
integral. 


rf de (" sec? xd i? sec? xdx 
0 142sin?x 40 sec?x+2tan?x “0 1+3tan?x 
Breech 
=e [tan (V5 tan x))F=0 
ent Mo 
Sol, Here, the Newton-Leibnitz's formula for evaluating the defi- 
nite integrals is not applicable because the anti-derivative, 


flay F lean hi tanx)] 


has a discontinuity a the point x= which lies inthe interval 
(0.7). 
LHL = lim + tan V3] tan( 2) atx== 

ho 3 2 2 


= fim Jy tant (Fi cot) 
1 


= tim 4 tan“ (0) =. i) 
nos Ws 
Also, RL im tan 5 tn( E+) atx 2 


" 2 ai 
= jim haa 1(—¥3 cot h) 


=n tant , 
nwo 3 Par) 
From Egg. (i) and (ii), LHL # RHL at x= /2 


=> Anti-derivative f(x) is discontinuous at x=" /2. 
So, the correct solution for above integral; 


x dx sec? xdx 
re —2—-</" (iii) 
i eee i 1+3tan’x 


f0a-x)=- fix) 
“L F(x)dx, f@a-x)= fox 


3 


-Aii) 


Using, [.* f (x)de= 


We know, if fe) = f(n-x)= f(x) 


mie Z 
v+ Eq, (ii) reduces to I =2 f {2 
nx 


a2 fe (put itanx=t => Visec?x dx =dt) 
Bie 
= Fler on 


afplew tect 0) -4(2-0)-5 
p44 


© Ex. 27 Uf? [sin x| die =8 and [*" 
then find the value of [° x sin x dx. 


Remark 
Students are advised to check continuity of anti-derivatives 
before substitution of integral limits. 


’ 
|cos x|dx=9, 


Sol. We know, | * |sin.x|de represents the area under the curve 


from x=a to x=b. 
We also know, area from x=a to x=a+ Tis 2. 


* 
Jf Isinxlde=8 

=> b-a=5% li) 
2 
Similarly, (ras [cos x|dx=9 


Ali) 


=> atb- 


From Eqs. i) and (i), a= /4,b=179 / 4 
Hence,” xsinxdx=[""™" xsinxdx 
=[-xeos x10y" +f" cos xd 


Le? =" 
=-—F cos + * cos + [sin x] 
4 4g 8g t sin alent 


+ 
xsin xdx=-2V2n 


© Ex. 28 Evaluate [°0")) cos (cos_' x) 
(sa) | sin (sin=! x) a 


Sol. We know, cos(cos” x) and sin(sin"' x) could be plotted as 


- sin(sin™ x) and cos(cos™' x) are identical functions. 


fan cos(cos! x) ‘sin (sin) 
Jeon(eo a) “Sin (sin? x) Jeosleor' a) 1X =B-O) 


y=sin(sin-'x) 


© Ex. 29 


Sol. Let 


Put 


Similarly, B-x=(B- 


where, 


and 


Evaluate ic =O ote, 
=x 


B fx-a@ 
bag Mie 
x=crcos*t+Bsin?¢ 


X-O=Ocos*t+Bsin?t-a=B [sin%(t) + afcos*t—1)] 


=Bsin? t- asin? t = (x-a)=@-a)sin’t 


Ai) 


t) cos*t 
dx=2(B—a)sint cost dt 
x=a=ssin't=0 = ¢=0 (:a<B) 


x=P=cos*t=0 = t=n/2 


Eq, (i) reduces to 


Aliter 


When 
When 


me (@=a)sin? Lae 
is ct) sin t cost dt 
“h ie ayearry 2 sat cne 
we sint 3 
=f SRE 2 a)sint cost dt 
cost 
7 
[- = Sateaeto 
cost cost 


=6-0)"% sin’ tdt=(B- a) ira ~cos2t)dt 
sin2t 
wea 


seals} 


1=56-a) 


ojjo-fe 


pu fora 


ut =f? faoke 


x=o,thenB-ast = 


x=B, then 0=t? = O= 


rete WOE an at 


lima 
=] @-0)-# at 
af me [B—)* 0? de 
=f! [p= + 
aa{fo+ 852%ane} [0+ P=2wrof] 


26-0) t_RG_ 
~7829).2-E-a) 
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Yea? +6) 


© Ex. 30 Evaluate 


Naa? + bya 
Lerrn 


Put x 


ae —a") (6 =x") 
Ai) 


* cos t+ b? sin? t 


2xdx=[2a" cost(—sin t) + 2b” sint(cost)]dt 
xde= Z(G" —at)sin2 tat 


a+b? 


=a? cos’ t +b? sin’ t, 
(1—sin® t) a? +26? sin? t 
x 


= costt=0 = tT 


2 
For =a" cos*t + b?sin’ t, 


3a” +b? =4a" + 4(b?-a")sin?t 
sintt=2 = coszt=t = r=2 
4 2 6 
“Eq. (i) reduces to 
‘ 2 _ gt 
pent (0? —a*)sin2t dé 


we 2 (b? -a) sin’? t(b? -a”) cos? t 
ne “ (n n\n 
OMG Cade 
eee [2 (« + 
4 


n/4 
© Ex. 31 Evaluate | Siu 


[ated 


cos x(L—sin x) 


> 


Sol. Let 1=." 


1 pm eM (sin x + cosx)(I+sin x) 
a Se Ginx + cos a)(L sin) 4 
i cos x(t sin’ x) 


1 pit ef (sin x+ cos x)(1+sin x) 
TT 
i cos? x- cos x 


= ‘i e°* .(Gee x tan x+ sec x)(sec x + tan x) dx 


ms 
gh e€* [sec x tan x(secx + tan x) +sec*x 
+see xtan x)dx 


apg et leew x tan x(oee x tan x +1) +300? x]dx 
2 


ag le scoxtan x(sec x+ tan x +1) 
ato 


mA 
eM sec*x de 


+3 
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Applying integration by parts, me ‘4 
Pegrecennarn te 2% (x0) +4{ ogcosé) -Z-g 
Ta spllee xt tans) ery 8 2) 8 
2 yt 2 
oT =i ee A, 
si “(ee xtan x sects) ede Jp [Met sect de =2{ n+40oe-4 eo ge ee a 
2 2 
aay Ji AL pescexy aie ae log aa —2 loge 
=ZilWeriene + 1)e)-ole3 Bg te2=T, ~F bog 


1 RB 1 1 e 
= (V2 +2) 0? — Jae -F fe? - fF. mot 
a! Haye Pe Ri *) ere ze @ Ex. 33 Evaluate [ SOE ey 
© (1+sin x)? 
© Ex. 32 Evaluate (7!* X° (sin 2x cos 2x) dx 


pt teosx 4 pt a inx)-? 
(Fainanlenst Sol. Let =|) reer mail x7 {(1+sin x)? cos x}dx 
ane rf (dite coat) de Applying integration by parts, 
oh esin2x) cos? x raf s2titsinay)"_ pe yy Otsina” gy 
ai" #(sint—cost) 4 =H ° = 
aif EGS) _ (put2x=0) 
8/0 (1+sint)(cos*t/2) 24.0)42{" — ) 
Le # (sint—cost) wi ari i ae 7 
Jo (1 +sint)(1 + cost) [sing Jf feyae=[ fla~s)4r| 
[sing [7 fode= [7 fone] = (= 
, o fo Ta-n7 42° i=2) aie 
3) (cos t-sin) ne 
P Tae dea w Adding Eqs. (i) and (ii), we get 
(+ cost)(1+sint) 


2t=-2n? +2[* 


Adding Eqs. (i) and (ii), we get 


2 
nt-= | (sint—cost) 
4 


[" dt Ail) ‘ 3 
Jo (rt cost) i + sin et) =-2n? +27 [tan x—sec x]3 
whose: fe — toate ha =-2n? +20 [0-(-1-1)]= 


lo (1+cost)(I+sint) 


[ss [foo ae=0.it fea-x)=- 700] 


Tan +20 


@ Ex. 34 Compute the following integrals. 
+. Eq, (iii) becomes 


re eee 
a nit a ‘ On Fx" +x "Inx==0 
lo (A+ cose) sing! im a 
an 2{(1-4+sint)—(1-+ cost)} dt (i) fe" +x7")Inx 2 =0 
lo at cos (1 tsint) re 
m2 _tdt a tdt Sol. (i) Let t=Inx = x=e! 
Jo i+cost B40 1+tsint deee dt or “nat 
ne th (n/2-t)dt x 
, Jo Lt cost Also, x=0 = tone 
a pr _tat apr de and see Stites 
°° I+cost 16/0 1+cost [re teyine® ~ fel ee) -tdt=0 
ag oa 
2 


t(eec? t /2)dt— 


- J" (oe? 1/2) dt (integrand is an odd function of) 


‘ x ai THF owe: teh 2 
Ls sean!) anata © om) 2 Gy fF Flat +2) In 2 Ef fle ene et 
2), 2 | 16 2), 


; we ftetaenyecte 
Nowe iE AUD = fle be) AE 


‘then, MED OM +) tL = (« 
ete 
Mat) ==iXt) 


Thus, integrand is an odd function and henee 


“ iy ba 
fr pees Vine 


=0 


@ Ex, 35 Show that 
(a) [J sin vde=t Of cosxdeso 
Soh Let us first evaluate: 
Taf eo sinxdy and Jaf e™ cose 


Using integer by parts, we get 


Ts-6" 


cosx=s] 


and sinxt sl 


Subtracting Eqs. (i) and (i), we get 


= 00s x 


x | sinx-scosx 
+s? 


- 1 
Thus, { eM sin xdes 


[re cosxde =a 
5 71 


ad 1 
Now, f° sinxdx= lim f7 sin xdx = lim SS =1 


StH 


s 


and > cosxdx= lim, J" e"* cosxdx= lim = 


© Ex. 36. Find a function g:R— R, continuous in[0, =) 


and positive in (0, °) satisfying go) =land 
if Poa=( fT ana). 


Sol. Let f=[." att) dt 
=: F')= ax) 
= rotation 


= ff ao]'=tver 


soll) 
ii) 
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Ale oi 


¥ a 


Lue iy] 


( ey 


~ LE ryt =) ioe (using Bq, (0)} 


Differentiating both the sides wart, x, we get 


ie 2 (x)=)? 
Lypnp LOL fea" 
= Elale)ft t=2x folate) -(Soo* 


(#2) -(2)-2 
Se) fx) 
t= 4t+2=0, where t= =e) 


ag rc) 
taht Bare de or LO 8 
2 Sx) 
=> Inf(x)=2+ V2 Inx+ constant 
= fiec® or at 


= adap deqx® or gx ® 
where, ¢, and c, are constants of integration. 
But g is continuous on (0, »), then ¢, x°-¥? is ruled out. 


axe, xt 
O)=c=1 => g(x)axtt? 


Hence, 
Also, 


mI} 


© Ex. 37 Let!, =("" tan” x dx(n>1and is an integer). 
Show that 
:) 1 ” 1 
()) ty tly -g =—— i) ——<I, <: 
ear W saa 


Sol. (i) Given, J, = lg tant des c 


i 

Zn) 

tan’? x-tan? xde 
a 

=[" sect x-tan"? def" tan"? xde 
lo 5 


1 
=f, fF dt—1,_.where t= tan x 


<i 9 

nha) 

n-1), 

(ii) For 0<x<m/4,we have 0<tan" x<tan"? x 
So that; 


fe Int ly 


0<I,< Iya 
Int Inga S2In Iq t Igo 


1 1 
" <2 
oi) nt) "n= 


2+)" ~2(-1) 
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1-cosn x Q ane: 
EO atx, where n is positive 


© Ex. 38 ifu, =[" 


T=cos x 
integer or zero, then show thatU,,,» +U, =2U, 
He 
Hence, deduce that [”* 1 pq 
°  sin?@ 2 


Sol Usya~ Usyy =" E=soste 2s] Lh enste 1) gy 


net 


= ff Sod x costa +2) x 
A 1—cosx 


de 


2 
bs 
_sinfatt)x 
mtn, -tyalt a, 0 
sin= 
From Eqs. (i) and (ii), we get 
7 sin(n 2) x-sin(ne 2) 
no Unos) “Wns -Ua=f =e 
win= 
2 
Uyya + Uy 2g, =f." 2st Ns sin 3/2 
lo sinx/2 
att of sina) x) 
=2["cos(n+1)xdx (ees ie 


= Uyyg + Ug =2U yy 
> Uy Ugg 1p Uyy 2 are in AP. 


Now, Uy=/," 11 


dx=0 


cos x 


(common difference) 


na 1—cos2n8 
1—cos28 


1% 1-cosnx 1 
[p ttaet 


© Ex. 39 Prove that for any positive integer K, 
sin2kx 

sinx 
Hence, prove that ["”* sin2kx-cot x dx -%. 


=2[cos x +cos3x +...+C0S (2K —1) x] 


Sol. To prove; sin2Kx=2sin x[cos x + cos3x-+ cosSx + 
sect c0s(2K~1) x] 


‘Taking RHS, [2sin x cos x+2sin x cos3x+2sin xcosSx+ 
sect 2sin x c08(2K —1) x] 


=(sin2x) + (sin 4x —sin 2x) + [sin 6x sin 4x) + 
soot (sin 2Kx —sin (2K -2) x] 


(tae ae 


*? sin 2K x-cot xdx=f, 
9 cos x[cos x+ cos3x+...+ cos(2K =I) x]de 


2Kx 


sin2Ke 
Now, J, “sins 


af? (rcosze)de+ f°" (coset cos2a) de 
A F 
et [eos2K x+.cos(2K ~2)x]de 


But we know that, 
J." (eosanx)de=0,Vner and no 


wt R 
ff sin2ke-cotxde=["" 1de+o=% 
0 Jo 2 


© Ex. 41 Prove that" e* - 


Sol. Let P= [ee at. Pu 


Taft tet drat * 


Qian 


\-# 


ane 
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alta p® nat SO PE 
Rie iliee BO » O+F)+aa—P) i (-ayP ++) 
al gt (* eB god gag 4% oak —s at 
Petals tl arte 
ac ft 2 e4{ jee 
[using E S(x)de=2)" flx)dx, when f(-x)= fc ae 


ae ap 22 1 eset =) = 20k 
S t-a +a)/i-a) +a), fina 2 yi-a 


a [fete tae erat {integrating both the sides w.r.t.‘a’) 
= flaj=nsin ate 
© Ex.42 If fx)=e" +f" (e¥ +e) f(t) dt, find f(x). But f= |," Petree es 9 
cos x 
Sol, We can write f(x)=Ae* + Be“, where Ss eae 
A=14]! float and B=[ ifoae * Slayensin'a 
Antt f) (Ae + Beat =14 (Ad — Bey; © Ex. 44. Evaluate {™” cosec 0 tan! (c sin 6) 8 


A=1+ A(e!—1)-B(e*-1) 


na 
IL Le = @-tan™ (csin 8) d0 
> peaaeeness a Sol. Let —f(c)={," cosec @-tan’ ei 
mat = = 
Bafl t(ad + Beha ” fori cosec 0: Tr “agro 0 
«"—* 
te 1+ctsin® 


=Alte’ -e)§ + B(-tet =e")! 
B=At+ B(l—2e') 


« = cosect Od) _ frit _cosec 0d0 
=> A-2e'B=0 oii) 0c +cosec*@ 9 (cc? +1) + cot? O 
From Eqs. (i) and (ii), we get ; 

2(e-1) e-1 aot (w= cor 
A= .B 
4e—2e?"— 4—2e ye? +1 yer R 
Coe a “=—. 
Hence, fla) BEB er FO f= 
Bids ise Integrating both the sides, we get 
. a If\a|<1, show that de 
if ‘ fo=| 4 pioses letra 
c log(1+ 005%) 4. sina, ayet+1 
0 cos x where, f(0)=A 
Sol. Given,|a|<1 But f(0)={"" cose @tan™" (0) d0=0 
® log (1 +acos x) 
Lat fa)=f* REG HEE ge = fl)=Flogte+ Ye+1) 
sik 
* cosx 
@)=)° a= | occas ma = 
lb) Cosx(l +acos x) © Ex. 45 Evaluate [’ secQ- tan™' (acos 0) a. 
i ‘a’ using Leibnitz rule) 
fiterltee ye . toa Sol. Given definite integral is a function ofa’, Let its value be I(a) 
Xap =, when x=0,t=0 
ba tala "a ey al Then, 1a)= 7" see 8- tan“ (a cos 8) 8 
and when x=1, 19% we 1 
- > ra=f, Le TT Hdl 
guys TRE (using Leibnitz rule) 
= sei 4 


5 1 mt wa_ sec? 
— = ——, = — 
va{ 1 1ta® cos’ i sec’ 0+ a? 
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= (put tan 8=1) 


(hi sec? 8 
© 1+tan? +a? 


=f" t= ee 
b Fr@ay evil year), 


= (-s) = I'@= 


“Yen 


Integrating both the sides w.r.t. ‘a’, we get 


aya 


1a)= logla+ aF+ij+c 


Since, 1(0)=0+C 


> Ho) =% logla+ Ye" | 


@ Ex. 46 Let f bea continuous function on{a, b]. Prove 
that there exists a number x € [a,b] such that 


in Fde=[" f(t) dt. 
Sol. Let g(x)=." feyde-f ‘fled, x [a,b] 
We have, ga)=~ f° ‘fit)dt and a)=[" ‘Fityat 


= ao)-20)=-(f peoai) so 


Clearly, g(x) is continuous in [a,b] and g(a): g(6) $0. 
It implies that g(x) will become zero at least once i 
Hence, [* {fltyat=f fle) de for atleast one value of x €[4.b) 


© Ex. 47 If flx)=x+ foy?+x7y) (SO) ay find £09. 
Sol. Given, fix)=x+xf y" foddy +x? fi vsore 
=(1+ fy? s0047)+ #({yr4) 


= f(x)is a quadratic expression. 
flx)=axt bx? or ‘fOy)=ay + by* wll) 


= 
where, aat +f y? fy)dy =1 +f vy? (ay + by*)dy 
= 20a=20+5a+4b or 15a-4b=20 wolf) 
‘and bef! ysordy =f yay +by dy 


3 ay 
{| 3 pated 
3 4 Nh 34 


12b=4a+3b or 9b-4a=0 iii) 


From Eqs. (ii) and (iii), 


© Ex, 48 Prove that 
[ff Feeder dum ff Oem) Fw da 
Sol. Here, applying integration by parts to 
i” rf" fodehdu 
pelea 


it i 
i.e, taking ‘1’ as second function and i (fle) deas first function, 


we have 


if {ft neoath umf? rioath cus f flu) udu 
-(« [i 70 ar). =f wey du 
=x{, fityae— J" uf(u) du 
=f, ew) fluddu 
© Ex. 49 Evaluate [”™” (log | sin x|) (cos (2mx)) dx, nN. 


a 
Sol. Let 1(n)=f."" (log|sin x|)(cos2nx) dx 


tod 
eae 
10)=( log sn x| S222) -f" cot x SBE de 
(using integration by parts) 
1 p38? sin2nx-cos x 1 
A(n)=0-— ee dx = 0-— 1 (0! 4 
0) = 0 fp OE de = 0-F ln) 
Let 1(n)= = sate) lease ie. 
yon 1y= (7 Senta) s e08% ay 
te inet) fn) 2" inn 2) xin dne) 608 ae 
J sin x 


=f" Besa (tnd1) xetin estos 9. 
a sin x 


=f," (costen+2)x+ cosanx) dx 


(a sin(2n) x Meters 
(2n+2) a) 


= int) =h(n)= 


4) 


fo" sin2x-cosx 4. 


” sinx 


su a0 
aff Beast ede =f" (14 cosax)dx 
ox) @? 
-(x+ 824) 
zh 


a 
WM FHNe) = Wey=—L ny 


[using Eq. (i) 


© Ex. 50 Evaluate t e™ sin" x dx, ifn is an even integer. 


Sol, Here, I,= J e°* sin" xdx 


=(csin® ep tn sin! xcosxeF de 


nf, (sin? x- cos x)(e7*) dx [where (-sin" xe") =} 
1 u 
=> 1, =n[(-sin"' x-cosxe*)F 
+(n— 1) fy sin? xcos" xe"*dx -\r sin" xe™* dx) 
1,=n(n—1) fe“ sin? den? fe sin" ede 
=n(n-1)1,-2—77l, 
=> (+1), =nn- Ia 


(n=) 7 


= 
n+l 


Mn—3) (n= 4)(n=5) 


ian 


(n-2)' +1 (n—4)° +1 
w=» and s0 on. 
22-1) 
ne etl fo 
L _ a(n) (n=2(n-3) (n=4)n=5) 22-1) 
OT neL (ua2eed (anahe B41 
oly, us (:4=[fetee=) 


“Wt a 2 
Tl {1+(2r)"} n 1+ 4r’ 
m FS 

© Ex. 51 Evaluate [.'(tx +1-x)"dx,n€N andt is 

independent of x. Hence, show 

[xt de = 


1 
"Cy (n+l) 
Sol. Here, F=f! (tet 1-2) de=f) (tx) de 


-{tecpeear') 


+e) |, 


ayer te ttt Ai) 
mel 
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Again, 1=[ (tina dr=f" (Q—x)+ eg" ae 


=f toa -ai °G day e472? 
(x)? +. GLX) (te) +o + "G(r 


{5 a 
Es 
=> not) =x de (i) 


From Eqs. (i) and (ii), 

I 1 1 = = 

nay deat tee te ted 
L'Gt fl a-ay¥ dra hae aes +tel) 


Equating coefficient of * on both the sides, we get 


"cf! a-x)" tes 
Gf, d-x* Ht de= 


1 


1 . 
=> f, (-x)" + de 


© Ex, 52 Given a real valued function f(x) which is 
monotonic and differentiable, prove that for any real 
numbers a and b; 


[PP orf Ponde= J") axtb- Foote 


Sol. As, f(x) is differentiable and monotonic. 


o£ Max) exists. 

Let f “Ux)=taox=f(torde= f(t) dt 
As, x=f@)=f"{fl@}=tt=a 
and x= f)= fi f)}stat=b 


50) 


ig 2x FMadhde=[? 2foe-9 FOr 


=f) @- ese fora 
toon 

=U FOP +f? FOF at 

=a fr +f? (FOF at 


=[" (ror -r@ra 
[) e)-FF@hax 


© Ex. 53 Evaluate 
f sin @ (cos? 6 —cos? 7/5) (cos? 6 — cos? 2/5) . 
0 sin5@ : 


Sol. We know, 


onlay st-2ene(2) 1] =-2(<oe28)s43] 


x( #-2eorSEr1)( #2000821) 
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Put z=cosO+isin® 

=> 2isinS8=(2isin 8) (2 cos 0-2 cos m /5)(2 cas 0-2 cos2m/5) 
%(2.c0s 8-2 cos 4n /5)(2cos 0-2 cos6x/5) 

=> sinSO=16sin 0(cos* 8— cos’ n /5)(cos* @—cos* 2m /5) 


Aliter Convert acosx + bsin x into a single cosine say 


a 2.9- cos? 29 coal 
= Sin (cos? O~ cos? /5)(cos? 8—cos?2m/5)_ 1 cos (x-+ $)and put(x+6)=t 


sin5@ 
g in 8 (cos? 8— cos? m /5)(cos* © Ex. 56 Evaluate £ Inxdx 
A 58 0 x? 42x44 


Sol. af (put x=2t => de=2dt to make coefficient of 
r xt+ax+4 


ir 5 "¢, , stant te 
© Ex. 54 Showthat lim  ———*—=e-2. * gem Bt an dic aie Ra 
nom k=0 nk (K +3) oa ft Wndtlnt yin ar 
0 a? ++) 2/0 Peete 220 th +ted 


FA Ty=3er0 


[an (+2) 


a(xteli-[" ax-etde =e-a{ (xe)- fier as} 


lo 


In? 2m _n In2 


2 WS a 


~2{e-e+ 1} =€-2 


cosx 
—dx 
acosx +bsinx 


© Ex. 55 Let=[" 


and J=[" —_Sinx __ay, where a>O.and b >0. 
%  acosx +bsinx °° Ex. 57 Finda function f, continuous for all x (and not 


te the values of land J. “ i 
Compute the values of zero everywhere) such that f?(x) =[° L0sint gy 


Sol.“ at + bj =% Ai) 2+cost 
_ prt beosx-asinx Sol. We have, fixja{* £Osine 
aa Hn cceextininx™ FOO ay coat 
, bl -aJ =In[acosx + bsinx]y? (Note that f#(x) being an integral function of a continuous 
° b function is continuous and differentiable) 
-aj=in( 2 Ci - 
S ba] (2) ) afta) f(a) x Lesin 
2+ cosx 
From Eqs. (i) and (ii), - Integrating, we get 2 f(x) =C-In(2 + cosx) 
a? + abJ = my x=0 => f(0)=0 => C=In3 
p71 -abJ =bIn(b/a) * fxy=4 tin —3 
2 2+cosx 


tan! ae 
© Ex. 58 Evaluate [~ XEN Ny, wherea isa 


x 
parameter. es 4 

t 5 
Sol. Let pa lL 


When a=1 and J =0 thenC=0 


Hence, 1=2ina 


(put x=sin®) 


2asec* 0 dO 
a’ tan*@-(1 + tan’@) 


2asec? 6.40 (put tan®=1) 


-2adt 2 
fi wear aah ; ( 1 ) 
1 
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or F=nvi-a?+C 


If a=0 and I =0, thenC=-1 


© Ex. 60 Evaluate [*” wf 


if" w(t) Galen 
lo 


I 


=n(s-«-1) 


1+asinx 
1-asinx 


Sol. Let ; 
T-asinx  sinx 
at _ o_o dx 
da °° (1-a*sin?x) sinx 
Se 2sec* x 
© (1-a")tan?x+1 
ade 
= 
3S aaa 
1a? 
When a=0and [=0, then C=0 
T=nsin“(a) 
Hence, T=nsin“a+C 


(put tanx=#) 


dt 


The value of f* O* = 4y+5)sin(y—2)dy ,, 
‘ (2y" ~8y +1) 

(a)o (2 

(c) -2 (d) None of these 


N 


Let f(x) =x? +ax + band the only solution of the 
equation f(x) = minimum f(x) is x =Oand f(x) =Ohas 
root cand B, then ii x? dis equal to 

Leica Lat pe 
@ 76 +0) ) ite" - 6) 
() 0 (d) None of these 


Ji, V@=2sin? at + ffeoseat=0 then) a= 


and y= nis 
v3 0)- v2 
@-8 (@) None of these 


if sin“\(sin x) + cos"'(cos x) 4 = io" +x? ) 
ne as 
emilee) 


+brtan|£—™ (where, [] denotes greatest integer 
l+ct 


s 


a 


function), then number of ways in which a~(2b+ c) 
distinct object can distributed among “— persons 
é 
equally, is 
! 


10! 
Oop 


5. The value of the definite integral 


a) —_*____(a> 0) is 
eo (14x*)(1+ x?) 


x x 
Os o> 
(on (d) Some function of a 


6. The value of the definite integral 


a (C+ x)sin x +(1- x) cos x]dx is 


an 6 
(a)2 tan ()2 tant 


(92 tan = jo 


m tan” (nx) 


7. Let C, dx, then lim n?-C, is equal 
+8 sin (nx) a 
to 
(a) (b)o 


71 @y 


Definite Integral Exercise 1: 


gle Option Correct Type Questions 


dt 
t? +2t cos a+ 


If x satisfies the equation (i 


-(r 1 sin 2t at)s- 2=0(0<a< x} then the value of 
1 


eierrere 
xis 
ess b) 
we 2sinae a a 
ra 20 
@t\e5 @ z 
v tdt 7 
9. If f(x) =e and g(x) =f’, then f/(2) is equal to 
F(x) =e! and g(x) lon en f'"( q 
(27 (b)0 
(1 (d) Cannot be determined 


10. Ifa, band c are real numbers, then the value of 


tian tn (: fi G+ asin bx) a) equals 


(a) abe (b) ae 
¢ 
o# ws 

11, The value of lim, x Tear is equal to 
Ord ws 
Or wt 


12, Let f(x)= J" el de and h(x) = f(1 + g(x)) where g(x) is 


defined for all x, ¢*(x) exists for all x, and g(x) <0 for 
x>Q1fh'(1)=e and g’(1)=1, then the possible values. 
which g(1) can take 

(a)o (b)=1 

(-2 (4 


13. Let f(x) be a function satisfying f?(x)= f(x) with 
F(0)= Vand g be the function satisfying 
L(x) + g(x) = x? 


‘The value of the integral f' f(x) g(x) dis 


1 
We-> 


(bye-e' = 3 


1 
(ple-3) We 


ats) 


14, Let f(x) J 


yee 


whereats) =f" (1+sin t?) de. Also, A(x) =e7!*! and 


f(x=x “sin ix #0and f(0)= athens’ (E )ineqatto 


(a) (0) (b) (" ) 
(K(0') (2) tim 1828 
10 xsin 


15, For f(x) =x' +| x], let J, = JS cos x) dx and 
1,20" sin x) dx, then 2 has the value equal to 
(a) (b) 1/2 
(2 (d)4 

16. Let fide a positive function. Let 
ij =f, (x) f(x(.= x) de, =f, F(x (1 x) de, 
where 2k = 1>0 Then, is 

1 


(a)k (b) v2, 
(1 (2 

17. Suppose that the quadratic function f(x) =ax? + bx +e 
is non-negative on the interval [~1, 1]. Then, the area 


under the graph of f over the interval [-1, 1] and the 
X-axis is given by the formula 


(a) A= f(-1) + JQ) 
oad) 


CAH TL n+ 2/0) + 0) 


AHFC + 4f0+ £00] 


1 
18. Let 1(a) = [* ( +asin ‘J dx, where ‘a’ is positive real. 
a 


ahs value of ‘a’ for which [(a) attains its minimum value, 


(a) »fE ope (©) - q@) E 


19. The set of values of ‘a’ which satisfy the equation 
ff (t= tog, a)ae = log, (= 


(a)aeRr (baer 
(c)a<2 (d)a>2 
20. tim (» pee. at) equal to 
Be|* ae 
1 2 
wt 2 


(1 qo 
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21. The value of n([™ x| in mx| dr) i equal to 


(a) /2008 (b) w¥2008 — (c) 1004 (d) 2008 
7+>0is equal to 
x 
(b) tan" (x) 
or 
¥ 


23, Let a> and f(x) is monotonic increasing such that 


flo) =0and f(a)=b then f° fix)de+ ff (x)dvis 


equal to 
(ath — (b)ab+b = (C)ab+a_— (A) ab 
TED 2x ls xt 

ms Toe dx=k J) , then 

‘kis equal to 

(@r ()2n 2 @1 
25. J i: +t)-42 dx is equal to 

hb x) x 

(a)o (b)1 

oy (a) Cannot be evaluated 


26. jim (f a+x ax) is equal'to 
@2in2 4 @ms ws 


2 


8 


If g(x) is the inverse of f(x) and f(x) has domain 
xe [15], where f(1) =2and f(5) =10, then the values of 
ff flo des f? ety) dyis equal to 


(a) 48 (b) 64 71 (d) 52 
28, The value of the definite integral 
Jf sin xsin 2x sin 3x dx is equal to 
a eS 4 A 
(a) i ) a (c) : (d) j 


29. If f(x) = ['(flO)'at, f sR Rbe differentiable function 
and f(g(x)) is differentiable function at x =a, then 
(a) g(x) must be differentiable at x =a 
(b) g(x) may be non-differentiable at x =a 
(c) g(x) may be discontinuous at x =a 
(d) None of the above 


30. 


s 


The number of integral solutions of the equation 
afr Intdt _ 5 in2=0; x>Qis 
fe +e 


x 


(ajo (1 (c)2 (d)3 
34." cos ® [=| aris equal to 
p 2bn 


(ayo (b)1 (c)2 (d)3 
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32. ft (ax? =S)de=0and5+ f° (bx +c) de =0, then 


(a) ax? — bx + ¢ = Ohas atleast one root in (1, 2) 
(b) ax? — be + ¢ = O has atleast one root in(-2,—1) 
(c)ax’ + bx + c= 0 has atleast one root in(-2,~1) 


(d) None of the above 

33, The value of f° (f/x + J12x—36 + [x J12x-36) dx 
is equal to 
(a) 63, ) v5 
(123 (d) None of these 


36. If f(x) = [sin (sin 2x)] (where, [] denotes the greatest 
integer function), then 


(@) 0" 7@) ae = : = sin" (sin 1) 
(b) f(x) is periodic with period 
© lim f()=-1 
(a) ions of the above 
37. Which of the following definite integral(s) vanishes? 
fof et xx (b) J" sin? x dx 


dx « [1+ cos2x 
ay f* JA OS2% ae 
© Brrr: oa 


=Ohas 


38. The equation 10x* —3x* 
(a) atleast one root in (-1, 0) 
(b) atleast one root in (0, 1) 
(c) atleast two roots in (—1, 1) 
(d) no root in(-1, 1) 


ff" cos (rsin? x) dx, 


39. Suppose I, 


cos (mt sin x) dx, 


1, = [7 cos(@n sin’ x) dx and 1, = i 


then 
(1, =0 (b)1, +1, =0 
OL+h+h=o @h=h 


40, Let f(x)= fi, (1=|1]) cos (xt) dt, then which of the 


following holds true? 
(2) f(0)is not defined 
(b) lim f(x) exists and fs equal to 2 


(©) lim f(x) exists and Is equal to 1 
@ ‘eis continuous at x=0 
41, The function f is continuous and has the property 
Fl f(x))=1- x for all x€ [0,1] and g=f (f(x) de, then 


Definite Integral Exercise 2 : 
More than One Option Correct Type Questions _ 


34.161, = J) x +e $2} +{x? +3} {x? + 4)) dx, (where, 
0 ares the fractions part), then J, is equal to 


(@- t w= @y (a) None of these 
“2 sin oni) « xa sin? ME nen, 
35, Lett, = ff" SS dda = =f aa 
then 
@) J.-H =1 OIF 


Ohuthah @ Iw Jon 


wilde) 


(b) the value of J equals to 1/2 


oe) 


@ [snd 


Gime con zy has the same value as J 


42, Let f(x) is a real valued function defined by 
f(x)=xtext |) of(ydee? f fit) de, 
then which of the following hold(s) good? 
(of, +70 d= ©) fay + f= = 
Cf, floae> fi fa (@ f0)~ s-=2 
43. Let f(x) and g(x) be differentiable functions such that 


S(x)+ f° g(t)dt=sin x (cos x —sin x) and 


(£/(2))? +(g(x))? =1, then f(x) and g(x) respectively, 
can be 


cos 2x 


1 
(2) 5 sin2x, sin 2x (b) cos 2x 


Hes : 
(0) sin2x,~sin 2 (d)-sin’® x, cos2x 


4, Let f(x)= J" (tsin at + bt + e)dt, where a, b,c are 


non-zero real numbers, then lim es is 


(a) independent of a 

(b) independent of a and 6, and has the value equals to ¢ 
(c) independent a, b ande 

(a) dependent only on c 


45. Let L= lim [7 FASE where ae R then L.can be 
(a) x (b) x/2 (co (dt 


Definite Integral Exercise 3 : 
" Passage Based Questions: 


Passage I 
(Q. Nos. 46 to 48) 
«  thdt 
9 (a+t" YP 
lim —“* = 1, wher 
Suppose lim — = h where 
peEN, p22,a>0,r>Oand b#0. 
46. If lexists and is non-zero, then 
(a)b>1 (b)o<bet 
()b<0 (d)b=1 
47. If p =3and I =1, then the value of ‘a’ is equal to 
(@s (b) 3 
(6 (d) 3/2 
48. If p=2and a=9 and | exists, then the value of ! is equal 
to 
3 2 1 a, 
(@) 3 OF ©) A (@) 3 
Passage IL 


(Q. Nos. 49 to 51) 
Suppose f(x)and g(x) are two continuous functions defined 
for 0S x1. Given, Six)= fi ett! f(t) dt and 


2@)=f! eT g(t)dt+x 
49, The value of f(1) equals 


(ajo (b)1 

@et (de 
50. The value of g(0) — f(0) equals 

2 3 1 

Ose SFG SF 

51. The value of £ equals 
(2) 
1 1 2 
(ao ©; Oe Oa 
Passage IIT 


(Q. Nos. 52 to 54) 
We are given the curves y= |" f(t)dt through the point 
! 
(03) any y= f(x) where f(x) > Oand f(x)is differentiable, 
Vxe R through (0,1). Tangents drawn to both the curves at 


the points with equal abscissae intersect on the same point on 
the X-axis. 
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52, The number of solutions f(x) =2ex Is equal to 


(a)o (yt 

2 (d) None of thexe 
53. tim (f(x) Is 

(a)3 (nyo 

(ot (a) None of these 


54, The function f(x) is 

(a) increasing for all x 

(c) decreasing for all x 
Passage [V 

(Q. Nos. 55 to 57) 


() None of these. 


See fi et = at! )aeand g(x)is quadratic 


g(0) + 6=g" (0) ce) + 2b=0 ys hCojand y= g(x) 
intersect in 4 distinct points with abs 121,2,3,4 such 


that SL = 8,a,b,ce R* and h(x)= "(xs 
x 


55. Abscissue of point of intersection are in 


(a) AP (b) GP 
(c) HP (d) None of these 
56. ‘a’ is equal to 
(a)6 (b) 8 (c) 20 (a) 12 
57. ‘c’ is equal to 
(a) 25 (b) 25/2 (ce) 25/4 (d) 25/8 
Passage V 
(Q. Nos, 58 to 60) 
Let y= J" seyattet us define % ay 
so de de 
=v! (x) J (Hx) =u (X) 7 (u(x) and the equation of the 
tangent at (a,b)and y= b=(2) waa), 
OT ayy 


58. Ify= J"? dt, then the equation of tangent at x= Lis 


(a)xtyst (W)ysxnt 
y= Wyneti 
59. ify =f" (in thd ther tim, x is equal to 
, atide 
(ao (b) 1 (2 @)=1 


60. 16 f(x)= fe" (1—e) de, then Slx)ot xe tis 
ds 


(a)o (byt 
(2 (ly =1 
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Passage VI (Q. Nos. 61 to 62) 


Consider f:(0, )—> (-3. 2) aint as fs) = tan" (tesa) 


61. The about function can be classified as 62. ‘The value of [~ [tan}dx is equal to (where, [] denotes 
(a) Injective but nor surjective . i 
(b) Surjective but not bijective the gentese integer pinen) 
(c) Neither injective nor surjective (a)- 7 Os 
(d) Both injective and surjective én @i 
Definite Integral Exercise 4 : 
Matching Type Questions 
1¢r — = 
63, Let Jim — f° (sin x +sin ax)* dx = L, then a 
an ae Column 1 _ 
Column It (B) The value of the definite integral @ e™* 
a ©) 0 
the value ofLlis _—_ a 
1 the value of Lis 1 
(D) ForaeR- 0, 4), the value of Z is 2 — 


eT izeunst e)=f" 6) a: 2 
64. Let f(0=f (x-+sin0)* deand g(@)=f{(x+c050)' de gg Match the following. 


where @¢ [0,2] The quantity f(0) — g(8), @in the 


interval given in column | Column 1 
Colum Column It ) ie sys fA whe 
elu _ Se= ff ry 
(A) (x 3x (p) negative a 
G 7 (3) = J" (+ sin A) de, then value of 
‘@ ie ; ‘| positive Fe (3) is 
© [an x) (nonnegative (B) If f(x)isa non-zero differentiable @ 2 
tata) Function such that |” (0) de= (2), 
@) (a8}u Tx non-positive Vx eR, then f(2) is equal to 
4 ee a 
rere ©) tf’ @4x—s%)deismaxi i 
65. Match the following. [ @es—s'aciemasimmcen 
Mateh the solowin : : 4+ bis equal to 
Seen ) sin 2x | imeticce al 
(A) J, + 2008") ”" de equals @) x 


has the value 
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Definite Integral Exercise 5: 
Single Integer Answer Type Questions 


67.10 flay= FSM ona f" playa = voe(), then the value of (m-+n)is . 
a n 


68, The value of 1 =f" —_Cosxdx _ 
ns 1+2[sin “(sin x)] 
iuacinaes 
Jr" S78 do(ne Ny, then the value of £15)+ £03) 
sin? @ £(15)— fla) 
70, Let f(x)= fe °°" dt and g(x) =(h/ x), where A(x) is defined for all xe h. If g! =e" and h’(2)=1. Then, absolute value 
of sun for all possible value of h(2), is... 


(where, [} denotes greatest integer function) is ... 


69. IF f(x)= 


T 


71. 1f = [°"" sin x-log(sin x)dx = log (5) Then, the value of Kis... 
¢ 


(i) JEE Advanced & IIT-JEE 


72. The value of [” *“°5 dx is equal to 


“" 1+e* [Only One Correct Option 2016] 
x x 
@-2 (+2 
(@nt-er? (ni +er? 


73. The total number of distinets x € [0, 1] for which 


Ge Teas [Integer Type 2016} 

74, Let f(x)=7 tan® x +7 tan‘ x-3tan‘x-3tan? x for all 
xe (4. 2 Then, the correct expression(s) is/are 

ze [More than One Correct Option 2015] 
(b) f"s) de =o 


(@) f2"7) de =1 


(fx fla) de = 3 
(Of xsle) ae=t 


192x? 


Lo Let 7/(2)= 2% for atl xe nwith (2) =08 
2+sin‘ nx 2 


ms [!_ f(x)dx M, then the possible values of mand M 

ane [More than One Correct Option 2015] 
Egg 

(a) m=13,M=24 (ym=a4 Mas 


()m=-11,M=0 (d) m=1,M=12 


Definite Integrals Exercise 6 : 
Questions Asked in Previous 10 Years’ Exams 


76. The option(s) with the values of a and L that satisfy the 
f{"et(sin® at + cost atydt 

— = L, is/are 
j*e'(sin* at +cos* at)dt 


equation 


[More than One Correct Option 2015] 

en 
a)a=2,b=2 1 
(a) 7 


(d)a=4,L= 


* Directions (Q. Nos. 77 to 78) Let F: R R be a thrice 


differentiable function, Suppose that F(1)=0, F(3)=-4 
and F(x) <0 for all x €(1, 3). Let f(x) =xF(x) for all x € R. 


77. The correct statement(s) is/are 


[Passage Based Questions 2015] 
(@fajy<o 


(b) f@)<0 
(c) f'(x) # 0 for any x € (1,3) 
(d) f’(x) =0 for some x € (1,3) 
78. iF fx? F(x) dx =-12and I x? F"(x) de = 40, then the 
correct expression(s) is/are 


@9fO)+ fa)-32=0 Wf fode=1 
9F'O)-F0)+32=0 ['flx) d= 12 
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79. Let f : R-> Rhea function defined by f(x) 


where [x] denotes the greatest integer less than or equal 


toxitr=f) 0) | 
2+ f(x+1) 


80. a= fer" (Bee 
+x 


dx, then the value of (41 — 1)is 
[Integer Answer Type 2015) 


as where tan x takes 


only principal values, then value of (is fl+al- *) is 
[Integer Answer aaah 5) 
81. The integral |" "(2 cosee x)" dx is equal to 
[Only One Correct Option 2014] 


do) fe ery a 
@ J, 


0 Bar 
82. Let f :[0,2]—> Rbe a function which is continuous on 
(0, 2] and is differentiable on (0,2) with (0) =1. 


Let F(x)= fi" f(e)dt, for x€ [0.2]. F(x)= fF’ 


Wet +e 


i iy 


(e -e*)"'du 


© ne met "da 


x € (0,2), then F(2)equals [Only One Correct Option 2014] 
(a) e-1 (b) et-1 
( e-1 (a) 


83. Match the conditions/expressions in Column I with 
statement in Column a _eeening Tyre 2014) 


Column It 


84. Match List I with List II and select the correct answer 
using codes given below the lists. [Matching Type 2014] 


List! Li 
‘A. The number of polynomials f(x) with non-negative p. 8 
integer coefficients of degree < 2, satisfying 
s(0)= ound, ‘S(e) de= lis 


‘B. The ‘mumber of point i in the interval (-Vi3, Visjat q. 2 
which f(x) = sin(x?) + cos(x*) attains its maximum 
value, is 


List 


a 


86. 


87. 


88. 


89. 


90. 


i. The value afae[Za--y} dx is 
re x’ 


[Integer Answer Type 2014] 


‘The value of the integral [*" (= +log* ua 
is 


cos x dx 
+x, 


[Only One Correct Option 2042] 


@)o oo 


r 
© ae 


@s > 


legs xsin x? 
The value of ["*’___*Sinx_ 
eres + sin (logé—x*) 


[integer Answer Type 2011] 


1 


dio 3 
@) je; ©) Hog 


(© tog? @ Flee? 

Let f :[1, 9] + [2 =] be differentiable function such that 
f(1)=2.186f" f(x) = dt =3x f(x)—x°,V x2 1 then the 
value of f(2)i 


[Integer Answer Type 2011] 
+ Mieewshi 
The value(s) of [ ve dx is (are) 
1 se 
[Only One Correct Option 2010) 


OG 


3x 
qa) TL_3e 
@F z 


For ae R(the set of all real numbers), a#—1, 
(8 +2" +...4n") en 


-— any 
ate +1)" (na +1)+(na+2)+...4(na+n)] 60° 
Then, ais equal to 
(a) 5 


eal -17 
oF @ 2 


[More than One Correct Option 2010] 
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* Directions (Q Nos. 91 to 92) Let f(x)=(1—x)'sin’x+x?, 94. Let f be a non-negative function defined on the interval 


2-1) * 
vxeRand g(x)= if C& Pine] findevs e(, =). (orLle fy a-(f (t))? =f ‘Ff (t)dt, 0S xS1and 
B 0 
"passics Based Questions 2010] ‘f(0)=0, then [Only One Option Correct 2009] 
91. Consider the statements 1)01 ie iad Ty. % 
P: There exists some xe R such that, w s(}<z ama sQ)>5 © (ez am )>3 
f(x) +2x =2(1 + x*). 1)4 ty) 2 
1 1 
Q:There exists some xe Rouch that2jlx)si=axiin). —@ F(4)<bama (BJF (zee) 
Then, 
(a) both Pand Qare true (b) Pis true and Qis false 95. IF, =f" — se 2,..., then 
(©) Pis false and Qis true (d) both Pand Qare false ° de (142*) sin x 
Cc st 2009) 
92. Which of the following is true? Renan te Cate or 
(a) gis increasing on (1, =) @) =the ©) Llanos = 108 
(b) gis decreasing on (1, =) a mat 
() gis increasing on (1, 2) and decreasing on (2, ~) © Yh. = @) 1, =1, 
(a) gis decreasing on (1, 2) and increasing on (2, =) Cie 
93. For any real number x, let [x] denotes the largest n st n 
=>—_*__. vf 
integer less than or equal to x. Let f be a real valued 96. Lets, io SET ery uate? re eral 


function defined on the interval [—10, 10] by then [More than One Correct Option 2066] 


_J *-LxL if f(x)is odd 5 7 
f= {ise if f(x) is even ae OS, > 
® x 
Then, the value of F (x)cos mx dx is. OnR< (@7,>4- 
oo [Integer Answer Type 2010] ws 33 
(ii) JEE Main & AIEEE 
97. The integral (ae dx i, equal to 102. a I The value of the integral [2013 JEE Main) 
ore Nee Tacos x [2017 JEE Main} i a iecquslene 
(@)-1 (&)-2 re aes : 
©2 (@s : 
98, Let 1, = ftantxds(n>1).1, +1, =alan? x+ bx" +6, Statement If? f(x)de=! f(a+b—x)de 
si I 1 i " te 
where C is a constant of integration, then the ordered @) pace is tensi Staten Tis true; Statement Il is a true 
Pair (a, b) is equal to ue YEE Main] (0) Statement Is true; Statement Il is true; Statement Ilis not a 
@) (+ 0) ® (- 1 ) © ( 0) @ ( ~) true explanation for Statement I 
ZI 5 = 2 (c) Statement I is true; Statement IT is false 


(@) Statement | is false; Statement is true 


[n+ In +2)...30]". cai 
bare [ nn equal [2016 JEE Main] 103, The intercepts on X-axis made by tangents to the curve, 


wt 2 @2 2 (d)3log 3-2 y= ff [t/dt, xe R which are parallel to the line y =2x, 
. best are equal to [2013 JEE Main} 
100. __°B* ___dx is equal to. (a 41 (b) £2 
he integral iF log x? + log(36— 12x + x") a () +3 (d) +4 
015 JEE Main) ont”: 
ie is @i ae 104. tf g(x)= J" cos 4t dt, then g(x +m) equals peta AIEEE} 


ax) 


() an) (b) g(x) + 6%) (©) g(x) - ge) (A) g(x) a(n) 
101. The integral | 1+ 4sin? ~— asin= dx is equal to 
[2014 JEE Main} 


108. The value of f'SEU*) ae is 
(a)n-4 Banna +x [2011 AIEEE] 


x x 
43 (d) 4V3 - 4-4/3 (a) 5 log? (b) Flog 2 (e)log2 (a) m log 2 
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106. vorxe (a8 3) deine (x)= ff vésine dt then, f has 


108. i [cot x] dx,[ ]denotes the greatest integer function, is 


[2009 AIEEE] 
[2011 AIEEE] equal to . / 
(a) local minimum at m and 27 (a) = (b) 1 
(b) local minimum at x and local maximum at 2% 2 x 
(c) local maximum at mand local minimum at 270 @-1 (@) =a 
(A) local maximum at rand 27 : Veone 
x 
107. Let p(x) be a function defined on R such that 109. vata [0 dx and J= J iE dx 
dan Gey TP’) p'C— 2), for all xe [0, 1) p60) =1 ‘Then, which one of the following is true? (2008 AIEEE] 
a 2 2 andy <2 
and p(1) = 41, Then, f! p(x)dx equals soci nia (a) 1> Sand J>2 (b) "=e i< 
(a) Jar (b) 21 ( re zandj>2 (d) >and J <2 
(c) 41 (d) 42 3 3 
Answers 
Exercise for Session 1 Exercise for Session 5 
1 
EP at 42 ni 2B aavin at 85 
1 6 -wi+3 +L neet-i 
ted 1. — log, 3 
1 1h tog, b ve 
x 1 B.S) de= S(x) de 9.16 10.4 3 
to. +e log (V2 = 1)  jespae 
Wi TE i 1 1 
13.101 Mensa 12, £1 13, g(2n)=0 s[-4.2] 18.5 
1 l 
Exercise for Session 2 16, a= 3 17. f(@@) = Ve 18. — 
a 1 
bi 3 log 2 19, (1) ~ sin (1) 20.5 
1 Exercise for Session 6 
ae | L@© 2@ 30 46) 50@ 66 
a ‘aed 7.) &(a) Ce) 10.@) 
“Sina Chapter Exercises 
14.2 L@ 20 3) 4@ 5@ 
72 8.) 9G) 10.) LG) 
Exercise for Session 3 13. @) 14. (0) 15.(6) 16. (4). (d) 
7 sel 713 19, (b) 20. (a) @) 22.0) -23.(d) 
7 29 a 4 = iy 25. (a) 26. (b) 27. (a) 28. (d) 29. (a) 
* 31. (a) 32. (b) 33. (a) 34.(b) 35. (b) 
a, (211+ 9,107 = tan 1 37. (c,d) 38.(a) 39 (a,b,c) 40. (c,d) 
2 baer 42. (bd) 43.(6) 44. (0) 45. (a,b,c) 46. (0) 
48. (b) 49. (a) 50. Si.(b) 52.(b) $3. (c) 
12, 10m = se] 1amdeatl+ ot2 Me O58 54, (a) 55.(a) — 56.(c) $7. (a) SH. (b) 59. (a) 
2 60. (a) 61.(c) 62. (c) 
16. Yr (" = (= 1") + k= Ke") 63. (A) > (a), (B) > (5), (C) (p), (D) + (0) 
fat 64. (A) > (Q), (B) > (®), (C) + (5), (D) > (p) 
3 191 20,2 65. (A) (s), (B) + (p), (C) (q) 
66, (A) (8), (B) (0), (> (D>) 
4 82. (8) $8610) 68-3) 7.) TQ) 72. 
Exercise for Session 4 oe 20 SO. SO Hh, TROY me 
10 20 a2-E 400 Soe 8 73. (0) 0.8) aL) aE 
2 83, As, Bs, Cp, Dr, 84. (d) 85.(2) 86, (b). 
aok om 9.0 W.aandet1.0  12,—27 87. (a) 88,(8/3) 89. (0) 9. (bl) 91. (e) 92. (0) 
g 8S 93, (4) 94.(6) 95. (mb,e) 96.()97.(6) 98. (c) 
13. 20 14.0 15.4 G.(c) 17,2 18.0 99. (b) 100.(c) 101. (d) 102. (4) 103. (a) 104. (c) 
19, 10% 20.0 105. (d) 106.(¢) —107.(b) 108. (4) 109.() 


Solutions 


4. Let : 
bs (@y* —8y +1) 
Put y-l=z 
> dy=dz 


(2? + 1)sinz 


2 @-n # 


rf. 


= T=0,as [" f(x) dx=0,when f(-x)=- f(x) 


(2 + 1)sinz 
a eae ae ay 
Hence, f(x) = x* + ax—b 


and dz is an odd function, 


iS 


The solution of f(x) = minium f(x) is 


Given, f(X)minigum i at x = 0. 


> 2 =0 or a=0 
Es f(x) = x* — b =O has roots a and B. 
=> a= Vb andB =- Vb 


fi vae=J-" vae=0 
[J foxiee= a, when f-9 = 700] 


3. Here, J" \@—2sin® f) dt+ i 


Differentiating both the sides, we get 


Wy asin) 1 +(c0sy)(22) =0 


costdt =0 


(2) 


Oand sin“(sin x) is an odd function. 


sin” (sin x) f cos”'(cosx) ie 
ne (x) xT a (4 x") x1 

« cos(cosx) 

je (1+ x*) 


7 on 
raf Trea reson 


=0+2 


= log (1 + x*) +2n(tan x)! —[log (1 + 16) ~ log (1 + x?)] 
2 Sig sects) 7 

= log(t +n?) + 2n(tan! 4 ~ tant) —log = 

4-n } 


1+4n 


“ fg 282 nt an 


(ate ant'( 4% 
wes (122) santa ($22) 


7 
On comparing with log (=) + bre tan’ 


a=17,b=2ande=4 
a-5 5 


a—(2b + ¢)=17 -8=9and —— 


‘Thus, the number of ways to distribute 9 distinct bijective into 
9 


3 persons equally is 


Gy 
5. Putx=tan® 
xn dé xt (cos0y° 1-2 
a © 1+ (tan @)* I Gnoy+ (cosy > 4 


= IP in + 008 x) d+ J" x (sin x~ cos x) de 


= JP "Gein x + c08 x) dx 
+ [x (Geos x —sin x)Rt/4 + fin x+ cos x) dx 


=2 f°" ein x-+ cos x) de +0=2 [cos x+ sin x" 
1 

Pr ree 
[ ve 


7. We have, C, 


Spot] -20e+ 9-2 tn 


tan" (nx) 


(putnx =) 


eT dt(o x0) 


> 


dt = 0 as the integrand is an odd function. 


ie # sin 2t 


dt 
e P+ 2tcosa +1 


a1 t+ cose 
= tan SOs 
sina since 


2sina 
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‘Thus, the given equation reduces to 


xf _-a=0 = x=42 
2sin a 


9. fixer g(2)and g(x) = 


Faye? 2 ae 
Hence, Fi Rea Gelt a t 
lence, FO=e-gQaeF ae 
10. limy In ( f+ asin bey" a) 
fdr asind x) de 
=tn fig 9 
=Inig 2 ase In masini mimes 
11. T= ul : 
fE-=(E4) 
0 Nn 
14 1 _ pt de 
s-d “i, Ve@x+ay 


34 
put Ve 4+4=¢ = 3.de=de 
ee 2k 


igi =i[4- 
3% Parl, 3l4 


12. Given, fx) =f" e atsMx) = fl + a(2)):a(2) < 0 for x>0 


Now, wn = fr" ef dt= fl. + al) (given) 
Differentiating, we get ’(x) = 
Now, (given) 
= oro", 
= (+ gil) 
= 1+ g( 
= 
or 
13. Given, f'(x) = flx)= fle) 
Since, f(0)=1 


we f(x) =e" and hence gt: 


om -2f, xe" «[E] 


=(e- 0) 2"), “(7 1-3 =) 


=(¢-0)-2[(e-0)-@-]-3 6-1) 
3 


da 
aents—= 


a ie 


14. 


|. Given, I, =f, 


Here, f'(x)= Ie £0 


nn Ae) AB) 


i+ gn /2) 


But — g(x) =[1 + sin(cos* x)] (sin x) 
de}even 


r(Z-> asK(0")=—1 


Hence, 


;. Clearly, f is an even function, hence 


{fleos (n — x)) dx =f" f- cos x) de 


=f; flcos x) dx 
ns? uel x) de-2 f°" flsin x) de= 21, 


Aliter Let u = cos x =>du =—sin x dx 
+f) ay 
ee 


= n=2f' ~* 


Similarly, with sin t =t, 
f _fO_ 


ger 


From Eqs. (i) and in, = 


x f(x(1 x) deand 


=f}, feG-mex 
Using King's property 1, = f. (x) flx(1—x)) de 


a= fi, fe -x) are, 


“G ve]=biea ree) 


AaTLI + 4f(0)+ FO] 


(ii) 
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18. to)=f-(S +e x 2esine (+ ff ssin x dr= x) = 1=(2008)* => VI =2008 
. — 1 : 
2 Te hx nfl +(k/ nye) 


na ng 
Ia) =—; + ——+2n=nj|—4% 
(0) = 25+ 2 som [Syed |von A 


-+(Z- ay “| t 
& 4) +E |t 7 f aa wl se 


1(a)is minimum when = = gh = Pee) 
eee 23, Lety = f(x) = x=g(y) and dy = s"(x)de 
= a £ 
3 


Also, Ul@) lag = 2 + nf 
fe 
19. [F7 He 2] =2 —, ") ee 
= @-210g, «)=2-2 log, a T= ff fades ff god dvy = fs) 
= 2log,a=2log,a = aeR* = raf O)=aO)= ff soote [ade 
20. Consider 1 =f" hire), @ : . : 
ery = J; 64) + xf () de = [9f (015 = fla) = ab 
ial aus at (asing King’ property) 24, Let =", coe ae ti) 
ve Ind eee! wii 
vie ae oH a) a= fi = 


On adding Eqs. (i) and (ii), we get 
21 =f" In(i+#)dt=2 fina +8) de 


=> r=f"ina +e) ae On adding Eqs, (i) and (ii), we get 
er aren fe ae = an aon cf" 
Hence, I= lim x? S, In(l+f) dt an Tox . 
i" F a kee 
seg, fa BENS. (5 0m) 25. Putinx=torx=e =odx=e' dt 
ne janes i . ; 
Using L’ Hospital's rule, e Taf fe tent e deaf" fe tetyede= 


(as the Funetion is oda) 
«2 tata AliterT Put x=tan8 
> iad mia 1 In tan® 
tan 8 + —— | ———. sec” 
aes iF 1 {1 =i) tang 00% 
(1~ form) 


“fr {1wn0+ 5) nnd og 


tan@) sin @ cos 


Aliter Il Putx=1/t = 1=-1=321=01=0 


eae)? 
+1 


2 


tim (fh (+x) a)” = him ( 


fr" elsin eae 4) 
xi 


(17 form) 
= =i JP" eo08n —1)| sin t| dt xc) 


On adding Eqs. (i) and (ii), we get 


ay = 208% "| sin | dt = 2008)" f° | sin t| dt 
x 0 5 
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27. Lety = fix) > x =f" 0) = 80) 
dy = f(x) de 
T= J foadrs ff) dx 


‘When y =2, then x=1 
and when y =1, then x=5 


T= [f+ x Fe)de=|x fod 


=5/(5) — fl) =5-10-2=48 


Je) 


[sin x sin 2x sin 3x de 


“fale 


= f°" -sin2x 00s (4x) de 


sin 2x (2 cos 2x —1) de 


Put cos2x=f = ~sin2xx2de=dt 


a= [Ler -yan3 -] 


[Zea -en -(3ar-1)} 
r 
L 


29. Here, Peay oak Wi05C2)) eon 


=F (ale) tin SOO 


ar 
Itimplies that g(x) must be differentiable at x = a. 


30. On putting t = and then solving, 
z 


fig ine yy tees 
e+e 
Inx _In2 
= a2.5° 
x # 
= x=2and 4 i.e. two solutions. 


31. 


tm oR 
Ztae 
cos 5 (4) 


an’ x 
=a cos F(t] dt=0 


nfl) 


(ii) 


32. J (ar? as)de+ [be + e)de +S 
=f @t-5—be tet S)de=0 
Hence, ax? — bx + ¢=Ohas atleast one root in(-2—1} 


Ses + 5) + (5 - fe 3)) de 69 
b+ bp he 


33. 


=-2f veiden[-axZ] =-§ 


= pam sin yey 


Jo sin’ x 


i iy 


37. (a1 = f°" tn(cot x) dx => 1=f*"In (tan x) de 


1=-f2"in(cot det =-13 T=0 


()1 = f"sin?® xde=—J"sin’ xder=0 


@atxad p= ("Olea dt 
ui s1s en ty? tnty? 


1=-1 or 1=0 


+ conte a ercrs 
(fA a0 a ff PES aeoo 


38. I=], (lox —3x* -1) de=[2x* - x — x] =0 


Since, f(x) is even, hence must have a root in(-1, 0). 
39. We have, I, = f, cos (x sin? x) dx 


t= f°" cos(n cos? x) de 
f°" cos(n sin* x) + cos (cas? x) de 


2eos(£)-coe(3 cosas) ar=0 


i) 


cos {r (1 — cos 2x)) dx 
=- fr" cos (x cos 2x) de 
2-5 Jf c0s(n cos 1) dt (putax=0) 


=F [cosine cos t) dt =I, 


= 
ff" cos (r sins) at 
I, +1,=0 whit) 
Hence, I, +1, +1,=0 
40, f(x) =2 J, (Ut) cos (xt) de 
, coe 


41. 


oe 
=2 [a -1) al + xf sin xt a}-2p-3 cos 4] 
foy=a[2=S4] 


othen f(x)=f) @=[e))de=2 f' d-nde=a 


+: option (c) is correct, 


(x#0) 


If. 


[(1-cosx) 
sience, pte) =|?C=ERE), exe 
1, ifx=0 
2. fis continuous at x = 0. 
2. option (d) is correct, 
Given, fif(x)) =-x+1 
Replacing x by f(x), we get 
FUFFCM) = - FO) +1 
fl—x)=— flx)+d 


fle) + f(l—x)=1 “ 
Now, J=f. flxdx= ii ‘fl — x) dx (using King’s property) 


2g =f (fla) + fa - dy de 


= 
> a=fidea1s i= 


Putx= ; in Eq. (i), 


eeat-djo elder) 


ae sing 


Now r= [""__*"@* 
owls}, (sin x + cos x)’ 


5 rt" cos x 
le (cos x + sin x)” 
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an 1 
mate, (in x + cos x)" 


1 ‘g 
aap (4-i=1 


42, Wehave, f(x) =x" + ax? + bx? 


43. 


where, tide and b= J", flerde 

Now, fa tay e+ bP) de 

= a=2b [tat 2 i) 
Again, b= fi, fiyde= a+) + bP) dt 

= ba2fi (a+r de 

= wen ii) 
From Eqs. (i) and (ji), 2 Z dey) 


¢ 2) 2 
= $2)\,22 = 
2 3)°"S 
= a=Aandb=2 
i u 

" 4 : 10 
Hence, tf@de=4" and ) de = 12 
lence, f,tfo no [, fo 4 


fx) =(@ +1) 7 + bx? 
fQ) =@+1+b 
f(-y=(a+1)-b 


= flr) + f-1) =2a+1)=2 
and §(0)~ s-3)=2 = 
Given, (f'(x))* + (g(x)? =1 


Sx) + JF g(t) de =sin x (cos x —sin x) 
Differentiating both the sides, we get 
f(x) + g(x) = cos 2x —sin 2x 0) 
Squaring both the sides of Eq. (i), we get 
f(a? + (g(x)? =2f (x) g(x) = 1 sin ax 
= 1+ 2f'(x): g(x) = 1 sin 4x 
2f'(x) g(x) =—sin 4x 
sin 4x 


Now, substituting g(x) = 97) 


in Eq, (i), we get 
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sin ax 
fe)-z Te) 


Put f(xst 
=> 2t* -2(cos 2x —sin 2x) t—sin 4x=0 


p= 2lcos2x ~sin 2x) + a(t ~sin 4x) + Bsin 4x 
4 


4t =2 (cos 2x ~sin 2x) + ,/4(1 —sin 4x) + 8 sin 4x 
=> 2t=(cos2x—sin 2x) + [T+ sin dx 


Taking + ve sign, 2t = cos 2x ~sin 2x + cos 2x +sin 2x 
= t=cos2x 


= cos 2x ~sin 2x 


Taking —ve sign, t =—sin 2x 
Since, 
fo 
= 
If f’(x) = cos 2x, then g(x) 
sin 2x, then g(x) 


sin2x and g(x) 


= Setert and g(x) = cos 2x 


44, Consider f(x) =" (tsinat + bt + © )dt 


=2 J" (tsin at +) de 


fecal 


2 eee Ss : ina +e] 
a @ 
fe) _ _cosax , sinax , | 
fe |e acer 


a[-24 2 +e]=2e 


45. Consider J = 


GH oq OF 


0 b=cosx 


46. lim Using L'Hospital’s rule 
ro bx sin x 


0 


For existence of limit, lim denominator 
b-150 = bal 


£05.OE alee ] (using LBP.) 
@ 


47. 


48. 
49. 


50. 


51. 


slim aay? a 


1 
Gey? a 


cos x) 


Ifp=3and/=1, then 


aiden 22 
If, p=2anda=9, then => =5 


Here, flx)=et fe flat 
esi bs 
aan , 
fix) = Ae" -o 
> ‘flt) = Ae! 
where,  A=f.e- fivat 
= Aa[leead dn AzA) eat 


Now, aff. ear-i}=0 = A=oasf' ee areo 


Hence, f(x)=0 = fay=o 

Again, g(x)=e" f € gt)dt+x 

> g(x) = Be" + x —Gi) 

=> g(t) =Bel +t 

where, B=f'e gdtB=f e (Be +n) ae 

= B=Bfl cM ate fie -tat 

But flea ZO = 0 and fitter 
B=S@-41 

2 2B = Ble -1) +2 

= 3B= Bel +2 = 


From Eq. (ii), g(x) -( =] e+ x90) 


Also, f(0)=0 


(0) - f(0) 


s@)=5 


(2) 


Solutions (Q. Nos, 52 to 54) 


We have the equations of the tangents to the curve 

y= J flat and y = f(x) at arbitrary points on them are 
YJ" fide = fox - 9 a 

Y= fX) = f= x) slit) 


(() and (i) intersect at the same point on the N-avis 
Putting Y = Oand equating x-coorinates, we have 


~ fe), Fo fa 
f(x F®) 
Te) FG) 
a fL floa fe 
= [L flo a=) (iii) 


=1sf" fae= ae 
As f)=1= [/_ fi)dt=ex1=e 5 


=f foa = f(x differentiating both the sides and 
integrating and using boundary conditions, we get f(x) =e; 
y =2ex is tangent to y =e". 

.. Number of solutions = 1. 

Cearly, f(x)is increasing for all x 

im ("<1 


(~° form) 


Solutions (Q. Nos. 55 to 57) 


58. 


59. 


61. 


Wehave, g(x) = g(0) + xg'(0) + © g(ye-be +e-6 


Wx) = g(x) = 4x" — ax? + bx" — ex + 6 =O has 4 distinct real 
roots. Using Descarte’s rule of signs. 

Given biquadratic equation has 4 distinct positive roots. 

Let the roots be x,, x,, x, and x, 


Now, 


gy “yt (2) = 
Atx=1y=0,2 =2x-(x'¥ -(¢)' =1 
xaLy=O77 x + (x*)* —( 
:. Equation of the tangent is y= x1. 
2 = 4x°(In x*)? —3x' (In x") 

64x? (In x)* 27x" (In x)* 
lim % 264 lim 2 (In x)? -27 lim, xf (In x) =0 


eat death 


Wehave, f(x) = ser (-f)at 
Fale" a- <P 

Now, f)se-0=0 

Here, f(x) = tan 8 *_|ocxcer 


log. x+1 


1 
attains minimum at x =~ and maximum at x= 
e 
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Also, f(x) has y = 0.as asymptotes. 
f(x) can be shown as 


Clearly, f(x) is neither injective nor subjective, also graph for 
[f(@)] can be shown, as 


@)Pora=1,f" asin’ xdx—>L=2 


(©)Fora=-1,f" 0de=0-L=0 
(D) Fora #0,—1,1, 


I= J) sin’ x + sin’ ax +2sin x-sin ax) de 


osx 


“LES 


2 
+S RSEE + cos(a—1)x—cos(a + Dx} 


=[x—feinae 4 sinzaeti® ix_sin(a+1)x 
4 4a a-1 avi 
2 L= Jim 2 — tim 2 

wp eT 


[fsinzx—Zsinaar eO@=Ds sles al 
4 ‘a ani ati 


=> L=1 


3 


64. 7) [= sn ] _ (1 + sin 6)" —sin’ @ 
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65. 


and go) -[2e coor _(1-+ 6080)" — cos! @ 


3 3 
-. fQ)=1 +28 B+ 3801 ang gq) = Lt Senna + Sore 


Now, f(8) — g(8) =(sin 8 — cos 6) + (sin*@ — cos*@) 
and _f(@)— g(@) =(sin 8 — cos®) (1 + sin ® + cos@) 
Now verify all matchings. 

(A) Let a = 2008, then 


=f Qt axyet ae 
Taf) tax et) dx (note sax = ax x") 
Taf) (eM tet -x-ax) de 
(fle) + x #2) dx, where fx) =e" 
Hence, I =[xe""]}, =e 
@) 1=h+!, 


Put -Inx =t=-Inx=taxse" 
= dx=—2te" dt 


Ji Cate deste, -fieta= 
oe 


Hence, I, fletastef et at=* 


vthen "(x)= y= re x 


ommalO0-OF 


Note that, if f(x) = 


General term of In L=—5 In = 


(A) We have, f°(x) = eric} 


and g/(x) = (1+ sin (cos? x)) (-sin x) 
(1+ sin (cos? x)) (~sin x) 
1 + g(x) 


Hence, f'(x)= 


(B) We have, f° f(x) dx = {fC 
Differentiating both the sides, we get 
fix) =2f(x): f(x) => le 
Integrating both the sides, f(x) =— ix +c 


where, f(g)=0 = C 


= 


fi)=> = fay=i 


(C) Maximum when a =—1,b=2 a+b =1 
sind b 


(DI) lim 


lim S02" tax + 


orl ro 


For limit to exist2 +b =0=95 


lim S124 ax? — 
mt ro 


Using left hand rule and solving, we get a == 


67. Let B= IS as 


tary 


bx 


ax 


0, then 


=0 


=o 


4 
3 


3a+b=2 


4 


sindx 


e 


i ax 
and A=14 cost + cost +. 


and j” Slxax = f* atin 


m 
68. Here, I = 1a 


ru 


17—@cosx 


4sinx 


x 


7 17 -@cosx 


=e (5) = (2) 


+n=8 


S Omir 
"21+ 2[sin (sin x)) 
dx 


cosx pe 
dx +f* £28 


= f(x)= 


4—cosx—isinx 


Asinx 
17-@cosx 


Lo (2) 
2 bs 9 


+ I cosxde+ cee 


Apps Hy 


69. Here, for # = fle) = 


sin 
a if sin (n+ IO» sin0 yy 
in? 
ail 2 sin (Qn + 1)0 
thane 
=n ae ae | cos2n0d) 


Using, cos® + c0830 + cos50 +..0+ cos n= 1)0 


Le. cost + cos38 + C0558 + ..- 


a flat Y= foy= 


[2f2" “cose + coss0 + uct 608 (2n = 10 costa + 4 


J7"tecas6 cos) + @e0830c0s0) 
eos (n=1)-cos0)!00 
22 f71-a9, as f°" cosznddy =0 
x . 


S(n+ 1) - fla) == 
naa, fet 5 (srtn—§) st 
ons mete fe)=4 


> £0) =3and soon * fe)= 
re 
Hence, 09+f0) 272-3 
* f05)= f@) 


70. tere, (2) = ira 


ss ley eH (aye A 
= g(x) =H (x)-€ 
= gQ) =H)” 
ree!" given g’(2) = ef and (2) =1 
(1+ Hayy =4 
> 1+) =2,-2 
‘ W2)=-3,1 


Abedin sien for sl posible valoes of 2) [s+t]=2 
71. Let =f" “eine-log sin yde= 3° ‘sin x: log (sin® x)dx 


'sin.x- log (1—cos? x)de 


Put cosx =f =9-sinx dr =dt 
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[GE 


a log2-1= toe) 


Ka2 
72. let T= yn seme de Ai) 
[- i fetes far b= xd] 
wr gt co) 
=» ef a met snl) 


On aulding faqs. (i) andl (i), we Ket 
“ny 
ar =f" x? cose [2 


= 08 x con: (1) de 


[- [fleas =2ffoode, when f(x) = | 


= ar =2f"" x cosx dx 
Using integration by parts, we get 


21 =2[x'(sin x) (2x) (- cosx) + (2) (~sinx)] 5" 


= arn % a] 
77 


73. Let f(x) = i dt 


= L(9) = > 0, forall x € [0,1] 


2-fCs) is increasing. 
At x0, f(0) = Oand at x=1, 


fap 
2 
Because, oct <h 
T+ 2 
o-dt ate fihede 
= flees tras 


oe fay<t 
= fW<5 
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Thus, f(x) can be plotted as 


y 
ve 
A(x) 
o 7 x 


+ = f(x) and y = 2x —1 can be shown as 


O-oly 
From the graph, the total number of distinct solutions for 
x € (0,1) =1. [as they intersect only at one point] 
74. Here, f(x) =7 tan" x +7tan’ x—3tan' x—3tan’ x 


forall xe(=.4) 
22. 
f(x) = 7 tan’ x sec? x—3tan’ x sec* x 
= (?tan’ x—3tan? x) sec" x 
Now, f°“ flaide= f°" (7tan’ x—stan* x) sec? xdr 
. eT 1 


=[x(tan’ x—tan’x))?/* 
HJ" (an” x— tan? x)dx 


5 “tan? x(tan’ x—-1)dx 
=f“ tan’ x (tan* x=1) see! x dx 

=psec? x dx =dt 

“xfladdx =~ f° —1)dt 
afe-ryre[ -£) att 
= file ar-[t 3,4 6 


i 


also, f°" sx)de=f “(tant x—3tan? x) sect xde 


ett =31)dt =[e? - 
192 x? 
2+sin' mx 


192x” 192x” 
BES f(s 
= Se) 2 


75. Here, fee 


1 
On integrating between the limits - to x, we get 


a i hin 2 


aed heads are 


* -2) < f(x) flo) S243" ~> 


ai8 
> 16x*-1 S f(x)S24x' -_ 


1 
‘Again, integrating between the limits > to 1, we get 


fi,cex'-ndes " fladdr sf | (2-3 )o 


= [Meo] sf stems ea 

a 33 
= edt nme 
= 265). fixdrs3.9 


" el(sin* at + cos" at)dt 


" e(sin’at + cos*at)dt +["e'(sin' at + cos‘ at)at 

+ Jie int at + cos! at)de +" e'(sin* at + cos’ at)dt 
nth+l th, fi) 
** et (sin* at + cos* at)dt 

+t=9 dt=de 


*-(sin' at + cos" at)de 


ly will) 


Now, 1,= fe (sin'at + cost at)at 


Put n+ tod =dt 
1, =f e**"(sin' at + cos‘at)dt 
=e", «iti) 
and ein’ at + cost at)at 
Put e+e 
je" (sin at + cost at)dt 
ae" nv) 
From Eqs. (i), (i) (il) and (iv), we get 


i= 


teh oL te 1 te", a(lte" +e" +e) I, 


€'(sin* at + cos* at)dt 


According to the given data, F(x) <0, Wxe (1,3) 
Wehave, f(x) 


= fx Ai) 
= SQ) = Fl) + F)<o 

[given F(1)=0 and F’(x)<0] 
Also, S(2) =2F2)<0 [using F(x) < 0¥xe(1,3)) 
Now, S'(x) = F(x) + F(x) <0 


= fe<o (using F(x) <0, ¥xe(1,3)] 


78. Given, f¥F @ar=12 
= PAF ()R-f'2x- F@)dr = -12 
> 9G)=F(1)~2f'f(a)de = —12 6 aPC) = fl), given] 
= -36- 0-2) Flx)de=—12 

[ierdr=-12 
and f2F'edx=40 
= Le F@)]}~ ['3x7F (de =40 
= (L28(F (x)])-3x(-12) 
= (2 -1/@)-FGo)}? 
= OL) - FQ) - LF") — Fay) = 
= 9Uf'G) + 4]-Lf'0) - 0] =4 
a 9f'3)-f') = -32 


79. Here, f(x) = i : SS 
0 x> 
3 xf(x*) 
2+ flx+1) 
ex f(x’) 1x f(x) 
ae fees * has per 
x f(x’) x f(x’) 
*f ae fterd** laze ero 
xf(x') 


be rears 


=f odrt f) odes. FEN ges [Modes [ode 


h 2+0 
volex<0s0<x<15[x']=0 
O<x<120<x' <1>[x']=0, 


rexedia] 15" <? 
lacx+1<1+ V2 =f(xt1)=0, 


WBex<v3 2<x' <3= f(x") =0, 
and V3 <x<253<x' <4 f(x")=0 


=[x']=1 


i 
e F 
> ref %ap-[2] wt e—yt 
h 2 ra ar ry 
4f=1 => 41 - 0 


80. Here, 


avn ferme (1288 


Put 9x43tan'x=1 


= (+ aaene 
1+x* 


aa fe drafe ym ae a 


> tog, f+ 0] =94 2% 
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=> log, |a +1 


81. Plan This type of question can be done using appropriate 
substitution. 


Given, I vt (2 cosec x)” dx 
x72 2"(cosec x)" cosec x (cosee x + cot x) 4. 
a (cosec x + cot x) 


Let cosec x + cot x=f 


= (~cosec x-cot x — cosee"x) di 
and cosec x — cot x=1/t 
1 
= Zeosee x= t+ 7 
1 
ref tt) ae 
Mies a | 


Let t=e* => dt=e"du Whent=1,e" =1=>u=0 
and when t= 2 + 1e" =V2 +1 


=> u=In(v2 +1) 
rs a 


82. mui Newton-Leibnitz’s formula 


£170 goa deriy en {Lyco}—r can geo} 


Given, F(x) = a fli) ae 
F(x) =2x fx) 
Als, F(x) = f'(x) 
= 2x fix) = f(x) 
= £Q)_ 
fix) 
LO) ay = 
= Ma eel ax de 
= In fx)=x' +0 =2 fix)ae 
me Six) =K [Ik =e] 
Now, f(0)=1 
ve 1=K 
Hence, f(x) =e" 
Fe) = f° edt =[e 
83. (A) Let = f' 
1+% 
Put x=tan® 
= de =sec"8d8 
of "yp 
1=2f "a= - 


160 = Textbook of Integral Calculus 


1 dx 
(B) Let T= 
izes 
Put x=sin0 = dx=cos0d@ 
I= 148 =— 
crw=t 


84. (A) Plan 
(p) A polynomial satisfying the given conditions is taken. 
(q) The other conditions are also applied and the number of 
polynomial is taken out. 


Let flx) sax + bx te 
‘f0)=0 + c=0 
“radon = (24%) 
Now, fi f(z)dx=1 = ( +“ ) 
= @ Bilis mats=6 


2 
As a, b are non-negative integers. 
So, a=0,b=20ra=3,b=0 

fx) =2x or f(x) =3x* 
(B) Plan Such type of questions are converted into only sine 
or cosine expression and then the number of points of maxima 
in given interval are obtained. 


f(x) =sin (x*) + cos (x*) 
= ba cos (x8) + Seance] 
= [cos cos Et sin ¥ ante] a (= -4) 


aim a m 
For maximum value, x7 = 2nmt => x! =2nn +7 


4 
= sot ft forn=0 
4 


rat | forn=1 
So, f(x) attains maximum at 4 points in [—V13, 13]. 
(©) Plan 
©) fl, Marax= J" fix ae 
@) fi, fa) dx =2 f° fle) de if -x) = fla) te fisam even 


function. 


4 te ) a 
ert 

asf! axtde = ap =2 J 3x de 
1=[x)}, =8 


(D)Plan J f(x)de=0 
If f(-x) F(x) ie. f(x)is an odd function. 
1+x 


Let fx) = cos 2x log (4: 


io 
flex) = cos 2x log ( = *) =-flx) 
Hence, f(x) is an odd function. 
So, fl, flx)dx=0 
(A) > (@); (8) > (9): (C)> (): D) > (8) 
85, Plan Integration by parts 


fad ate) de= 00 fats def (Lty00 fod te) de 
Given, T= [ wn xy de 
-[r Za = vy] - fie Za =x) de 
=f" xsa—x7)' (- an 
wales =x yn ff axa 2 te] 
=0-0~12(0-0) + 12f' 2x(1—x')' de 


a-2Y7 fo. t]e 
SEE] soe g]=? 
n-x 


a6. 1=f"" lr $i we (235)| cos x dx 


As, [fe dx = 0, when f(-x) = f(x) 


=x 


[0028 cos ede + 0=2[ (a cos x) dx 


=24(x" sin x); — f°" 2x-sin x dx} 
[nt 


=P 2c weer" 1Cconn a] 


~[ sien) (E-4 


87. Put x’ =t = xdx=de/2 


anes 
a “a 
loetsint + sin (log 6 —8) 
Using, [[flx) de = [fla+ b — x) de 
= 1 pr _sin (log 2 + log3 ~ 1) 
2 Jim? sin (log? + log3 —1)+ sin 
(logs ~ (log. 2 + tog 3-1) 
a1 phy _sin(logs 1 
2 Jove Sin (logé — 8) + sin) 
= fo _sin (log 6 - 1) . 
1 hs dt a) 


sin (logé — 


+sint 


‘On adding Eqs. (i) and (ii), we get 
reat presets dogs) 
2 “bs? sin (log6—t) +sint 


1 gyms 
= 21= 70 = 5 dogs — log 2) 


i 3 
alin (® 
. 4 (3) 


88. Given, fQ)=Land6 f"f(@dt =x flx)—2", x21 


Using Newton-Leibnitz formula, 
Differentiating both sides 
=> 6f(x)- 1-0 =3 f(x) +3xf"(x)-3x" 


= ae e)-3fl)=38 = FQ)—*fla)=x 


Note Here, f(1) =2, does not satisfy given function. 
1 
ay=t 
fa) 3 


For that fe) = at—2eand a) =4—ta8 


rxt(1—x)! 
oats 


=p YO=w' += 4, 
p (+x) 


89. Let T= J dx 


(1+ x? =2x) 


1 7 a 
fie-na-2 ae+ fi! SS 


(oe =1d- x) +e) —aet le 


1 4 
I (e-setestarea- ct) 


1 dh Be 4 
a) 24 SE AE ae a tant x 
r 6 5 3 


7653 
90. Converting infinite series into definite integral 
ie. tim 4) 
Pea 


unt ¥ 7(2)=feree 


eottay 


|. Here, f(x) + 2x=(1 — x)*-sin? x + x? + 2x 


if ~1)(t— x) +047) — arte eal« 
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tim 2") where, © is replaced with x. 
“on a 


Eis replaced with integral. 
Vee tat ait 
mnt iy (na +1) + (na+2)+...+ (na +m} 60 


Here, lim 


fot 1 


= lim == 
anes urna mnzn 2 se 


1 


(14 
n 
At siete 
T@a+1) 60 
Pea ae 
a @a+i)(a+l) 60 
2 wt 
@a+1)(a+1) 60 
@a+1)(a#1) =120 
2a? + 3a + 1-120 
2a°+3a-119=0 
(a +17)(a-7)=0 
=17 


“S 


u 


2feryax- 


bugug 


where, P: f(x) +2x=2(1 + x)? 

“ 214 x*)=Q-x)' sintx + x8 +28 
=> (l-x)'sin’ x= x* -2042 

= (x) sin'x=(1— x) +1 = (1 - x)? cos*x=—1 
which is never possible, 


+) P is false. 
Again, let : A(x) =2 fx) +1 -2x (1+ x) 
where, M0) =2 f(0) +1 -0=1 


M1) =2fl) +14 
= Hx) must have a solution. 
 Qistrue, 


3.as Mo) Mi) <0 


. Here, f(x) =(1— x)*-sin? x + x7 20,.V x. 


and g(x)= ree =) ~ tog ‘) row 


202) 5 
= s(x)= { ea +: fe, oli) 
For g/(x) to be increasing or decreasing, 
let 40) =2E=D _ tog x 

(er) 
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-(@-1" 
xGe+ 1) 


(get 
alg ry 


(x) <0 forx>1 = x) <Oll) = O(x)<0 
From Eqs. (i) and (ii), we get 
¥(x) < Ofor x €(1,«) 
2. g(x) is decreasing for x €(1, »). 
x-[x], if[xlisodd 
1+{x]-x if [x] is even. 


* 


Given, f(x) = | 


F(x) and cosm x both are periodic with period 2 and both are 
even 


J fla)cosn x ax=2f Slx)cosnxdx 


=10 j F(x) cosmx de 


Now, fre cost x dx= fo —x) cosmx dx =— fucosmu du 


(x-1) cosmx dx=—[ucostu du 


and j f(x) cosmx de 


fre cosnx dx=-20 ucostu du -4 
° 


= EF sta) comma de=4 


Given fv =P OF de= J f(odtos x51 
Differentiating both sides w.rt, x by using Leibnitz’s rule, 
we get 

Vi-'@F =f) = f'@)=4 Vi -1f@yy 


LO) deat fax = sin” {fatxte 
Vi-@oF J 


x=0 = sin (f(O)}=¢ 


=f 


Put 
> c=sin“\(0)=0 [> f(o)=0] 
: f(x) =+ sine 
but fx) 20,V xe [0,1] 
fix) =sinx 


As we know that, 
sinx<x, WV x>0 


sin (:) <tandsin () < 
2. 2 3. 


1 1 1 1 
- Ades 
1» _sinny 
95. Given 4=[ 


(1+ m*)sinx 


oi) 


' 
sing f'f(x) dx= [f(b + a— x) dx, we get 
«nt sinnx 
= —— wii) 
Vs Ge nt) sinx a) 
(On adding Eqs. (i) and (ii), we have 
a1, =f" a de 
-n sing 
(ef) 
=> i= < sae tt dx 
°sinx 
isu + sin(n + 2)xsinnx 
. sinx 
_ prdcos(n +1) x:sinx 
° sinx 
Thae 
Since, I, 
=> I,=n and I, 
From Eq. (iil) J, 
and h-l ° 
=> Dhaays =10m and FE I,, =0 


‘+ Correct options are (a), (b), (c). 
= a 


96. Given, 5, 
eS +kn+k 
K 
n\n 
1 2.1), 
slexee (3), 
ae (5-4)- Lae 
Bs 6) We 
Similarly, T, >= 
3V3 


=p i 
wi4 1+ cosx 
ee mC) 


w dee cos x 
Adding Eqs. (i) and (ii) 


sere ser 

a= fn de = 1 =f" cosec’ xdx 
vi ae aa 

T=~(cot x)! =2 


98. [,+1, = (tant x+ tan’ x) de =f tan‘ xsec’ xdx 


= a=)b=0 
5 


99. (b) Let 55 eee 


meee 


Taking log on both sides, we get 


votoant loo) (+2)-(-2)] 
= log t= im [bs (+2)+ toe(1 +2) log ( + 


= log 1 = lim+ # Stag (1+ 4) 


»)| 


=> log ! = flog (1 +x) de 


= bog t= [log ox 
= Jog = [log (1 + x): x1; — f° 
1=2-log3— f"[1-—_] ax 
=> log 1 =2- log £( ia 
=> log | =2- log 3 - [x -log 1+ x], 
=> log 1 =2- log 3 - [2 - log 3] 
> log 1 =3-log3-2 => log! =log 27-2 
pee a7 ct a2 
é 
100. Central Idea Apply the property fireod = ff flat b-xae 
and then add. Let 
r=f' Jog’ de 
2Togx* + log(36—12x+ x") 
_f 2logx aii 
22log x + log(6 — x) 
=f 2log xdx 
~Fx2flog x + log(6 - x)] 
7 log xdx @ 
= 1 egy +o 
> t= [bee ) 


*Tog(6 — x) + logx 
[- [forac= [ine +b- ner] 
On adding Eqs. (i) and (i), we get 


ar = [E+ oe 2) 
Tog x + log(6 — x) 


a= fae = i 
=2 => 1=1 


101. 


102. 


103. 


104, 
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x-a, x20 


Plan Use the formula,|x-a| 


-(x-a), x<a 
to break given integral in two parts and then integrate 
separately, 


i (1-asing) are? jr-2 sin [dx 
“Lambe 
=(«+4eor2) (++ tcos3), 


= (Lr , wedi) 
ne 


Let 


mC) 
On adding Eqs. (i) and (i), we get 
ata [Pdr = t= [xl ide 


2 
Statement I is false. 


But f'/(x)dx = ff(a-+ b— x)dxis a true statement by 


property of definite integrals. 

Given, y = fii dt 
dy : 
ale 1—o=ls| [by Leibnite’s rule] 


*s Tangent to the curve y =f It] dt, x € Rare parallel to the 
pay sax 


. Slope of both are equal = x= +2 
Points, ya J ideaae 
Equation of tangent is 
y-2=2(x-2) and y+2=2(x42) 
For x intercept put y = 0, we get 


0-2=2(x-2) and 0+2=2(x+42) 
= x=t1 


Given integral g(x) = [" cos 4t de 
To find g(x + m) in terms of g(x) and g(r). 
a(x)= J cos atde 


cos 4tdt 


=[f cosardes fo" cosarar 


(say) 
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= a(x + x) = g(x) + a(n) 
But the value of J, is zero. 
25, i= [Set] ~(B -222) <0 
4 4 4 
= a(x + %) = g(x) ~ g(x) 
In my opinion, the examiner has made this question keeping 
g(x) + g(t) as the only answer in his/her mind. However, 
he/she did not realise that the value of the integral J, is 
actually zero. Hence, it does not matter whether you add to or 
subtract from g(x). 
pu f'BE0+2) yp 

© (+x) 

x=tan@ = dr=sec'Od0 
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“4 
pa f7*BIOE + tM) 949 
o 1+ tan'® 


1=8 flog (1+ tan) do adi) 
Using f" f(x) de = J" fla — x) de, we get 
128)" "log f 8 smn (Z-0) | 


a 1-tand 
x « 
5f, ig fr ee 


an 2 . 
=8 is log fale ii) 
Adding Eqs. (i) and (ii), we get 


a=3{"" [re {1+ tan 8} + log oh 


= I=4 Jr "to8 2.d0=4-log2(0)s"* 


=4 nga: (0) 7 toga 


If 9(x) and (x) are defined on [a, b] and differentiable for 
every xand ft) is continuous, then 


Eincroa]= pyar Lucey sor we) 
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fle) =| ‘vi sin dt, where x € (0 =) 


Here, 
f(x) = {vx sin x - 0} fi) 
(using Newton-Leibnitz formula) 
f'(xy=vx sin x=0 
=> sin x=0 
x=, 20 
P(e) = A cos x + sin cf 
Atx=n, f(m=-Vr<0 
+. Local maximum at x= x, Atx=2n, f"(@x) = 2m >0 


~, Local minimum at x = 2m, 
107. Wehave, p(x) = p'(1-x), Vx € [0,1], p(0) =1, p(t) = 41 
= p(x) =—ptl-x)+C 
= 41+C 
=> 2 


2 plx)+ p(l—x) = 42 
Now, =f! p(x)dx =f p(-x)de 


> 21=f.(p(x)+ pti-x))de = f 4adx=42 


=> T=21 
108. Let I=" [cot x] dx ) 
=e =f" [oot (x - x)]de= J" [cot x]de alii) 


On adding Eqs. (i) and (i), 
a=f* {cot x]de+ j* [cot x]ax= J" (ide 


(+ Lx] + [- x] =-1, if x ¢z and 0, if x =) 
® 


x] 


+ sinx 


109. Since, T=] Spade < toa, 
Ve 


because in x€(0,1),x>sin x. 
re f\Vede=2[0"}, = 1<2 
e 3 3 
and af 8 acef' tiene 
Sad rate Pd 


j<2 
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Session 1 


Sketching of Some Common Curves, Some More Curves 
which Occur Frequently in Mathematics in Standard Forms, 
Asymptotes, Areas of Curves Given by Cartesian Equations 


Sketching of Some 
Common Curves 


For finding the area of a given region, we require the 
knowledge of some standard curves. 


(i) Straight Line 

Every first degree equation in x, y represents a straight line, 
So, the general equation of a line is ax + by +c =0.To draw 
a straight line find the points, where it meets with the 
coordinate axes by putting y =0 and x =0 respectively in its 
equation. 

By joining these two points we get the sketch of the line, 
Sometimes the equation of a line is given in the form 

y =mx. This equation represents a line passing through 
the origin and inclined at an angle tan”' m with the 
positive direction of X-axis. The equation of the form 

x =aand y =b represents straight lines parallel to Y-axis 
and X-axis, respectively. 


Region Represented by a Linear Inequality 
To find the region represented by linear inequality 
ax + by Scand ax + by 2c, we proceed as follows 
(i) Convert the inequality into equality to obtain a 
linear equation in x, y. 
(ii) Draw the straight line represented by it. 
(iii) The straight line obtained in (ii) divides the 
XY-plane in two parts. 
‘To determine the region represented by the inequality 
choose some convenient points; e.g. origin or some points 
on the coordinate axes. 
If the coordinates of a point satisfy the inequality, then 
region containing the points is the required region, 
otherwise the region not containing the point is required 
region. 


1 Example 1 Mark the region represented by 
3x+4y<12. 
Sol, Converting the inequality into equation, we get 
3x + 4y =12. 
This line meets the coordinate axes at (4, 0) and (0, 3), 
respectively. Join these points to obtain straight line 
represented by 3x + 4y = 12. 


This straight line divides the plane in two parts. One part 
contains the origin and the other does not contains the 
origin. Clearly, (0, 0) satisfy the inequality 3x + 4y < 12. So, 
the region represented by 3x + 4y < 12is region containing 
the origin as shown in the figure. 


(ii) Circle 
The general equation of a circle is 

x+y? +2gx 42fy+0=0 
+ The second degree equation in x,y 
such that coeff. of x? = coeff. of y* 
and there is no term containing xy; it 
always represents a circle. To draw a 


sketch of a circle, we write the as 
equation instandard form 


(x -h)? +(y—k)*=r?, whose centre Figure 3.1 
is (h,k) and radius is r. 
Remark 
1, The inequality (x ~ a)? + (y ~ 6)? <r? represents the interior of 
acircle, 


2. The Inequality (x ~ a)* + (y - 6) > r? represents the exterior of 
acircle (Ie. region lying outside the circle), 
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= 4a(x—h);a,h>0 


- 2 
(iii) Parabola @)y - 
A 
It is the locus of points such that its distance from a fixed ~ 
point is equal to its distance from a fixed straight line. 
Taking the fixed straight line x =—a,a>0 and fixed point ane 
(a,0), we get the equation of parabola y? = 4ax. oT 
Steps to Sketch the Curve Figure 3.6 

(@ It passes through (0, 0). 

(ii) It is symmetrical about axis of X. (6)y? =—4a(x +h): ah>o 

(iii) No part of the curve lies on the negative side of axis ik 

of X. 
(iv) Curve turns at (0, 0) which is called the vertex of the x 
curve. 0) 
(v) The curve extends to infinity. It is not a closed curve. 
(1) y® =4ax (Standard equation of parabola) Figure 3.7 
(7) x* =4ay;a>0 
. a a 
7110.0) ie 
Figure 3.8 


Figure 3.2 


(2) y? = 4a (x —h); where a and hare positive. 
(8) x? =4a(y+k);a>0,k>0 


Figure 3.3 
(3) y? = 4a(x +h); where a and hare positive. 


co) 


Figure 3.9 


(9) x* =4a(y—k);a,k>0 
+Y 


() 
(0,0) 


()y? =—4ax;a>0 
¥ 


Figure 3.10 
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(10) x? 


-4ay;a>0 


rg 


Figure 3.11 
(11) x? =—4a(y +k); a,k>0 
4Y 
Figure 3.12 
(12) x? =—4a(y-k);a,k>0 


ay 


Figure 3.13 


(iv) Ellipse 


Basics of Ellipse 

Definition 1. An ellipse is the locus of a moving point 
such that the ratio of its distance from a fixed point to its 
distance from a fixed line is a constant less than unity. 
This constant is termed the eccentricity of the ellipse. The 
fixed point is the focus while the fixed line is the directrix. 
The symmetrical nature of the ellipse ensures that there 
will be two foci and two directrices. 


Definition 2. An ellipse is the locus of a moving point 
such that the sum of the its distances from two fixed 
points is constant. The two fixed points are the two foci of 
the ellipse. To plot the ellipse, we can use the 
peg-and-thread method described earlier. 


Stantard Equation 
1 
a>’ Ifa<b 
Vertices (a, 0) and (—a, 0) (0, b) and (0,—b) 
Foci (ae, 0) and (—ae, 0) (0, be) and (0, — be) 
‘Major axis, 2a (along x-axis) “2b (along y-axis) 
Minor axis 2b (along y-axis) 2a (along x-axis) 
Directrices 


x=fandx=-2 y= Pandy 


Eccentricity 


Tans rectum 2 2a 
a b 
biey 


Focal distances of (x.y) at ex 


And lastly, if the equation of the ellipse is 
_«)?  (y—B)? 
(x=0)" (yp) 


a a 
instead of the usual standard form, we can use the 
transformation X— x —a and ¥ > y —B (basically a 
translation of the axes so the axes so that the origin of the 
new system coincides with (0, ). The equation then 
becomes 
xy? 
eB 
We can now work on this form, use all the standard 
formulae that we'd like to and obtain whatever it is that 
we wish to obtain. The final result (in the x-y system) is 
obtained using the reverse transformation x  X +0. and 
yoY+p. 
2 ya 
xy 
(1) as 


1 


=1;a>0,b>0 (Standard equation of the 


ellipse) 


Figure 3.15 


-h? (y-Bt 
oe mel *) 


r =1,a>0,b>0anda>b 


Figure 3.16 


et ya 
ett won 


=1,wherea<b 


Figure 3.17 


(v) Hyperbola 

Ahyperbola is the locus of a moving point such that the 
difference of its distances from two fixed points is always 
constant, The two fixed point are called the foci of the 
hyperbola. Constrast this with the definition of the ellipse 
where we had the sum of focal distances (instead of 
difference) as constant. As in the case of the ellipse, we have 


Focal distance of P(x, y) 


4, adpry=dx—2 mera 


ay =4pr')=e(x+2 eer +a 
e 
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Latus-Rectum 

‘The chord(s) of the hyperbola passing through the focus F 
(or F’) and perpendicular to the transverse axis. The 
length of the latus-rectum can be evaluated by 
substituting x =-tae in the equation for the hyperbola : 


=> 


2 
‘Thus, the length of the latus-rectum is“. 


We discussed in the unit of Ellipose that an ellipse with 
centre at (ot, B) instead of the origin and the major and 
minor axis parallel to the coordinate axes will have the 
equation 


a ee 2 y2 
(x 3) Os) 5 ge Hg 
aq’ & 

where X—> x —cand ¥—> y-B. 

‘The same holds true for a hyperbola. Any hyperbola with 
centre at (,B) and the transverse and conjugate axis 
parallel to the coordinate axes will have the form 


(x-0)? _(y-p)? 


or 


where X > x —qandY— y—B. 
We can, using the definition of a hyperbola, write the 


equation of any hyperbola with an arbitrary focus and 
directrix, but we will rarely have the occassion to use it. 


xt yt 
a- = =1 (Standard equation of hyperbola) 


Figure 3.18 
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Some More Curves which Occur 
Frequently in Mathematics in 


Standard Forms 
1 
Figure 3.19 
(3) xy =c? (Rectangular hyperbola) 
Ys 
Figure 3.23 
(c,¢) Modulus function, y =| x | 
f_——__ 2, 
@.0) “ 
(,-<) 
Figure 3.20 
ys? 
(yEzB!_O=B sass 
P 
Figure 3.24 
Greatest integer function y =[x] 
3. 
yf ie 
4. 
4Y 
(0.1) 
| eal 
x 


Figure 3.22 Figure 3.26 


5. 
Figure 3.28 
1 
a>0 
7. The Astroid 
Its cartesian equation is x”? +” =a? 


Its parametric equation is x =acos* t, y=asin® t 
and it could be plotted as 


NZ 


Figure 3.29 


Curve Sketching 


For the evaluation of area of bounded regions it is very 
essential to know the rough sketch of the curves. The 
following points are very useful to draw a rough sketch of 
acurve. 


(i) Symmetry 

(a) Symmetry about X-axis If all powers of y in the 
equation of the given curve are even, then it is symmetric 
about X-axis, i.e. the shape of the curve above X-axis is 
exactly identical to its shape below X-axis. e.g. y* = 4ax is 
symmetric about X-axis. 
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(b) Symmetry about Y-axis [fall powers of xin the 
equation of the given curve are even, then it is symmetric 
about Y-axis. e.g. x* = 4ay is symmetric about Y-axis. 

(c) Symmetry in opposite quadrants If by putting — x 
for x and — y for y, the equation of curve remains same, 
then it is symmetric in opposite quadrants. 

eg. xy=c’, x? +y? =a" are symmetric in opposite 
quadrants. 

(d) Symmetric about the line y= x If the equation of a 
given curve remains unaltered by interchanging x and y, 
then it is symmetric about the line y = x which passes 
through the origin and makes an angle of 45° with 
positive direction of X-axis. 


(ii) Origin and Tangents at the Origin 

See whether the curve passes through origin or not. If the 
point (0, 0) satisfies the equation of the curve, then it 
passes through the origin and in such a case to find the 
equations of the tangents at the origin, equate the lowest 
degree term to zero. e.g. y* =4ax passes through the 
origin. The lowest degree term in this equation is 4ax. 
Equating 4ax to zero, we get x =0. 


So, x =0 i.e. Y-axis is tangent at the origin to y? =4ax. 


(iii) Points of Intersection of Curve 
with the Coordinate Axes 


By putting y =0 in the equation of the given curve, find 
points where the curve crosses the X-axis, Similarly, by 
putting x =0 in the equation of the given curve we can 
find points where the curve crosses the Y-axis. 

e.g. To find the points where the curve 

xy’ =4a” (2a — x) meets X-axis, we put y =0 in the 
equation which gives 4a” (2a — x) =0 or x =2a.So the 
curve xy’ = 4a? (2a — x), meets X-axis at (2a, 0). This 
curve does not intersect Y-axis, because by putting x =0 
in the equation of the given curve get an absurd result. 


(iv) Regions where the Curve 
Does Not Exist 


Determine the regions in which the curve does not exist. 
For this, find the value of y in terms of x from the 
equation of the curve and find the value of x for which y 
is imaginary. Similarly, find the value of x in terms of y 
and determine the values of y for which x is imaginary. 
The curve does not exist for these values of x and y. 
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e.g. The values of y obtained from y? = 4ax are 
imaginary for negative values of x. So, the curve does not 
exist on the left side of Y-axis. Similarly, the curve 

a’y? =x? (a— x) does not exist for x >aas the values of y 


are imaginary for x >a. 


(v) Special Points 

Find the points at which 2 =0. At these points the 
tangent to the curve is parallel to X-axis. 

Find the points at which = =0. At these points the 


tangents to the curve is parallel to Y-axis. 


(vi) Sign of dy/dx and Points of 
Maxima and Minima 


d 
Find the interval in which - >0.In this interval, the 
function is monotonically increasing, find the interval in 
which 2 <0. In this interval, the function is 
monotonically decreasing. 
dy wn op s 
Put ae =Oand check the sign fe at the points so 


obtained to find the points of maxima and minima. 
Keeping the above facts in mind and plotting some points 
on the curve one can easily have a rough sketch of the 
curve. Following examples will clear the procedure. 


1 Example 2 sketch the curve y = 


Sol. We observe the following points about the given curve 

(i) The equation of the curve remains unchanged, if x 
is replaced by — x and y by — y. So, it is symmetric 
in opposite quadrants. Consequently, the shape of 
the curve is similar in the first and the third 
quadrants. 

(ii) The curve passes through origin. Equating lowest 
degree term y to zero, we get y =0 i.e. X-axis is the 
tangent at the origin. 

(iii) Putting y = Oin the equation of the curve, we get 
x =0 Similarly, when x = 0, we get y = 0.So, the curve 
meets the coordinate axes at (0, 0) only. 

dy 4,2 dy 


(iv) y=x? dy inka 


dy_,_d’y eid 
Jearly, 2% =0 = 22 at the origin but 2% #0. 
Seat gen ge rt ae 


So, the origin is a point of inflexion. 
y y-x 


y 


(v) As x increases from 0 to =, y also increases from 0 to 
&», Keeping all the above points in mind, we obtain a 
sketch of the curve as shown in figure. 


J Example 3 sketch the curve y = x* —4x. 


Sol. We note the following points about the curve 

(i) The equation of the curve remains same, if x is 
replaced by (~ x) and y by (— y), so it is symmetric in 
‘opposite quadrants. 
Consequently, the curve in the first quadrant is 
identical to the curve in third quadrant and the curve 
in second quadrant is similar to the curve in fourth 
quadrant. 

(ii) The curve passes through the origin. Equating the 
lowest degree term y + 4x to zero, we get y + 4x =0 
or y =~ 4x.So, y= — 4x is tangent to the curve at the 


origin. 
(iii) Putting y = 0 in the equation of the'curve, we obtain 
x? — 4x =0 = x =0,£2 So, the curve meets X-axis at 
(0, 0), (2, 0), (-2, 0). 
Putting x = 0 in the equation of the curve, we get 
y=0.So, the curve meets Y-axis at (0, 0) only. 
dy 


(iv) y= - 4x > Dax? 4 
rotated 
Now, yar? 450 
dx 


2 2 

> x- xt >0 
(zl) 

= x<-- or xo ( ber line rule) 
- (using number line rule) 
Bs ae e 
dy 2 2 

and Beoa-tex< 
ax Be 

So, the curve is decreasing in the interval 


(-2/48,2/ V3) and increasing for x> For x<- 


2, 2 
x =~ is a point of local maxi is 
Jj 88 point of local maximum and x = 


point of local minimum. 
16 


WS 


When xa then y= 


Example 4 sketch the curve y =(x ~1)(x-2)(x—3). 
Sol. We note the following points about the given curve 
(i) The curve does not have any type of symmetry about 
the coordinate axes and also in opposite quadrants. 
(ii) The curve does not pass through the origin. 
(iii) Putting y =0 in the equation of the curve, we get 
(x-1)(x—2)(x —3)=0= x = 1,2,3.S0, the curve 
meets X-axis at (1, 0), (2, 0) and (3, 0). 
Putting x = (in the equation of the curve, we get y = 
So, the curve crosses Y-axis at (0, ~ 6) 


We observe that 
x<1 = y<0 
l<x<2 = y>0 
2cx<3 => y<0 
and x>3 = y>0 


Clearly, y decreases as x decreases for all x < 1 and y 
increases as x increases for x > 3. 

Keeping all the above points in mind, we sketch the curve 
as shown in figure. 


Example 5 sketch the graph for y = x? 


Sol. We note the following points about the curve 
(i) The curve does not have any kind of symmetry. 


(ii) The curve passes through the origin and the tangent 
at the origin is obtained by equating the lowest degree 
term to zero. 
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The lowest degree term is x + y. Equating it to zero, 
we get x + y=0as the equation of tangent at the 
origin. 

(iii) Putting y = 0 in the equation of curve, we get 
x" —x=0=> x=0,1So, the curve crosses X-axis at 
(0, 0) and (1, 0). 
Putting x =0in the equation of the curve, we obtain 
y =0.So, the curve meets Y-axis at (0, 0) only. 


y 


S0,x = zie point of local minima. 


@) s0=2%-1>05x>1 
de 2 


‘ 1 
So, the curve increases for all x > 3 and decreases for 


1 
all x <->. Keeping above points in mind, we sketch the 


curve as shown in figure. 


1 Example 6 Sketch the curve y =sin 2x. 
Sol. We note the following points about the curve 


(i) The equation of the curve remains unchanged, if x is 
replaced by (~ x) and y by (- y), so it is symmetric in 
opposite quadrants. Consequently, the shape of the 
curve is similar in opposite quadrants. 

(ii) The curve passes through origin. 

(iii) Putting x =0 in the equation of the curve, we get 
y =0.So, the curve crosses the Y-axis at (0, 0) only. 
Putting y = 0 in the equation of the curve, we get 


sin 2x =0=2x=nm, neZ 
1 
=> xoZnez 


So, the curve cuts the X-axis at the points 
— 7,0), (= 7/2, 0), (0, 0), (7 /2, 0), (7t,0),. 
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2, 
Gv) y=sinax = 2 =2c082x and FY __asin2x 
dx dx 


Now, #Y <9 =) cos 2x =0 
dx 

= 

=> 


Clearly, ty, Oat x= 


and atx = — 


Similarly, «= —=,-5® 


points of local minimum and local minimum value at 
these points is (— 1). 

(¥) sin 2(x +n) =sin 2x for all x. So, the periodicity of 
the function is w. This means that the pattern of the 
curve repeats at intervals of length x. 


y 


(-3n/4,1) (n/4,1) — (G/4,1) 


+x 


(-w4,-1) (@n/4,-1)—— (7w/4,-1) 


‘Thus, keeping in mind, we sketch the curve as shown in 
figure. 


I Example 7 Sketch the curve y =sin? x. 


Sol, We note the following points about the curve 
(i) The equation of the curve remains same, if x is 
replaced by (— x). So, the curve is symmetric about 
Y-axis, Le. the curve on the left side of Y-axis is 
identical to the curve on its right side. 
(i) The curve meets the coordinate axes at the same points 
where y = sin x meets them, 
dy 


<* =2cos2x 


(ai) y=sint x => Y =sin 2x and — 


ix dx’ 


Now, Bao sin2x=0=92x = mneZ 


woe, neZ ex=40/2, £0, 430/2, 420... 
2 
dy = 
Cleary, £2 Oat x= m/2, £90 /2,258/2.. 
Ix 


and 2, oatx=tn.t2n, £3. 

dx? 
So, x=+n/2,+3n/2,45n/2,..are the points of 
local maximum and local maximum value at these 
points is 1. Points x =+ 1, +2n, +3m,.., are points of 
local minimum and the local minimum value at these 
points is 0. 


(iv) y=sin? x > = sin 2x 
dx 


Clearly, > owhen 0< x<= 
dx 2 


dy x 
and = 2 cowhen =< xen. 
dx 2 


So, the given curve is increasing in the interval 
[o, /2] and decreasing in (1/2, m]. 
(v) sin? (m+ x)=sin? x for all x. So, the periodicity of the 


function is x. This means that the shape of the curve 
repeats at the interval of length 7. 


y 


(5nl2.1) 32,1) (-m/2,1)] (WAN) l2,1) (Sm/2,1) 


(2x0) (x0) i) 


(0) (2.0) (3x,0) 


Keeping the above facts in mind, we sketch the curve as 
shown in figure, 


Asymptotes 


The straight line AB is called the asymptote of curve 
(x), if the distance MK from Ma point on the curve 


y= f(x) to the straight line AB tends to zero as M recedes 
infinity. 


In other words, the straight line AB meets the curve 
y = f(x) at infinity (K is a point on AB). Thus, 
1. If f(x) — + © for x — a, then the straight line x =a is 
the asymptote of the curve y = f(x). 
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2, If in the right hand member of the equation of the ‘Thus, its graph is as shown in figure 
curve y = f(x) it is possible to single out a linear part Y 
so that the remaining part tends to zero as x 3 +00, 
ie. if y = f(x) = Kx +b + g(x) and g(x) 0 for 
x — te, then the straight line y = Kx +b is the 
asymptote of the curve, 


y= 1 (asymptote) 


f(x) 


. If there exist finite limits lim 2%) x and 
rte x 


lim f L(x) - Kx]=b, then the straight line 


s 


0) 1.0) 


(0-1) 
y=Kx +is the asymptote of the curve, 


Methods to Sketch Curves 


While constructing the graphs of functions, it is expedient 
to follow the procedure given below 


1 
1 Example 9 Construct the graph for f)=x+5- 


Sol. The function is defined for all x except for x =0. 
Itis an odd function for x #0. 


(1) Find the domain of definition of the function, 

(2) Determine the odd-even nature of the function. 

(3) Find the period of the function if its periodic. 

(4) Find the asymptotes of the function. 

(5) Check the behaviour of the function for x > 0+ 
(6) Find the values of x, if possible for which f(x) — 0. 


(7) The interval of increase and decrease of the function 
in its range. Hence, determine the greatest and the 
least values of the function if any. 


Remark 


(8), (6) and (7) gives the points where the function cuts the 
coordinate axes, 


-1 
TExample 8 Construct the graph for f(x)=—>—— 
2 
Sol. = =1- 
Here, flx)= ot =1- 3h 


(1) The function f(x) is well defined for all real x. 
=> Domain of f(x)e R. 
(2) f(- x) = f(x), so it is an even function. 
(3) Since, algebraic —> non-periodic function, 
f(x)o1 for x>te 
and f(x) -1 for x—+0+ 
It may be observed that f(x)< I for any x € Rand 


consequently its graph lies below the line y = 1 which 
is asymptote to the graph of the given function. 


decreases for (0, ee) and increases for 


(- ~,0), thus f(x) increases for (0, 2) and decreases 
for (— », 0) in its range. 

(4) The greatest value — 1 for x —> + 0 and the least 
value is ~ 1 for x = 0. 


It is not a periodic function. 

For x04, f(x) +09; forx 9 0- f(x) > — = 

For x—)— 0, f(x)» ~ =; forx 3 =, f(x) = 
lim (fC) = x) =0 


<i The straight lines x =O and y = x are the asymptotes of 
the graph of the given function. 
Now, consider f(x2)— f(x) (for x2>™) 
=(x2-x)+t-4 
2 x 


=trna[ 1 


XX 


|e for x, x2 € (0,1) 


and itis > 0 for x, x2 € [1,), 


Thus, f(x) increases for x € [1, ee) and decreases for 
xe (0,1). 


Thus, the least value of the function is at x = 1 which is 
f()) = 2. Thus, its graph can be drawn as 


1 Example 10 construct the graph for f(x)= 1 _. 
l+e* 
Sol. The function is defined for all x except for x =0.It is 


neither even nor an odd 
function. It is not a periodic function, 
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Fors 04 f(x)->0;lorx—0-,  f(x)o1 

Forex f(x) F forx 3-0, f(x)> : 
1 

Me Ma=s 

The straight line y = ; is asymptote of the graph of the 


given function, 
As x Increnses fram (0, ©), + decreases from (0, 62) and el 
x 


decreases from (0, «). Thus, (1+ e!/*) decreases from (2,9). 
f(x) increases from (6 ‘) for x € (0, ), 

Similarly, f(x) increases from (1/2,1) for x (~ =,0). 

. f(x) is an increasing function except for x =0. 

Thus, its graph can be drawn as shown in figure 


Y= 1/2 (Asymptote) 


Areas of Curves 


(1) Suppose that f(x) <0 on some interval [a, b]. Then, 
the area under the curve y = f(x) from x =a to x =6 will 
be negative in sign, ie. 


[peo ae so 


This is obvious once you consider how the definite 
integral was arrived at in the first place; as a limit of the 
sum of the n rectangles (n —> 9), Thus, if f(x) <0 in some 
interval then the area of the rectangles in that interval will 
also be negative. 

This property means that for example, if f(x) has the 
following form 


y 


A\« yfAs\z_b 
ir Aa at sat 


then [! f(x) dx will equal Ay — Ay + Ay ~ Ay and not 


Ay + Ay tA + Ay. 
If we need to evaluate A, + Az + Ay +A, (the magnitude 
of the bounded area), we will have to calculate 


[fe de +f p00) dx ff de +\P re ar 
From this, it should also be obvious that 
frees fiifenier 


(2) The area under the curve y = f(x) from x =a tox =b 
is equal in magnitude but opposite in sign to the area 
under the same curve from x =b to x =a, ie. 


[fe de =~ ff fle dx 


This property is obvious if you consider the 

Newton-Leibnitz formula. If g(x) is the anti-derivative of 
b 

x(f), then [reo de is g(b) ~ g(a) while f’ f(x) de is 

(a) — g(b) 

(3) The area under the curve y = f(x) from x =a to x =b 


can be written as the sum of the area under the curve from 
x =ato x =cand from x =c to x =, that is 


fi pe de= ff fle) de + ff fe) ae 


Let us consider an example of this. Let c €(a, b) 


y 


It is clear that the area under the curve from x =a to x =b, 
Ais Ay + Ap. 


Note that c need not lie between a and 6 for this relation to 
hold true. Suppose that ¢ > b. 


y 
y=") 


Observe that A=? fix) de =(A+4,)- A, 
= J) fle) de ~ ff f(x) de 


[po de + ffx) de 


Analytically, this relation can be proved easily using the 
Newton Leibnitz’s formula. 


(4) Let f(x) > g(x) on the interval [a, b]. Then, 
fi pe ae> ff atx) dx 


This is because the curve of f(x) lies above the curve of 
g(x), or equivalently, the curve of f(x) — g(x) lies 
above the x-axis for[a, b] 


4 y= fe), 
Ay Y= OX) 


AL 


x 


a b 
This is an example where f(x) > g(x) >0. 
[i ferde=A +A, 


while Pewodr=a, 
Similarly, if f(x) < g(x) on the interval[a, b] then 
ff flo ax < ff eae 


(5) For the interval [a, 6], suppose m < f(x) <M. 
That is, m is a lower-bound for f(x) while M is an 
upper bound. 


Then m(b—a) <[f flx) de <M (ba) 


This is obvious once we consider the figure below : 


y 


M y= th) 
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Observe that area (rect AXYB)< fg fx) dx <area(rect DXYO) 


(6) Let us consider the integral of f,(x) + fa(x) from x =a 
to x =b. To evaluate the area under f,(x) + f2(x), we can 
separately evaluate the area under f,(x) and the area under 
(f_(x) and add the two area (algebraically). 


Thus, PFCs) + filo) dx =f Ad de + FP fle) de 


Now consider the integral of kf(x) from x =a to x =b.To 
evaluate the area under kf(x), we can first evaluate the area 
under f(x) and then multiply it by k, that is : 

fuera =kf! fle) dx 


(7) Consider the odd function f(x), ie. f(x) =— f(x). This 
measn that the graph of f(x) is symmetric about the origin. 


ye 


From the figure, it should be obvious that L f(x) dx =0, 


because the area on the left side and that on the right 
algebraically add to 0. 


Similarly, if f(x) was even, ie. f(x) = f(- x) 
Ye 


fe f(x) dx =2)" f(x) de because the graph is symmetrical 
about the y-axis. If you recall the discussion in the unit on 
functions, a function can also be even or odd about any 
arbitrary point x =a. Let us suppose that f(x) is odd about 
x=a, ie. f(x)=— f(2a-x) 

y 
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The points x and 2a — x lie equidistant from x =aateither 7. folo—a)=[f fla) de 2 fe = ff pixar 

sides of it. = , oa 
vt This value is attained for at least one c €(a, b) (under the 

‘Suppose for example, that we need to calculate [* flx)dx. This val Se A cuibaees of oe 

It is obvious that this will be 0, since we are considering 

equal variation on either side of x=a,the areafromx=0 | Example 11 Sketch the graph y=|x+]. Evaluate 


ake ee J? [+ Ide. What does the value ofthis integral 
. i 


Similarly, if f(x) is even about x =a,ie. f(x) = f(2a—x) represents on the graph. 
(x+1), ifx2-1 


—(x+1), if x<-1 


ye 


then we have, for example 


fF fer ar=2 fi pone 
From the discussion, you will get a general idea as to how 


to approach such issues regarding even/odd functions. ef) fxeide= [Teeter + [2 )x+ nde 
(8) Let us consider a function f(x) on[a, b] a : 2 
5 =f Gettdet [Altair + [7 eter 


as ee 
x x 

+x} 4/2 +x] =9 
E L iB I. 
Representation of the value 9 of integral on graph. 


2 
+ J /,)x+1[de =9 represents the area bounded by the curve 


y=|x +1]. X-axis and the lines x =—4 and x =2.ie if is 
equal to the sum of the ares of AABD and ACE, 


We want to somehow define the “average” value that f(x) 


takes on the interval [a, b]. What would be an appropriate ie 1 @+1 3-2 42-9 
way to define such an average? Let f,, be the average 2 3 22 
value that we are seeking. Let it be such that it is obtained (+: area of triangle = $xbase x height) 


at some x =e [a,b] 


] Example 12 Find the area of the ellipse 


Sol. Using the symmetry of the figure; required area is given by 
A= 4 (area OABO) 


ae 2% 
24 [yar where + 35-1 


8 (0.b) 


< Wit 
a, 


We can measure f,, by saying that the area under f(x) 
from x =a to x =b should equal the area under the 
average value from x =a to x = b, This seems to be the 
only logical way to define the average (and this is how it 
is actually defined!). 
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yj 2 2 
grr ae =e. tg to 8) bl 


ni[e6-S me 28] 


= = 2/3 — a’ log (2 + ¥3) sq units 


1 Example 14 Find the area common to the parabola 
5x? —y =Oand 2x? - y+9=0. 


Sol. Given curves are y= 5x? fi) 
and y=2x? 49 wii) 


xPayld 


A= nab sq units 


Teamglet 13 Find the area bounded by the hyperbola 
=a” between the straight lines x =a and 


Remark 
x= si In such examples, figure is the most essential thing. Without 
Sol. We use the symmetry of figure. figure it just becomes difficult to judge whether y, to be 


subtracted from y, or otherwise, 


ms 
Required area, A =2 dx, where x* — 
on {ry 2s Let us solve Eqs. (i) and (if) simultaneously, 


5x* =2x7 +9 
= 3x? =9 => x7 23 
x=-13 


or x=43 
In the usual notations, the required area is given by 
a 
A =|"; (nye) de 


We have to find which curve is above and which is below 
wart, X-axis in order to decide y; and y>, 


‘Take any point between V3andx = 3 
3 Let us take x = 0, which lies between 
In the first quadrant; y = + yx? -@® ~ VS and x = V3 
1 Asaf tod de When ean @y=o 


When x =0 from Eq, (ii) y=9 


20 
2 
x a 2 2 Now, 9>0 
2|= yx? -a? -2 k +x? -a") 
af par ge , J. Parabola Eq, (ii) is above parabola Eq, (i) between 
2 
=2 [are = log (2a + \[4a?— a? - fo 


loga ama 
ae and x=v3, 
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cy of the curve (ii) is to be taken as y, and y of the curve (i) 
is to be taken as-y2. 


Area(A) =f“ (2x? +9)—52") de 
=f", (9 —3x?) de 
=2f,%o-ax*) de 


=2fx-x}P> 
=2[9 V3 —3 V3) 
Area = 123 sq units 


1 Example 15 Find the area enclosed by 
y =x (x—1)(x—2) and X-axis. 
Sol. The given curve is y = x (x —1)(x —2). It passes through 
(0, 0), (1, 0) and (2, 0). 
The sign scheme for y = x (x —1)(x —2)is as shown in 
figure. 


- 0 1 - 2 
From the sign scheme it is clear that the curve is + ve when 
0< x<1or x>2 hence in these regions the curve lies 


above X-axis while in the rest regions the curve lies below 
X-axis. 


Remark 


Sometimes the discussion of monotonicity of function helps 


usin sketching polynomials. In the present case, Maa? or+2 
ie 


Sign scheme for 2 is 
ox 


When & =0, then; x=1 
ar 


i & 


Thus, it is clear that the curve increases in (- ea 


1 1 
44 L)and again increases in 
#) 


v3 


decreases in ( = 
6 + 5 ‘i -} Therefore, the graph of the curve is as below 


Hence, required area 


= fix(e-n(x-ades| J x(x-1)(x-2)de 


[f(t 30? +2x)dr+| JP 3" +28) dr| 


2 
4 
x 
2x3 4x? 
4 
1 


asea-[ 


j 
(4-2+"] + 
( 


-isi}t 


=4 sq unit 
2 


1 Example 16 Find the area between the curves 


y =2x" — x?, the X-axis and the ordinates of two 
minima of the curve. 


Sol. ‘The given curve is y = 2x" + 
When y =0,then x =0,0 


‘The sign scheme is as shown below 


Therefore, i is clear thatthe curve cuts the X-axds at 
x=-,0and—- 
We a 
= 2: 1 
The curve is -ve in (- ) and (5) while positive i 
% v2 ner 
the rest. Now, 22 = 8x* — 2x. The sign scheme for 22 is as 
dx dx 


below 


ve 
' 
°. 
nis 


i.e. The curve decreases in (— =», ~ 1/2)and (0,1/2)and 
increases in the rest of portions. Also, the function possess 
minimum at x = — 1/2and 1/2 while maximum at x = 0. 
Therefore, the graph of the curve is as shown below 


¥ 


~V2 V2 


+X 


¢. Required area 22/3" jax! - x? | dx 


=2f Gxt x?)de ~~ 


= yyy Stunt 
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Exercise for Session 1 


= 


Draw a rough sketch of y = sin 2x and determine the area enclosed by the curve, X-axis and the lines x = 1/4 
and x =3n/4. 


Find the area under the curve y =(x? +2)? + 2x between the ordinates x =0 and x = 


wo N 


Find the area of the region bounded by the curve y = 2x — x? and the X-axis. 

Find the area bounded by the curve y? =2y — x and the Y-axis. 

Find the area bounded by the curve y =4 — x? and the line y =O and y =3. 

Find the area bounded by x = at? and y =2at between the ordinates corresponding tot = and t =2. 
Find the area of the parabola y? = 4ax and the latusrectum. 


Find the area bounded by y = 1+ 2sin? x, X-axis, x =O and x =7. 


wo pnansr 


Sketch the graph of y = /x + 1in [0, 4] and determine the area of the region enclosed by the curve, the axis of 
X and the lines x =0, x =4. 


10. Find the area of the region bounded by the curve xy — 3x —2y -10 =0, X-axis and the lines x =3, x =4. 


Session2 7 
Area Bounded by Two or More Curves 


Area Bounded by Two If confusion arizes in such ease evaluate 

or More Curves J21/00)- g(x)| dx which gives the required area. 
Area bounded by the curves y = f(x), y = g(x) and the 

lines x =a and x =b, be 


Let the curves y = f(x) and y = g(x) be represented by AB 
and CD, respectively. We assume that the two curves do 
not intersect each other in the interval [a, b]. 

Thus, shaded area = Area of curvilinear 
trapezoid APQB— Area of curvilinear trapezoid CPQD 


y=ge) 


xa xeb 


6 * ’ 
= J fla) de J? g(x) dx =f" { f(x) a(x} de 
= sd a Figure 3.34 
Y 
Area between two curves y = f(x), y = g(x) and the lines 
f 
A ini x =aand x =bis always given by f° { f(x) - g(x)} de 
provided f(x) > g(x) in[a, 6]; the position of the graph is 
c LLU y=90) immaterial. As shown in Fig. 3.34, Fig. 3.35, Fig. 3.36. 
4 P a ne y 
fo) 
| x=a x=b 
Figure 3.32 


=f 
Now, consider the case when f(x) and g(x) intersect each ysh 


other in the interval [a, b]. 
First of all we should find the intersection point of 

y= f(x) and y = g(x).For that we solve f(x) = g(x).Let 
the root is x =c. (We consider only one intersection point 
to illustrate the phenomenon). 


y=gk) 
Figure 3.35 


‘Thus, required (shaded) area 
=f (2) -ae)ide + flex) sax 


yao) 


Figure 3.36 


1 Example 17 sketch the curves and identify the 
region bounded by x =1/2, x =2, y =log, x and 
y =2". Find the area of this region. 


Figure 3.33 


(IT JEE 1991) 


Sol, The required area is the shaded portion in the following 
figure. 
yoo 


Kate 
sacl 
Inthe region >$ x $2; the curve y = 2" lies above as 
compared to y = log, x. 
2 
Hi 7 ired = Fe 
fence, required area he (2* = log x) de 


2 - 
[Santen] 
2 


-( log2 


1 Example 18 Find the area given by 
x+y S6,x?+y? <6y and y*<Bx. 
Sol, Let us consider the curves 
Pay'-8x=0 i) 


log 2+ 3) sq units 


Cax'+y' =6y 
ie, x* +(y-3)'-9=0 Gi) 
and Sexty-6=0 4 
The intersection points of the curves (ii) and (iii) are give: 
by 


(6- yy +y* ~6y=0 
ie. y=36 


P (0,6) A2,4) 


Therefore, the points are (0, 6) and (3, 3). The intersection 
points of the curves (i) and (iii) are given by 


7 =B(6-y), be. y=4,-12 
Therefore, the point of intersection in Ist quadrant is (2, 4). 
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Now, we know that 
CSO denotes the region, inside the circle C = 0. 
P< denotes the region, inside the parabola P = 0. 


$< O denotes the region, which is negative side of the line 
S=0, 
2 Required area = Area of curvilinear AOMRO 


+ Area of trapezium MNSR ~ Area of curvilinear AONSO 
=f? Ae de + (MR + NS)- MN 
~ (Area of square ONSG — Area of sector OSGO) 


=|? vx ds +24 43)1 


2 ( S aa units 
T Example 19 Find the area of the region 
{(x, y):05 ySx?+1,05 ySx+1,05 x52}. 
Sol. Let R= ((x,y):0S ySx7+10SySx41,05 x52} 

= f(x,y): 0S yS x7 +10 (x,y) 0S ySx +1} 
=RARAR A f(x, y):0S x82} 
where, Ry = {(x, y):0 yS x? +1} 
Ry = ((x,y)0S yS x41} 
Ry = ((x,y):05 x52} 
Thus, the sketch of R,, R; and Ry are 


and 


From the above figure, 


Required area= f(x? +1) dx + i (x +1) de 


1 > ¥ 
- +) (E+) = 2 sq units 
° 1 
1 Example 20 The area common to the region 
determined by y > Vx and x? + y? <2 has the value 


(a) mq units (b) (2 — 1) sq units 
() ( (d) None of these 


sa units 
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Sol. The region formed by y2 Vx is the outer region of the 
parabola y = x, when y20and x2Oand x? + y?<2is 
the region inner to circle x? + y? =2 shown as in figure. 


oO 


Now, to find the point of intersection put y? = x in 


x+y =2 

= xt4+x-250 
= (x+2)(x-1)=0 
= 


Hence, (c) is the correct answer. 


1 Example 21 Find the area of the region enclosed by 
the curve 5x? + 6xy +2y?+7x+6y +6=0. 
Sol. Comparing ax* + 2hxy + by* + 2gx + 2fy +.¢=0, we get 
a=5,b=2h=3,g=7/2 f =3ande=6 
> h? —ab=-1<0 
So, the above equation represents an ellipse. 
ay? +6(1+ x) y+ (5x7 +7x +6) =0 


2 30+x)t VG= x)=) 
2 


Clearly, the values of y are real for all x € [1,3} Thus, the 
graph is as shown below 


= 


‘Thus, required area 


|? (2aenbre x)(x—1) =i GAH) 
-(eeoe VE=G=-V 


2 


=| [eqs =| J? LF —2F a 


3| 
1 eS 3 sa (22} | 
-[Be-a wax —3 +2 sin ( ra A 


Zz 
1 Example 22 if po {1 Xe and g(x) 
(where, {} denotes fractional part of x), then the area 
bounded by f(x) and g(x) for x € [0,10] is 


(a) sq units (0) 5 sq units 
(a) Psq units (4) None of these 


Sol. as. a)={ Oe ae 


and g(x) are periodic with period ‘1" shown as 


and g(x)= {x}’, where both f(x} 


Thus, required area=10 [* (Jf) — {xP dx 


=10f? (x)? - x7] ae 


Hence, (c) is the correct answer. 


1 Example 23 Find the area of the region bounded by 
the curves y = x2, y =|2-x?| and y =2, which lies to 
the right of the line x =1. [IT JEE 2002] 

Sol. The region bounded by given curves on the right side of 

x =1is shown as 


; # 
Required area = f * tx) det ize -x}ar 


=f" (ex? -2) d+ f= (4x4) de 


sea eae 


= (-8+ 2) (222) a te 


3 


1Example 24 The area enclosed by the curve 
|y|=sin 2x, when x € [0,27] is 

(a) 1. sq unit (b) 2 sq units 

(c)3sq units (d) 4 sq units 

Sol. As, we know y =sin 2x could be plotted as 


Thus, | y | =sin 2x is whenever positive, y can have both 
positive and negative values, ie. the curve is symmetric 
about the axes 


Li an 
sin 2x is positive only in0S x8 [andes x --Thus, 


x 
the curve consists of two loops one in| 0, 2 a another 


[F] 


at? 
-1(-3) = -2(cos m~ cos 0) 
2 0 


=-2(-1-1)=4 sq units 
Hence, (d) is the correct answer. 


Chap 03 Area of Bounded Regions 185 


JExample 25 Let f(x)=x?, g(x)=cos x and 


1, B (a. <B) be the roots of the equation 
18x? —9nx +? =0. Then, the area bounded by the 


curves y = fog(x), the ordinates x = a1, x =f and the 
X-axis is 
(a) ; (me —3)q units (bo) $ sq units 


F sq uni (d) = sq units 
(9 Esqunits @Gsqu 


Sol. Here, y = fog(x) = fg(x)}=(cos x)* = cos* x 
Also, 
=  (3x-7)(6x-m)=0 


= =F (esc48) 


18x? -9nx +17 =0 


EE 
6 3 
<. Required area of curve 


“pra oe apes 
=fre cos? x dx cara ee (1+ cos 2x) dx 


=} [+t oi {(E-3) +2 (sin -sin™ 
2 2 Jem 23 6) 2 | 6 


Hence, (d) is the correct answer. 


1 Example 26 Find the area bounded by the curves 
x? +y? =25,4y =|4—x?] and x =0 above the X-axis. 
Sol, The ist curve is a circle of radius 5 with centre at (0, 0). 


| sea -|-2 
4 


which can be traced easily by graph transformation. 


The nd curve is y = 


EOD) (2.0) 


When the two curves intersect each other, then 


186 = Textbook of Integral Calculus 


“fo ton(d tt} boe (4 


1 Example 27 Find the area enclosed by| x|+|y|=1. 


Sol. From the given equation, we have 
\yl=1-[x{l0 
=> “1sxs1 


Celytlo] 


‘Therefore, the curve exists for x € [~ 1, 1]only 
-1 
andfor-1SxS1; y=+(1-]>|) ie. v-{ ell 
-(x1-2) 
‘Thus, the required graph is as given in figure, 


s. Required area = (2)? =2sq units 


1 Example 28 Let f(x)=max fin X,COS X, i. then 


determine the area of region bounded by the curves 
y = f(x), X-axis, Y-axis and x =2n. 


Sol. We have, (x)= max {ain x, €08 x, A Graphically, f(x) 
could be drawn as 


Here, the graph is plotted between 0 to 2 and between the 
points of intersection the maximum portion is included, 
thus the shaded part is required area 
Interval Value of f (x) 
Osx<n/4 cos x 

for m/ASx<50/6 sin x 

for 5m/6S5x<5n/3 V2 

for 5n/3S5x<20 cos x 
Hence, required area 

mA smi se/sd pan 
taf cosx de + [sin xdx + f Fi dxtf (* cosx dx 


. it 1 if ig 
= (sin x)p!* — (608 xara +5 (Opera + (in Ysera 


alee) 0s) 


= (B+ 8+ 8) sats 


Exercise for Session 2 


1. The area of the region bounded by y? = 2x + 1and x - y -1=0is 


(2) 28 (b) 43 (c) 8/3 (d) 163, 
2. The area bounded by the curve y =2x — x? and the straight line y = x is given by 

(a) 9/2 (b) 43/6 (c) 356 (d) None of these 
3. The area bounded by the curve y = x |x|, X-axis and the ordinates x =—1 x = tis given by 

(a0 (b) 1/3 (©) 23 (d) None of these 
4, Area of the region bounded by the curves y =2*, y = 2x — x?, x =O and x =2is given by 

34 3.4 4 

(2) 92 3 ©) 592° 3 (2)3lag2- (d) None of these 

5. The area of the figure bounded by the cuves y =e*, y =e and the straight line x = tis 
1 1 1 
Oka (ye-= (e+ -2 (d) None of these 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 
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Area of the region bounded by the curve y? =4x, Y-axis and the line y =3is 


(a)2 (b) 9/4 (c) 6V3 (d) None of these 
The area of the figure bounded by y =sinx, y = cos x is the first quadrant is 
(a)2(y2-1) (o) V3+1 (c)2(3- 1) (d) None of these 
The area bounded by the curves y = xe”, y = xe~* and the line x = is 

2 2 1 1 

= (b) 1-2 a (d) 1- = 
@s (b) 1 = @- (1-2 
The areas of the figure into which the curve y? =6x divides the circle x? + y? = 16 are in the ratio 

2 4n-V3 4n+ V3 
fa) = b} (d) None of these 
3 ere OG 
The area bounded by the Y-axis, y =cos x and y=sinx,02x <n/2is 
(a) 22-1) (b) 2-1 (c) (V2 + 1) (a) V2 
The area bounded by the curve y = andy +P-|=2i8 

Ix] 
(@)4=te927 (b) 2- 1og3 (c)2+ log3 (d) None of these 
‘The area bounded by the curves y = x? +2 and y =2|x|-cos + x is 
(a) 23 (b) 8/3 (c) 4/3 (d) 1/3 
‘The are bounded by the curve y? =4x and the circle x? + y? -2x -3=Ois 
8 8 8 8 

2 = = = (d) m-— 

(a) tS Ost. Care (d)x 3 


A point P moves inside a triangle formed by A(0,0),B iq »C (2,0 )such that min {PA, PB, PC} = 1, then the 
3 


area bounded by the curve traced by P, is 


x 
(33-38 w)v3+% @8-% (avs + 
The graph of y? + 2xy + 40|x|=400 divides the plane into regions. The area of the bounded region is 
(a) 400 (b) 800 (c) 600 (c) None of these 
The area of the region defined by||x|—|y||<1and x? + y? < tin the xy plane is 
(a) x (b) 2x (c) 3x (d)1 
The area of the region defined by 1<|x -2|+|y + 1|<2is 
(a)2 (b)4 (c)6 


(d) None of these 
The area of the region enclosed by the curve| y|=—(1-|x |)? +5,is 


(a) 3 (7+ 5¥5)squnits (b) 2 (7 + 5V5) sq units © 265 ~7)sq units (4) None of these 


The area bounded by the curve f(x)=|| tan x + cot x| -|tan x ~ cot x|| between the lines x =0,x =" and the 
X-axis is 

(a) log 4 (b) log v2 {c) 2log2 (4) V2 log2 

If f(x) =max fain X,COS «dh then the area of the region bounded by the curves y =f(x), X-axis, Y-axis and 


x = is 
(2 -f5+ 5) sq units (o) (2 +34 =) sq units 


() (2 +J3+ =) squnits (d) None of these 


JEE Type Solved Examples : 
Single Option Correct Type Questions 


@ Ex. 1 IfA denotes the area bounded by 


sin x +cos x :, 
——— |, X-axis, x = 1 and x =37, then 


x 
(a)1<A<2 (boc Ac2 
()2<A<3 (d) None of these 


sou 28 «jing 2 oma 2 


[ nexemoteie! 
mee 


(i) 


ae] si 
wh of sin x4 cosx| 4, 22 


on Je x on ” 
On adding Eqs. (i) and (ii), we get 
SVB 4g WE 
3m ® 
= ons <A<13 


Hence, (b) is the correct answer. 


© Ex. 2 If f(x) 20,Vx (0,2) andy = f(x) makes posi- 
tive intercepts of 2 and 1 unit on X and Y-axes respectively 
and encloses an area of 3/4 unit with axes, then 


§2 Fo dxis 


3 3 
ay (b)1 a=, 


5 
© ri 
3 


Sol. 1 =f0ef? fix) de =0- 


ele 


4 
Hence, (d) is the correct answer. 


© Ex. 3. The area of the region included between the 
regions satisfying min (|x|, /y)21andx? +y? <5 is 


§(sin' wg) ()1o( sir" Fain" E)-4 
03s z)-4 (os 


Sol. Shaded region depicts min (| x |, |y[) 21 


Ys 
(1,2) 


= iT 


Required area 


in (5-8-1) de 


=10 (sin? 2 sin 
We 


Hence, (b) is the correct answer. 


@ Ex. 4 The area of the region between the curves 


ya [UES * andy = j—°% and bounded by the lines 
cos x cos x 
t 


x= Oand x= F is AIT JEE 2005] 


ea t 
——_— 
wf, (+e? Wi-2? 


wi at 


dt 
(+P yi-e 


irae —_— 
2 ate wi-? 


vin 


t 
@f, ae dt 


Sol. Required area = n't ieee ee) ihe 
cos x cos x 


1+sin x 


# 
2 
via at 
Area = dt 
irre 


Hence, (b) is the correct answer. 


JEE Type Solved Examples : 


More than One Correct Option Type Questions 


© Ex. 5 LetT be the triangle with vertices(0,0),(0,c?) and 
(cc?) and let R be the region between y = cx andy = x?, 
where c >0, then 


3 
(@) Area (R) == (b) Area of R= 


3 


Area (T) . Area(T) _ 3 
(2) tim SN =3 (4) tim AER) 3 
e+0* Area (R) « ow Area(R) 2 
23 
Sol. Area (T) =“ =< 
2 2 


cL. =3 


cot Area(R) ath 2 


Hence, (a) and (c) are the correct answers. 


© Ex. 6 Suppose fis defined from R-»[—1,1] as 
Be 
flex) =2— where R isthe set of real number. Then, the 
eH 
statement which does not hold is 
(a) fis many-one onto 
(6) fincreases for x > 0 and decreases for x <0 
(©) minimum value is not attained even though fis 
bounded 
(d) the area included by the curve y = F(x) and the line 
y = lis 7 sq units 
; 


Sol. y = f(x) = 


Prva rs| 
Fa) = ai gx Of isineeasng and x <0 fis decreasing 
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= (b) is true; range is [-1,1) = into = (a) is false; minimum 
value occurs at x=Oand f(0)=—1 => (c)is false. 


(xt-1 ede 
Azz (-33 dx =a Port 


n 


=([4-tan! x]p =2n = (d) is false. 


Hence, (a), (c) and (4) are the correct answers. 


cos x, 0Sx<= 
© Ex.7 Consider f(x)= 2 such that f 
Tt Tn 
E_y| 2excn 
G-}4 
is periodic with period 7, then 
2 
(a) the range of fis [ez] 


(b) fis continuous for all real x, but not differentiable for 
some real x 
(0 f is continuous for all real x 
(d) the area bounded by y = f(x)and the X-axis from 
2 


x=-mtox=misto( + }oragbenaen 


cos x, 


Sol. 


. and f is periodic with 


Given, f(x) = 2 
( ): exer 


period x. Let us draw the graph of y = f(x) 
2 
From the graph, the range of the function is] 0, 
4 


It is discontinuous at x = nm, ne I. It is not differentiable 


area bounded by y = f(x) and the X-axis from —nm to nm for 
ne 


=n f* fix) dx =2n lg picid fol Je] 


3 
=2anfi+ = 
2 


Hence, (a) and (d) are the correct answers. 


190 Textbook of Integral Calculus 


© Ex. 8 Consider the functions f(x) and g(x), both 

defined from R—> Rand are defined as f(x) =2x— x? and 

g(x) =x" where neN. If the area between f(x) and g(x) is 
1/2, then n is a divisor of 

(a) 12 (b) 15 ()20 

Sol. Solving, f(x) =2x-.x* and g(: 

ax-xtex" = x=0and 


(d) 30 
x" we have 


As fle@x-xt- 2") dee] 


=> n=s 
Thus, nis a divisor of 15, 20, 30. 
Hence, (b), (c) and (d) are the correct answers. 


JEE Type Solved Examples : 


© Ex. 9 Area of the region bounded by the curve y =e” 
(MIT JEE 2009 


(b) ffin(e+1-y) dy 


and lines x =0 andy =e is 
(ae-1 


(@) fiinyay 


Jletax)an 


(e~fie* dx 


Sol, Shaded area =e 


= fing—ai) = f Inet 


= ffinydy =1 


Hence, (b), (c) and (d) are the correct answers. 


Passage Based Questions 
Passage I 
(Q. Nos. 10 to 12) 


Consider the function f(x) =x? -8x? +20x -13. 


© Ex. 10 Number of positive integers x for which f(x) is a 
prime number, is 
(a) (b) 2 
©3 (d)4 
Sol. f(x) =(x-1)(x* -7x+ 13) for f(x) to be prime atleast one of 
the factors must be prime, 


Therefore, x-1=1 
= x=2 
or x -7x413 51 
> xP -7x412=0 
= x=dor4 
= x=2,34 


Hence, (c) is the correct answer. 


© Ex. 11 The function f(x) defined for R-> R 
{a) is one-one onto 
(b) is many-one onto 
(©) has 3 real roots 


(d) is such that f(x,): f(x2)<Owhere x; and x2 are the 
roots of f’(x) =0 
Sol. f(x) is many-one as it increases and decreases, also range of 
f(z) R = many-one onto. 
Hence, (b) is the correct answer. 


© Ex. 12 Area enclosed by y = f(x) and the coordinate 
axes is 
(a) 65/12 
(712 


Sol. A=|[° f(x) de 


(b) 13/12 
(d) None of these 


\ 
=~f (8x7 + 202-13) de = © 

e 2 
Hence, (a) is the correct answer, 


Passage II 
(Q. Nos. 13 to 15) 


Let h(x) = f(x) — a(x), where f(x) =sin* mx and 
g(x) =I x, Let Xq, X1y X25-005Xner be the roots of f(x) = g(x) 
in increasing order. 


© Ex. 13. The absolute area enclosed by y = f(x) and 
y =a(x) is given by 


OE [Cv iad. OS faye ica 
r=0 ro 


oy, JL yt ae wy, [Oy h(x) de 
for ro" 


+x 


1 


G2 xy 2 x2 SI 
aN 1 2 ¥Q5/2 xy 3 


Hence, (a) is the correct answer. 


© Ex. 14 In the above question, the value of n is 
(a)1 (b)2 ()3 (d)4 
Sol. xy) = N=. 


Hence, (b) is the correct answer. 


© Ex. 15 The whole area bounded by y = f(x). y = g(x) 
and x =0 is 


u 8 13 
a> > (2 (d) 7 


n 


Sol. Required area =f sin* nxdx—J? In xdx= 


Hence, (a) is the correct answer. 


Passage III 

(Q. Nos. 16 to 18) 
Consider the function defined implicitly by the equation 
y? —3y +x =0 on various intervals in the real line. If 
x €(~20,-2) U (2,09), the equation implicitly defines a 
unique real-valued differentiable function y = f(x). If 
x€(-2,2), the equation implicitly defines a unique 
real-valued differentiable function y = g(x) satisfying 
&(0) =0. [MT JEE 2008] 


© Ex. 16 if f(-10V2) = 2/2, then:f(—10V2) is equal to 
4y2 42 42 


Ora Oy On as 


yosytxs0 
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On differentiating, we get3y’y’ -3y’-1=0 


fees 
**y-y¥) 
paptire = 
= ¥C108) = a 
aI a 1 = ws 
= YCWND) = eR 30-8) 


‘Again differentiating Eq, (i), we get 


= OY 
ym-y) 
2 
oa-(4) 
ican) 2-2 
yiciov) = ry 7 


Hence, (b) is the correct answer. 
© Ex. 17 The area of the region bounded by the curve 
y= fx), the X-axis and the line x =a and x= b, where 
-0 <a<b<-2is 
ae? 
a ——— 
ON si7GNF A 
aaa 
 ———— 
I. 3(f0P - 1] 
ae 
——__—<dx - bf (b 
OL ape Ore 
: 


’ 
@-(/— 

I. atfooP =] 

Sol, Required area = J" f(x) de = (xf) - J f(x) de 
= bf(b) - afta) + f 


Hence, (a) is the correct answer. 


dx + bf (b)—af (a) 


dx — bf (b)+af(a) 
dx ~ bf (b)+af(a) 


ss 
“Teor 


© Ex. 18 fs 8’ (x) dx is equal to 


191 


nfl) 


(a) 2g(-1)(b) 0 ()—2g)— (d) 2g() 

Sol, 1= f(x) dx =[a(x)lbs = g(t) —a(-1) 
Since, y-3ytx=o nfl) 
and y= 8) 
Since, {e(x)}? -3g(x) +x =0 [by Eq. 
Atx=1, {g(1)P -3g)+1=0 anil) 


Atx=-l, {g(-1))-3g(-1)-1=0 

On adding Eqs. (i) and (ii), we get 

{eQP + {a-DP -3(g(1) + g(-1)} = 0 

(a(t) + g(-1)Hg(0)* + g(-1)* ~ g(t)g(-1) -3} = 0 
atl) + g(t a(t) == g(-1) 

1 = g(t) ~ g(-1) = g(t) -(-g(t)) = 2g(1) 


Hence, (d) is the correct answer. 


wniii) 
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Subjective Type Questions 


Sol. Here, y = cos x —cos* x and y 


drawn as in figure 


Thus, the area =2f bia [vves- cos?x) — fe (= = = ax 


- Berg 
=f (ox cost raat + 


x_sin2x x? 
2) sinx 5 - + 


45° 
s 
Pi (pao 
2 120 


© Ex. 20 A curve y = f (x) passes through the point 
P (1,1), the normal to the curve at P isa(y —1) +(x —1) =0. If 
the slope of the tangent at any point on the curve is propor- 
tional to the ordinate of that point, determine the equation 
of the curve. Also obtain the area bounded by the Y-axis, the 
curve and the normal to the curve at P. 


Sol. Here, slope of the normal at P (x,y) 
= Slope ofthe line ay ~1) + (x=1) = 0is == 
<_ Slope of the tangent at P =a, 


dy) _ 
( -— ), =a wi) 


Itis given that the slope of the tangent at any point on the 
curve y = f(x)is proportional to the ordinate of the point. 


ay dy _ 
Be 

= (2) =A ach 
dx Juy 
4 4 
few = rade 


> log y =ax+ loge 


> y =ce, which passes through P (1, 1) 


=> Curve is 


iyi +e 
Required area =f" (log y-+a) dy+ f,'* "(a +a)—ayldy 


y log y-1) + ay]!« +{asay-2y"} . 


a 


are 4 


footer aafedf 
“il ay 


sq units 


=leitataet +e? gent} +[ tee 
a @ 


=tersarerya(t si-2) 
a 2a 


© Ex. 21 Sketch the region bounded by the curves y =x? and 


got 
14x? 


Sol. For intersection point, x’ 


ie. x+x?-250 
ie. (x? +2)(x*-1)=0 
ie, x=t1 
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2. ) ae + The equation of the tangent to the curve at the point 
n,)k x 
=a -1=2[x-= 
, Gee eae) 
= pt cee 1 
2 [bt > ak a(é é) when yoGxet-Ssor 
Now, the required area = Area of curvilinear AOPN: —Area of APTN 
oi 1 
= Jf (tan x) de->- NT PN 


@ Ex. 22 Find the area enclosed between the curves 


= [log (ee x)" — ; (@ 


y =log (x +e); x log, (:) and X-axis. 
¥. 


Sol. The given curves are y = log (x +e) and 


x=log, ( ef } steesyset © Ex. 24 Find all the possible values of b >0, so that the 
ela area of the bounded region enclosed between the parabolas 
Using graph transformation we can sketch the curves, 3 2 ; 
x=-e ‘ y=x-bx? andy =~— is maximum. 


2 
Sol, Eliminating y from y = = and y =x — bx*, we get 


x? sbx— Bx? 


Bs log (x +e) de + f[~ eF dr 


% log (t) dt + s; et dx 
(putting x + e=1) 


=[tlog tt] -[e"] 7 =14+1=2 


@ Ex, 23. Find the area of the region bounded by the curve 
c:y =tan x, tangent drawn toc at x = %/4 and the X-axis. ‘Thus, the area enclosed between the parabolas, 


; a asi 2 
Sol. The given curve is y = tan x ax" (samt 2) a 


Y sec? x 
ax 


For maximum value of A, 


But 24-1, (1+ 6%)" 2b —b*-2(1 + b)-2b 1b (1-54) 
db 6 a+o?yt 3 a+b)? 
x Hence, 44 = ogives b= ~1,0,1sinceb > 0 


db 
Therefore, we consider only 


Sign scheme for — around b = 1 is as below 


From sign scheme it is clear that A is maximum. 
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© Ex, 25 LetC, andC, be the graphs of the function 
y=x? andy =2x,0 Sx <1, respectively. Let C; be the graph 
of a function y = f(x);0$ x $1, f(0) =0. For a point P on Cy, 
let the lines through P parallel to the axes, meets C, andC3 
at Q and R respectively. If for every position of P on(C,), the 
areas of the shaded region OPQ and ORP are equal, deter- 
mine the function f(x). (UT JEE 1998] 


Sol, On the curve G, Ley = 
Let P be (a, ”), So, ordinate of point Q on C; is also a. 


2 


Now, C: (y =2x) the abscissae of Qs given by x = - = 
: 2i( at )snaton cs fo 
Now, area of AOPQ =f (x; ~ x2) dy = J (w-2) dy 


=2q3-% fi) 


+x 


20? of fet fxppex 


Differentiating both the sides w.r.t. a, we get 
oat esa =f) 


=> fle)=a?-a? = fix)=x°-3" 


© Ex. 26 Find the area of the region bounded by the 
log x 
curvesy =ex log x and y =-8. 
ex [UT JEE 1990] 
Sol. Both the curves are defined far x > 0. Both are positive when 
x >1and negative when 0<x<1. 
We know that, lim, log x-+ 
set 
tim BEF» 


rot ek 


‘Therefore, 


‘Thus, Y-axis is asymptote of second curve, 
and lim, ex log x {(0) (~~) form] 
ao 


= lim, 1HE* ( = toma) 
root Ux = 
e(i/x) 


= ‘) 9 (using L'Hospital’s rule) 
root (-1/x*) 
‘Thus, the first curve starts from (0, 0) but does not 
include (0, 0). Now, the given curves intersect therefore 
log x 
ex 


ex log x= 
ie. (e’x? —1) log x=0 


(s x>0) 


‘Therefore, using the above results figure could be drawn as 
+ Required area =f" ( 22 -ertoe x) ae 
ox 


ve 


r 2] 2 
-1[%e2"] «|S ehex-n] = 


le Ye 


© Ex. 27 Let A, be the area bounded by the curve 
y =(tan x)” and the lines x =0, y =0 and x =*. Prove that 


1 
forn>2; A, + A,-2=—— and deduce that 
qe 


—< 
2n+2 
Sol. First part We have, A, = f al (tan x)" de 
Hence, Aaa (tan xJ"~? de 
a 
At A-a=f} (tan x)"~? (tan? x + 1) dx 
=f" (tan x)""? sec? xd 


Let tan x =t,so that sec* x dx =dt 


ait 
Athan fleta(! ;) Ai) 
r-1 * 
Second part 
Since, OSxSn/4 -. OStanxs1 
> tan"*? x<tan" x<tan"-? x 
J tan dec fant xde cf" tant? ede 


= Ane SANS Ang = A+ Ay 2 <2A, <A, + Ape 


1 1 
<2A,< 
n+. 


n-1 


1 
Zaey << 2e@-y (using Ea. ()] 
@ Ex, 28 Consider a square with vertices at (1, 1) (-1, 1), 
(-1,-1) and (1, ~1). Let be the region consisting of all 
points inside the square which are nearer to the origin than 
to any edge. Sketch the region S and find its arequiT JEE 1995) 
Sol. For the points lying in the AOAB the edge AB, i.e. x=1is 

the closest edge. Therefore, if the distance of a point P 
(ying in the AOAB) from origin is less than that of ite i 
distance from the edge x =1 it will fall in the region S. 


OP < PQ 


> yr+y? si-x 
= xey?sx?-2x41 
= y?S1-2x 
Similarly, for points lying in the AOAD the side y = 1 is the 
dlosest side and therefore the region S is determined by 
x? <1-2y 


Since, the edges are symmetric about the origin. Hence, by the 
above inequality and by symmetry, the required area will be the 
shaded portion in the figure given below 


Al 
YY): 


‘yao 
Now, when the curves y* = 1 —2x and y =x intersect each 
other, then 

xPe1-2x = x? +2x-1=0 


= x=V2-1,-V2-1 
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Hence, the intersection points in the first quadrant is 


(v2 1,42 -1). 
c. Required area =8 [Area of curvilinear AOLM] 


-a[L oan ea—n+f 2 sim ar ax] 


fy 2q-2x)" )" 
-+| jo-aas( "S73 ) 


E=1 


© Ex. 29 Sketch the region included between the curves 
x? 4y? =a? andyjx|+yiy_|=Va(a>0) and find its 
area. 
Sol. The graphs|x|+|y|=aand| x|?+|y[? =a" are as shown 
in figure. 
Va 


From the figure it can be concluded that when powers of| x| 
and | y | both is reduced to half the straight lines get stretched 
inside taking the shape as above. 


Thus, required area = 4 [shaded area in the first quadrant] 


=f, Wasa | 


T xat 
a4 

(since in 1st quadrant x, y > 0), hence 
We1+ Wyi=Va sve + fy =va 

> y=(Ja -Vxy 
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© Ex. 30 Show that the area included between the parabo- Hence, required area 
lasy? =4ale+a) andy? =4b(b=x) is$(a +b) ab. = [lot VA) x- x Rh de 
Sol. Given parabolas are =]. ex Ve) de 
y? =4a(x+a) m 
and y? =4b(b—x) 22) de = 3 squunit 
Solving Eqs. (i) and (ii), we get 
x=(b-a) and y=+2Jab © Ex, 32 Prove that the areas Sp, S;, Sz,... bounded by the 


+. Pand Qare(b ~a,2 Jab) and (b — a, —2 Jab) respectively, 
and the points A and A’ are (— a, 0) and (b, 0), respectively. 


a ); > 


X-axis and half-waves of the curve y =e" sin Bx, x|0. 
form a geometric progression with the common ratio 
geetan 


Sol, The curve y =e” sin ix intersects the positive X-axis at the 
points where y = 0. 


e** sin Bx =0 


Now, required area = Area APA’ QA =2 Area APA’ A 


=2[Area APMA + Area MPA’ M] 
=f T afar ede fP _YeO=3 de] 
=4a fo * far dx + vb f? lox de => sinBr=0 = x27 
ai | ‘The function y = e~ ** sin Bx is positive in the interval 
7 wal? (a+ x)" | 76 8[-26- ae (xe, Xe 41) and negative in (xx 4, Xax 2), ie. the sign of the 
ae me function in the interval (x,, x, , 1), therefore 
=} va (6)? + Ls NO (ay? = $ vabia + b) sq units ive (oo ©" sin Bede | 
3 whee ener 
© Ex. 31 Determine the area ofthe figure bounded by two | | HOME aa act | 
branches of the curve(y — x)? = x" and the straight line x =1. a’ +B = 
Sol. Given curves are (y ~ x)? = x° Bete iy ernaiy 
yoxstxve (a? +B?) 
yexteve Bente OM yy eRe) 
ee . +B) “<n 
aa oad . “BeteP iy ete 
Tap 
Which could be drawn as; shown in figure. a? + Bi 


which completes the proof. 


© Ex. 33 Leth #0 and for j =0,1,2,...,n. Let; be the area 
of the region bounded by Y-axis and the curve xe” =sin by, 


j+1 
Bey LOE show that 5,5, Sy 1S, are in geomet- 


ric progression. Also, find their sum fora =—1.andb =n. 


Sol. Here, 5, -| a le ORM pmoyanby ay 
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EAle 


ev sim 
SFeACetndy Penis | | 


Gone 


xCH EI 


(-b)(-1)! 


a+b? 


webs 


surnae E 

¢ _ 
net} |p) Se enh 

Pre edi Lb eed ee 


forall j=0,1,2,.40 


Hence, Sp, Sy, Szy..4,Sq are in GP with common ratio e~*”, ® Ex. 35 Find the area enclosed by circle x? + y? 
Fora =—1and 


parabola y = x? srttttecuney=[ sin? Jt eos | 


“ X-axis (where, [.] is the greatest integer function). 
Ese Sol. y=[sin? + cor | 
1<sin? = +4 cos <2 for x €(—2,2] 
© Ex. 34 For any real 4 4 
uxere St yan +2 is apointon the hyper- yo[ sats wet ] : 
bola x? —y? — 4x +.4y —1=0. Find the area bounded by the t 


hyperbola and the lines joining the centre to the points 
corresponding to t, and—-t,. 


ete 


Sol. The points x =2 + 


wyaat is on the curve 


2 
or x*—y?=4x4 dy — 


(x-2)? -(@ -2)* 
Y¥ 


(0-2) 


Now, we have to find out the area enclosed by the circle 


2 
ey? =4 parabola y-4)-( x+ ) line y =1and 
X-axis. Required area is shaded area in the figure. 

Hence, required area 


= oe 8, 2 
=V3x1+(V3-1) x1 + Jie + x +1) dx+ af Bla =F yak 
We have to find the area of the region bounded by the curve 


x 2 7 e 
=08-9o[2 42 45] 49f5 Vers -2nir(2) 
ae Pee Dh 
x? —y? =1 and the lines joining the centre x = 0, y = Oto the i —- 
point (t,) and (— f)). we-ne[o-($+2-1) efonm-(S- *)| 


ae S 2n an 1 
e514 5428 6 -(#+ = 1) sami 


«Required area =2| Area of APCN ~ J, 
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© Ex. 36 Let f(x) =max {x*,(1—x)?, 2x(1— x)}, where 
0S x $1. Determine the area of the region bounded by the 
[HIT JEE 1997) 


curves y = f(x), X-axis, x =0 and x =1. 
Sol. We have, f(x) = max {x°, (1 — x*), 2x(1 - x)} 
Graphically it could be shown as; 


For figure it is clear that maximum graph (ie. above max graph 
is considered and others are neglected). 


Forse] 02 } x? $2x(1—x)S(1-x)* 


For | . xt S(1—x)* S2x(1-2) 


ah 
ie 
Forxe| : (x)? <x? s2x(1-x) 


] 


porxe[ 2,1 (x)? <ax(i-x) sx? 


Hence, f(x) can be written as 
(1-x)*, foros xS1/3 
ax(l1-x),  for1/3Sx<2/3 
x, for2/3SxS1 


S(x)= 


Hence, the area bounded by the curve y = f(x); X-axis and the 
lines x = 0 and x =1is given by 


pe 4 a8 ae Mgt 
=f? 0-2) de+ fi, 2x ade+ f(x) de 
=" sq unit 

27 


© Ex. 37 Find the ratio in which the curve, 
y =[-001 x* —002 x?] [where, [] denotes the greatest inte- 
ger function) divides the ellipse 3x” + 4y? =12. 
Sol. Here, y =[- 0.01 x* - 0.02 x*] 
ie. y=-Lwhen-2<x<2 
y =~ Leut the ellipse 3x” + 4y? =12 


avers | fiz—3x? 
Required area=f “" { = -1}as 


Bis ps airs 
a | aie ed Ad 


-2,-3SxS0 
» where 

x-2,0<x<S3 

g(x =min (f(x) +] FC) L £01) — 1 £09 I}. Find the 

area bounded by the curve g(x) and the X-axis between the 

ordinates at x =3.and -3. 


© Ex. 38 Let fo{ 


Sol. Here, (|x|) = { 


2 -3Sx50 
\f@)|ai-x4+2, O<xs2 

X-2 2x53 

-x-4,-35x50 

* LUx)-lfG)|=)2x-4 O<xs2 
0 a<xss3 


Graph of f (%) 


Graph of f (|x!) 


4 


Graph of [7 (| 


(0-4) 
Graph of g(x) 


Since,| f(x)| is always positive. 

ale) = fl x|) =| fx) 
where the graphs could be drawn as shown in above figures. 
From the graph, required area 


a 1 23 
ala tayxst(tx2na)eo=2 
Sag) (: x + 2 sg unis 


© Ex. 39 Let ABC be a triangle with vertices 

A=(6,2(V3 +1)), B= (4,2) and C =(8, 2). Let R be the region 

consisting of all those points P inside A ABC which satisfy 

d (P, BC) >max {d (P, AB), d (P, AC)}, where d (P, L) denotes 

the distance of the point P from the line L. Sketch the 

region R and find its area. 

Sol. It is easy to see that ABC is an equilateral triangle with side 
of length 4. BD and CE are angle bisectors of angle B and C, 
respectively, Any point inside the A AEC is nearer to AC 
than BC and any point inside the A BDA is nearer to AB than 
BC. So any point inside the quadrilateral AEGC will satisfy 
the given condition. Hence, shaded region is the required 
region, whose area is to be found, shown as in figure 


A (6, 2/3 + 1) 


B C(e, 2) 
(4,2) 


1 
Thus, required area =2 Area of AEAG =2 x AE x EC 
ahaa xt ce = 2x4 xt 2 


= Seq units 
>; 4 
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@ Ex. 40 Let O(0,0), A (2,0) anda (1, be the vertices 


of a triangle. Let R be the region consisting of all those 
points P inside A OAB which satisfy 
d(P, OA) Smin {d (P, OB), d (P, AB)}, when ‘d’ denotes the 
distance from the point to the corresponding line. Sketch the 
region R and find its area. (IT JEE 1997] 
Sol. Let the coordinate of P be (x, y) 

Equation of line OA = 

Equation of line OB = V3y = x 

Equation of line AB = V3y =2 x 

d(P, OA) = Distance of P from line OA = y 


By 
d(P, OB) = Distance of P from line OB = [iy 2 


2 
[W5y + x-21 
2 


d(P, AB) = Distance of P from line AB = 


y 


Pasa) 


Given, d(P, OA) < min {d(P, OB), d(P, AB)} 


y sin {Sal LaBye smal | 
2 2 
Way -x 
= ge el i) 
[V3y + x-21 
and a oii), 
caer y<by -*l 
2 
x- v3; 
ya D ive x>Viy (v Vay — x <0) 
= (@+V3)ysx 
> yS@-V3)x 
= y Sx tan 15° Ail) 
(+ y = x tan 15°%is an acute angle bisector of ZAOB) 
case tty <!2Y +*-21 


2 

= 2yS2-x-Viy 

(@+V3)ys2-x 

y S-(2-V3)(x-2) 

y S=(tan 15°) (x —2) efi) 
(+ y =(x 2) tan 15°%is an acute angle bisector of CA] 


(ie. VBy + x-2 <0) 


baud 
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From Eqs. (iii) and (iv), P moves inside the triangle as shown in 
figure, 


As ZQOB = 40BQ=15°, AOQBis an isosceles triangle 
= OC=AC= unit 


‘Area of shaded region = area of AOQA= ; (base) x (height) 
a (2) (1 tan 15°) = tan 15° 
= (2 — V3) sq units 
© Ex. 41 Acurvey = f(x) passes through the origin and 
lies entirely in the first quadrant. Through any point P(x, y) 
on the curve, lines are drawn parallel to the coordinate axes. 


If the curve divides the area formed by these lines and coor- 
dinate axes in m:n, find f(x). 


Sol. Area of (OAPB) = xy, Area of (OAPO) = ie fle) dt 


Y yal 


‘Therefore, area of (OBPO) = xy-{" f(t) dt 
‘According to the given condition, 

sy-f, fat m 

fy fou” 

= nxy=(m+n)f~ fle) ae 
Differentiating wart. x, we get 
n( By )-cm+ my fa) =(m +m nasy= fo) 
2.2% = (log 2)= log y —log 6 where a constant 
= 


yea 


@ Ex. 42. Find the ratio of the areas in which the curve 


3 
r-| ~ 4~ | divides the circle x? +y? - 4x +2y +1=0 


100 © 35 
(where, [.] denotes the greatest integer function). 


Sol. We have, x? + y?-4x + 2y+1=0 
or (x-2)? +41)? =4 wi) 


(22+ y+ t= 4 


cs 2x 
106 =(i06°35 
for O<Ks4 


Now, for0< x <4, 


a [2 

a x 
2 yZe1 =o] >+ 

OS ton * 35 [ t00 


35 
So, we have to find out the ratio in which X-axis divides the 
circle (i). 
Now, at X-axis, y=o 
So, (x-2)? =3 


So, it cuts the X-axis at (2— V3, 0) and (2 + V3, 0). 
+ 
Therefore, required area, A af pe (f4=(e-2)? 1) de 


eer) 


Required ratio = 


© Ex. 43 Area bounded by the line y = x, curve 

y= Fx). f(x) > x, V x>1) and the lines x=1,x=tis 

(t+y14t?)-(1+-V2) forall t >1. Find f(x). 

Sol. The area bounded by y = f(x) and y = x between the lines 
x=tand x=tis f' (f(x) x) dx. But it is equal to 


(+ Ja 4+#)-( + V2). 
So, iM (fle) —x) de =(t+ Ji + 8) -0 + V2) 
Differentiating both the sides w.r.t. t, we get 
t . t 
fe) TER? fortes 


or fait xt 


© Ex. 44 The area bounded by the curvey = f(x), X-axis 

and ordinates x =1and x = b is(b —1) sin (36 + 4) , find f(x) - 

Sol. We know that the area bounded by the curve y = f(x), X-axis 
and the ordinates x =1 and x =b is I, fix) dx. 


From the question; J” flx) dx =(b = 1) sin 3b + 4) 
Differentiating war.t. 8, we get 


f(b): 1=3(b ~1) cos Gb + 4) + sin (3b + 4) 
= f(x) =3(x-1) cos Gx + 4) + sin (Bx + 4) 


@ Ex. 45 Find the area of region enclosed by the curve 
Powty? 


tive X-axis, 


Sol. The given curve — 


249 an ellipse major 


and minor axes are xy =O and x+ y = 0, respectively, 
‘The required area is shown with shaded region, 


Instead of directly solving the problem we ean solve equivalent 
problem with equivalent ellipse whose axes are x =O and y = 0, 


‘The equivalent raion is shown as (OA 470) where the 


equation of ellipse iss = 


Required aren = Area AOA’ A+ a! A’ B) 
_{ ab ab 
Jaret fate 
Arte 40K Atal pth nee net (aot 
oe “2 Jesh jaar tlaed 


(-#)# 


where, 


Area of A’B' AT = J" as 


ar 


fe oe) 
il 
ae nF 
b wb 
Jate oe) 2(a* +04) 
wt toe( oats 
2 


4 Je +o) 2(a*+b*) 


Hence, required area = Sum of Eqs. (i) and (i) 


eed 


mab _ ab 
4 2 


=n =2(a>b), the line y =x and the posl- 
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© Ex. 46 Let f(x) bea function which satisfy the equation 


Slxy) = f(x) + fly) for all x >0, y >0 such that f’(1) = 
Find the area of the reytion bounded by the curves 


y=f(x)y =| x! -6x? +11x -6| and x= 

Sol, Take x=y =1 => f(l) #0 
Now, yat 
= oas(t)}=sors(t)= s(t )}--7 
‘ rl $ ) = flx)+ if ; }- six) 9) wali) 


Sle + h) = fix) 
h 


Now, "(x)= lim 


= im [using Eq. ()) 
(e210 10 £0 
= i 7 3 (Sa) 
tex 
x 
S'()e= 
x 
= fix)=2logxte [since, f(1) = 0 => ¢= 0} 


= f(x)a2logx 
‘Thus, f(x) =2 log xandy =| x? -6x* + 11x ~6] could be 
plotted as 
y y =2logx 
Y= | 62 +1 1-6] 


Hence, required area 
=f (e 6x +x det fot dy 


1 
Fete) +2097) 
. 


2 


-24 BA) (4240 -—") 


~842=—4 sq unit 


© Ex. 47 Find the area of the region which contains all the 
points satisfying condition| x — 2y |+| x + 2y | $8 andxy 22. 
Sol. The line y =+ = divide the xy plane in four parts 

Region I 2y-x$0 and 2y+x20 

So that, | x-2y|+|x+2y| $8 

= (x-2y)+(x+2y)s8 => OSxs4 
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Region I 2y ~ x| Oand2y + x20 

Sothat, | x-2y|+|x+2y]<8 

= -(x-2y) +(x+2y) SB > OSys2 
Region III 2y + x $0,2y—x20 

Sothat, | x—2y|+|x+2y|<8 

> -(x-2y)—(x+2y)S8 => -4Sx50 


Region 
2y-x20, 34x20 
y 


Region f 


By-K20, 2y+KS0 


Region! 
2y-K 50, 2y4x20 


Region IV 
2y-xS0, 24x50 


Region IV 2y + x<0,2y—x<0 
Sothat, | x—2y]+] x+2y|S8=-2<y <0 
Here, all the points lie in the rectangle. 


1 


(0,}2) \O 


AG. (4,0) 


‘Also, the hyperbola xy =2 meets the sides of the rectangle at 
the points (1, 2) and (4, 1/2)in the Ist quadrant graphically. 
Hence, required area 

=2 (Area of rectangle ABCD ~ Area of ABEDA) 


=2( xa-f* 2a) 


© Ex. 48 Consider the function 


2 (6 2 log 4) sq units 


Tg 
pyay PI 7: EXE" shere [,] denotes the great- 
0, ifxel 
est integer function and | is the set of integers. If 
g(x) =max {x?, f(x),| x}, - 2S x $2, then find the area 
bounded by g(x) when-2 x $2. 


x-[xl-}, eer 


Sol. Here, f(x) = 


0, ifxer 


0, ifxel 
a(x) = max (x4, f(x), | <1) 


1 
-<, ifxe! 
a Be 


‘Thus, 


which could be graphically expressed as 


x-2SxS-1 
=x -1SxS-1/4 


Clearly, g(x) = rei -1/4sxs0 
x OSxS1 
x7, 15x82 


Hence, required area= f° g(x) dx 
= [ohare fo" enact, (« + 4) de 
fj xdes f? sta 


(222) +(2).(2) 2a 
at 22 ha 2), a) oF 


© Ex. 49 Find the area of the region bounded by 
y= f(0),y =| g(x) | and the lines x =0, x =2, where fF. 
are continuous functions satisfying 
Fox +y)= f(x) + fly) -Bxy, Vx, yer 
and g(x + y)= g(x) + gly) +3xy (x +y), Vx, yeR 
Also, f(0)=8 and g’(0)=-4. 


Sol. Here, f(x + y) = fix) + fy) -8xy 
Replacing x, y —> 0, we get f(0)=0 


Now, 0) kim Le + NFO) _ i flx+y)- fo) 
Ho yoo y 
= tim £0) + fey) Bay ~ fle) 
wo y 
= lim {a =} 
mil», »y 


= is, ( oy ) — 8x (using L'Hospital’s rule) 


= (0) -8x =8 -8x [given, f’(0) =8) 


= f'(x)=8-8x 
Integrating both the sides, we get 

f(x) =8x-4x? +6 
As F(0)=0=c=0 
> f(x) = 8x — 4x" Ai) 
Also, g(x + y)= g(x) + gly) + 3xy (x + y) 
Replacing x, y => 0, we get g(0) = 0 


Now, g(x)= lim S¢+¥)~ atx) 
ye 7 
= lim 2) +20) + SHO) Seip ton") 
yo 
Ee) 4 YO" + 3xy) no 
“Ly 7 y | 
=f ase =-44+3x" 
g(x)= oe 
2. see [as 5(0) =0}...i) 


Points where f(x) and g(x) meets, we have 
f)= a(x) or 8x-4x? = 
= X= 0,2-6 


«. Area bounded by y = f(x) andy =| g(x) | between x = Oto x =2 
=f? {(@x — 4x2) —(4x - 2) de 
J (3? 4x8 + 4x) d= 4 sq units 
o 3 
® Ex. 50 Find the area of the region bounded by the curve 
y=x? andy =sec~'[—sin? x], where [.] denotes the great- 


est integer function. 
Sol. As we know, [—sin? x] = 0 or ~1. But sec" (0) is not defined. 
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=> — sec [—sin? x]=sec™ (-1) = 

‘Thus, to find the area bounded between 
y=x? and y=n 

ie. when x* = or (x=-/r to x=) 


«. Required area =f (n- x?) de =(= ae 


=n (m+ Vm) ~ 3 (ait + nV) = Ve 


© Ex. 51 Sketch the graph of cos' (4x? —3x) and find 
the area enclosed between y =0, y = f(x) andx 2-1/2. 
Sol. Here, f(x) =cos™! (4x° -3x) 


Let x=cos6 and OSOSR 
os”! (4 cos’ @ —3 cos 8) 
= cos”! (cos 36); 0538 $30 


30, 0s30Sn 
> fix) ={2n -38, 1" <30S2n 
302m, 2n <30 S30 


3cos”* x, 1/2SxS1 


am —3cos*x, —1/2Sx<1 
Scos”) x 2m, -1S$x<-1/2 


-3/y1-x?, W/2<x<1 
P= Bffi—x*, -1/2<x<1/2 
~3/ 1-8) -1<x<-1/2 
=3x 
aaah 2<x<t 
“ 3x 
and f"(x)= Ceroua -1W2<x<1/2 
3x 
Gop “1S S-1/2 


Thus, the graph for f(x) = cos“! (4x* — 3x) is 


Thus, required area =f" *  flx)de 


=f" en —3cos"' xydx+ Ji.Gc0s" nde 


204 = Textbook of Integral Calculus 


On solving, we get = oa sq units 


© Ex. 52. Consider two curves y 


ja (x —2) and 
4a(y 2), wherea >0 and) is a parameter. Show that 


x 


(i) there is a single positive value of i for which the two 
curves have exactly one point of intersection in the Ist 
quadrant find it. 

(ii) there are infinitely many negative values of i for which 
the two curves have exactly one point of intersection in 

the Ist quadrant. 

if’ =a, then find the area of the bounded by the 

two curves and the axes in the Ist quadrant. 

Sol. The two curves are inverse of each other. Hence, the two 

curves always meet along the line y = x. 
Consider, y? =4a(x—-) and putx=y 


(ir 


=> y-4ay + 4ah=0 


= 
> yo Bee? ae la? — an. 
Since, y is real =>.a” — ah | OorA <a 
(i) 1f0.< A <a, then there are two distinct values of y and 


both 2 (a+ Ja® —ad)and2(a—.Ja*-ah) are positive, 
i.e. both points lie in the first quadrant. 
If =a, then y =2a only, ie. only one point of 
intersection (2a, 2a). 
Hence, there is exactly one point of intersection in Ist 
quadrant for 4 =a. It is infact the points of tangency of 
the two curves. 

(ii) 12 <0, then y =2(a + Ja? — ah) > Oand 
y =2(a—Ja* — ah) <0. ie. the only point of intersection 
is in the first quadrant, the other in the 3rd quadrant, 
Hence, there are infinitely many such values. 


aaayta) yy=x 


P= 4ae +a) 


(iii) For 2 =—a, we have y? = 4a(x + a) 
x? =4a(y +a) 
‘The point of intersection in the 1st quadrant 


P=((2 + 2y2) a,(2 + 2V2) a) 


Required area = 2 (area of AOPQ— area APQA ) 


of A0PQ= > (2-+2 2)? a? =2(1 + VA) a 
+a (er elie 
Area of APQA = [2°"?* ydx= J (z 


3 erie 
1 [2 | ma(nyt = 


“4al 3 
be 


=) [e+ 2V2)?-a? -8a"] -2V2 a? 
12a 


-(“#") e 
= a 
3 


2 2 +12 
e reuredarea=2(2 +2) + avis 


~Sas+8iat 


© Ex. 53. Let f(x) be continuous function given by 
2x, [x]s1 

10-{ ox +b, [x]>1 

Find the area of the region in the third quadrant bounded 

by the curves x =—2y? and y= f(x) lying on the left of the 


line 8x +1=0. [UT JEE 1999} 
Sol. Given, a continuous function f (x), given by 


2x, | x|s1 
(x) 
Fe) x +ax+b, |x|>1 
xtaxtb -e<x<-1 
ie, flx)= ax, -1SxS1 
xthaxtb, 1<x<e 


’ f is continuous. 


¢ Itis continuous at x=—1and x =1, 
(-1)*+ a(-1) +b =2(-1) 


and (1)? +.a(1) 4b =2(1) 

= 

and 

= 

and 

> 

soy f tao when -o<x<-1 
2x, when -1S$xS1 

Now, yor? +2x-1=(x41)-2 


or & +2)=(x +17? 


We need the area of the region in third quadrant bounded by 
the curves a =~ 2y?, y = f(x) lying on the left of the line 
Bxt1=0. 


= (y +2) =(x41)* 


Cuts the Y-axis at (0, -1) and the X-axis at 
(-1-¥2, 0) and (-1 + v2, 0). 


When x=1 and y =2 
Solving x = -2y? and (y + 2) =(x + 1)%, we get 
(y +2) =(-2y? +1)? 
= dy -4y?+1-y-250 
boa 


> ay" —4y*-y-1=0 
For yao 4ay* —4y?-y-1=0 
At ya-ix=-2 


Requtedare =f | f-E-(eont va |e 


4 vs 


aJex/a (e+ ot, [ea a2! 


3 3 3 3 
yt) gla ie 
a(x)? (x41)? ir 4( ie Miia 
-K(3) a Op ee -*f, 
fapaly" _] 4qy_ Gr 
-{4(3) 0-2 {fo eat 
ve 


Xe 


3 X64) 192 
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® Ex, 54° Let(x] denotes the greatest integer function. 

Draw a rough sketch of the portions of the curves 

x? =4[Vx]y andy? =4[yy] x that lie within the square 

{Ouy)|1< x <4,1Sy $4}. Find the area of the part of the 

square that is enclosed by the two curves and the line 

xty=3. 

Sol. We have, 1SxS4 and 
= is¥xs<2 and 15 Jy <2 


=>[¥x]=1and [Jy] =1 for all (x, y) lying with in the square, 


isys4 


+ 
(1,4) 


Thus, te 


4tVxly and y*=4(Jy] 


=> x? =4y andy?” = 4x when1 <x, y $4 which 
could be plotted as; 
‘Thus, required area 


=f) @ve-34 dee [* (sa-2 Jac 


=? sq units 
ra) 


Ex. 55 Find all the values of the parameter a (a 21) for 
which the area of the figure bounded by pair of straight lines 


1 
y? —3y +2=0 and the curves y =[a] x?,y =5 la] xis 
greatest, where [.] denotes the greatest integer function. 
Sol. The curves y =[a] x? and y =} [a] x? represent parabolas 
which are symmetric about Y-axis. 


The equation y? ~3y +2 =0 gives a pair of straight lines 
y=1,y =2 which are parallel to X-axis, 
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‘Thus, the area bounded is shown as © Ex. 56 Find the area in the first quadrant bounded by 
Y [x] +[y] =n, wheren€N and y =i (where, iN Vi<n+1), 
[-] denotes the greatest integer less than or equal to x. 


From the above figure, 
‘ =2 
Required area =2 J ”") (2 —x) dy 


aot" | Pe 
Rife )® 
=2B—D iy =2AD2 3 
402-1) gx 
“3 [al = 
er 
“3 [a] 3 [a] 
Area is the greatest when (a] is least, ie. 1 
Area is the greatest when [a] =1 
Hence, ae[l2) 


y= lab y= faye 
2 


Sol. As we know, [x] + [y]=n = [x]="-[y] 
When y =0, [x]=n=3nSx<nt1 
When y =1, [x]J=n-1=9n-1Sx<n-2 
When y =2, [x]=n-2 
> n-2£x<n-3....and soon, 
When y =n, [x]=0 =9 0S x<1 
which could be shown as 


n=1-- dns 
Ae 


a4 5 
From the above figure, 


= (n+ 1)area of square ABCD =(n+1)-1 
Required area =(n + 1) sq units 


4, A Point P(x, y) moves such that [x + y + 1]= [x]. (where 
[Jdenotes greatest integer function) and x¢ (0,2), then 
the area represented by all the possible positions of P, is 


(a) v2 (by 2v2 
() v2 (a2 
2arpt-st[-2.2] f= 25, tears bounded 


west tattetn ral wath 


soa 
(4 tog () 


Ifthe length of latusrectum of ellipse 
Ey: Met y—1p Hate y +3)? =8 


(a) ; loge 


Le 
(©) = log = 
Pas 


» 


and E; : Seta (0< p<1)are equal, then area of 


ellipse E, is 


x Ed 
> OF 
x x 
OoR Ore 
4. The area of bounded by the curve 
4|x—20177"”| +5] y —20177"”|< 20, is 
(a) 60 (b) 50 
() 40 (d) 30 
5. If the area bounded by the corve y=x* +1, y= xand 


the pair of lines x? + y? +2xy-4x—4y+3=0is K 
then the area of the region bounded by the curve 
+1,y =/x—1 and the pair of lines 


unit 
ys 
(x+y-1)(x+y-3)=Gis 

(aK (be) 2K 

wx (d) None of these 


Suppose y = f(x) and y = g(x) are two functions whose 
graphs intersect at the three points (0, 4), (2, 2) and (4, 0) 
with f(x)> g(x) for0< x <2and f(x)< g(x) for 


Bex lt [Ef x) g(x)] dx =10 


and f° (g(x) f(2)] de =5,then the area between two 


curves for0< x <2 is 
()5 (b) 10 
().15 (d) 20 


@ Area of Bounded Regions Exercise 1: 
Single Option Correct Type Questions 


7. Let ‘a’ be a positive constant number. Consider two 
curves C\:y =e", Czty = e*"*. Let S be the area of the 


part surrounding by C,,C2 and the Y-axis, then lim = 
rete 


equals 
(a4 (b) 1/72 
(0 (aa 

8. 3 points 0(0,0), P(a.a”), Q(-b,b* )(a>0,b> 0) are on the 
parabola y = x. Let S, be the area bounded by the line 
PQ and the parabola and let 5; be the area of the AOPQ, 
the minimum value of S,/S2 is 
(a) 4/3. (b) 5/3 
(c)2 (d) 7/3 

9. Area enclosed by the graph of the function y = In? x—1 


lying in the 4th quadrant is 
@? 4 


e e 
2(e+4) (aa (--2) 


10. The area bounded by y=2—|2—x|and y=— 


is 
Ix1 
(ton (2 -sin2 
3 
(5+ Ins @: +In3 
11. Suppose Ajcitiasinicts +4x45and 


A(x) = (fog)(x). The area enclosed by the graph of the 
function y = f(x) and the pair of tangents drawn to it 
from the origin, is 
(a) 8/3 (b) 16/3 
(c) 32/3 (d) None of these 

12, The area bounded by the curves y= —/—x and 
x=—J-y where x,yS0 

(a) cannot be determined 

(b)is 1/3 

(c) is 2/3 

(4) is same as that of the figure bounded by the curves 


y=V=x; xS0and x= J-yiy $0 
13. y= f(x) is a function which satisfies 
Gi) (0) =0 (ii) F(x) = F(x) and (iii) f(0) =1 
Then, the area bounded by the graph of y= f(x), the 


lines x =0,x-1=Oand y+1= 
(ae (b)e-2 
(ent Wert 
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14, Area of the region enclosed between the curves 
x=y* Land x=|y| {1=y? is 
(a)1 (b) 4/3 
(©) 2/3 2 

15. The area bounded by the curve y = xe7*;xy =Oand 


x =c where cis the x-coordinate of the curve's 
inflection point, is 
(a) 1-3e* 

(i-e# 


(b) 1-26? 

(dt 

16. 1f(a,0);a> Vis the point where the curve 
y =sin 2x—4/3 sin x cuts the X-axis first, A is the area 
bounded by this part of the curve, the origin and the 
positive X-axis, then 
(a) 4A+8 cos 
(c) 4A-8sina= 


(b) 4A+8sina=7 
(d) 4-8 cos a=7 


17. The curve y = ax? +bx +c passes through the point (1,2) 
and its tangent at origin is the line y = x. The area 
bounded by the curve, the ordinate of the curve at 
minima and the tangent line is 

1 1 ) 1 
ats no 2 ay 
QF (b) a ©; ( Ne 

18. A function y = f(x) satisfies the differential equation 
gy = cos x—sin x, with initial condition that y is 

bounded when x—> e, The area enclosed by 

y= f(x),y = cos x and the Y-axis in the Ist 


quadrant 
(a) 2-1 v2 
Ck (a) 1/v2 


19. If the area bounded between X-axis and the graph of 
y =6x—3x" between the ordinates x =1and x= ais 19 
sq units, then ‘a’ can take the value 
(a) 4or-2 
(b) two values are in (2,3) and one in (-1,0) 

(c) two values one in (3,4) and one in(~2,~1) 
(d) None of the above 

20. Area bounded by y = f~'(x)and tangent and normal 
drawn to it at the points with abscissae m and 2n, where 
f(x)=sin x-xis 


21, Mf f(x) = x— Land g(x) =| (| x])-4, then the area 
hounded by y = g(x) and the curve x? ~4y+8= 
equal to 


(b) fav -3) 


Nayi-s 
(w) java ) 


(oSava-3) wines) 


ics _y3x=1) 
22, tats {in AES <(. 


5S'=((x,y)@ AX B:-1S AS1-15 BSI}, 
then the area of the region enclosed by all points in 
SAS" is 
@)1 (2 
(3 (da 

23, The area of the region bounded between the curves 
y =e||x|In] x||, x? +y? -2| x|+]y|)+120and X-axis 
where | x|S 1, if. is the x-coordinate of the point of 
intersection of curves in 1st quadrant, is 


(a) a[ffectnxaes f.0-=e—e| 
) 4[fferinxacs sro- Vie] 
© 4[-ffecinxae+ [.0-Vi=e—P e| 
af fferinxdr+ [0-Vi-G=F) ae] 
24, A point Plying inside the curve y = V2ax— x" is moving 
such that its shortest distance from the curve at any 


position is greater than its distance from X-axis. The 
point Penclose a region whose area is equal to 


na? a 
ay oF 
at 
C) w =) @ 


Chap 03 Area of Bounded Regions 209 


Area of Bounded Regions Exercise 2 : 
More than One Option Correct Type Questions 


25, The triangle formed by the normal to the curve 
ne ~ax+2a at the point (2, 4) and the coordinate 


lies in second quadrant, if its area is 2 sq units, then 
acan be 


(a) 2 
(17/4 
(Os 
(ORC 


26. Let fand g be continuous function on aS x band set 
p(x)= mas (f(x), g(x)} and q(x) = minlf(x), go}, 
then the area bounded by the curves y= p(x), y= q(x) 
and the ordinates x = aand x = bis given by 


0) fino = a(xjde 
(0 f20)- ao de 


tb) fp) a(s)] ae 


(a) favs) a(x) ax 


27. The area bounded by the parabola y = x* -7x+10and 
X-axis equals 
(a) area bounded by y = -x?+7x—10 and X-axis 


Statement | and I Type Questions 


* Direction (Q. No. 30-34) For the following questions, 
choose the correct answers from the codes (a), (6), (c) and 
(d) defined as follows : 

(a) Statement | is true, Statement II is also true; Statement IT 
is the correct explanation of Statement I 
(b) Statement I is true, Statement II is also true; Statement IT 
is not the correct explanation of Statement I 
(c) Statement I is true, Statement II is false 
(a) Statement I is false, Statement II is true 
2 


30. Statement I The area of the curve y x from 0 to 
Twill be more than that of the curve y =sin x from 0 to 
n 
Statement II x* > x,if x>1. 

31. Statement I. The area bounded by the curves y= x? -3 
and y = ke +2is least if k =0. 
Statement II The area bounded by the curves 
ysx?-3 and y=kx+2is Vk? +20. 


(b) 1/6 sq units 
(©) 5/6 sq units 
(a) 9/2 5q units 


is equal to 


2 
28, Area bounded by the ellipse a we 


(a) 6r sq units 
(b) 3 sq units 
(6) 12m 5q units 


2 
(d) area bounded by the ellipse e 


29. There is a curve in which the length of the perpendicular 
from the origin to tangent at any point is equal to abscissa 
of that point. Then, 

(a) x? +y? =2is one such curve 

(b) y® = 4scis one such curve 

(©) x? + y? =2ex (c parameters) are such curves 
(@) there are no such curves 


Area of Bounded Regions Exercise 3 : 


32, Statement I The area of region bounded parabola 
y? =4x and x? =4yis 2 sq units. 
Statement II The area of region bounded by parabola 
y?=4ax and x? =4by is Cab 

33. Statement The area by region |x-+y|+|x—y|<2is 8 
sq units. 


Statement II Area enclosed by region 
|x+y|+|x—-y|<2is symmetric about X-axis, 


34, Statement I Area bounded by y=x(x-1)and 
| 
=x(1-x)is -. 
yextl-x)is + 
Statement Il Area bounded by y= f(x) and y = g(x)is 
| J, FC) al) dx lis true when f(x) and g(x) lies 


above X-axis. (Where a and b are intersection of 
y= f(x)and y = g(x). 
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Passage Based Questions 


Passage I 
(Q. Nos. 35 to 37) 


2 
Let f(x)= weiss 
ee 


curve y= f(x) The curve y= f(x)is symmetric about Y-axis 


and its maximum values is 4. Let h (x)= f(x)= g(x) where 


S(x)= sin * nx and g(x)= log . x Let x9.X1 ,X25-..-Xp41 be the 


roots of f(x) = g(x)in increasing order. 
35. Then, the absolute area enclosed by y = f(x) and 
y=a(x)is given by 


Fenn 


©) S fe" aye dde 
a 


OS JP" ay ade 


os Si" CY Mende 
ors ie (1 ade 


36. In above inquestion the value of n, is 


(a1 (b) 2 
3 @a 
37, The whole area bounded by y= f(x),y = g(x) x =0is 
(a) 11/8 (b) 8/3 
(2 (d) 13/3 
Passage IT 


(Q. Nos. 38 to 40) 
Consider the function f :(—»2, )—> (—»», =) defined by 


2 
f= ZH"! peace. 


x +axtl 
38. Which of the following is true? 
(a)@+a)*f"0)+2—a)* f"(-1) =0 
(b) @—a)* f"(1) 2+ a)? f"(-1) = 0 
© FMF =@-aF 
@) FOF) =-2 +a) 
39. Which of the following is true? 
(a) f(x) is decreasing on (—1,1) and has a local minimum at 
x=1 
(b) f(x) is increasing on (~1,1) and has a local maximum at 
x=1 


: such that y=—2is an asymptote of the 


Area of Bounded Regions Exercise 4 : 


(©) f(x) is increasing on (-1,1) but has neither a local 
maximum nora local minimum at x =1 

(a) f(x) is decreasing on (-1,1) but has neither a local 
maximum nor a local minimum at x =1 


af? £O ae.whi sets 
40, Let g(x)= J ppt dt Which of the following is true? 
(a) g/(x)is positive on (—s»,0) and negative on (0,~) 
(b) g’(x) is negative on (~=,0) and positive on (0,2) 
(©) g(x) change sign on both (-»,0) and (0,) 
(@) g(x) does not change sign on (-=,») 


Passage IT 
(Q. Nos. 41 to 43) 
Computing areas with parametrically represented boundaries : 


Ifthe boundary of a figure is represented by parametric 
equations i.e. x= x(t), y= y(t), then the area of the figure is 
evaluated by one of the three formulas 


s =-fPro x'(dt 
s= fix y'(at 

1 
S=5[hco’- yx") 


where ot and B are the values of the parameter‘? 
corresponding, respectively to the beginning and the end of the 
traversal of the curve corresponding to increasing ‘t’. 


2s pyar 
41, The area enclosed by the asteroid. (2) + (2) =1is 
a 


(2a (na? 


Sag? 3 
(©) ud (a) rad 


42, The area of the region bounded by an arc of the cycloid 
x=a(t~sint),y=a(1—cos t)and the X-axis is 
(a) 6ra* (b)3na® 
(c) 4na® (@) None of these 


: 
43. Area of the loop described as x = S6-O.y =Lo-nis 
8 


27 24 
(a) 3 (b) =e 
27 21 
@z we 
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Area of Bounded Regions Exercise 5 : 


Matching Type Questions 


4M, 


Match the statements of Column I with values of 
Column IL. 


Column I 

‘The area bounded by the curve 
y=x+sinxand its inverse function 
between the ordinates x = Oto x = 2n is 
4s, Then, the value of s is 

‘The area bounded by y= xe"! and lies 
JWISb ve 0s 

‘The area bounded by the curves 
and [|= 2xis 

The smaller are included between the (,) 
curves /[x]+ Jy] =1and |x|+ |y|=1is 


Column It 


©) 2 


a“ 


@) @ 1 


oO 


© 
>) 


Area of Bounded Regions Exercise 6 


45. 


(a) 


@ 


© 


>) 


Single Integer Answer Type Questions 


46. Consider f(x)=x® —3x+2 The area bounded by 
Iyl=Lf (/x])]. 22 1is A, then find the value of 3A +2. 

47. The value of c +2 for which the area of the figure 
bounded by the curve y= 8x" — x°; the straight lines 


x=1andx=cand X-axis is equal to = 


3, k-3In3 
48. The area bounded by y=2—|2— xy = [7s 2 


then kis equal to sve 

49. The area of the ABC, coordinates of whose vertices are 
A(2, 0), B(4, 5) and C(6, 3) is . 

50. A point P moves in X¥-plane in such a way that 
(x|]+[]y|]=1 where [-] denotes the greatest integer 
function. Area of the region representing all possible of 
the point Pis equal to... + 


51. Let f [0 [a 4 bea function such that f (x)is a 


52. 


8 


53. 


Match the following : 


fumnt Column It 
Area enclosed by y=|x|, [r]=1 and (p) 2 
y=Ois wi 
‘Area enclosed by the curve y 4 
x=0,x=mand y=0is i ee 
Ifthe area of the region bounded by (rt) 27 
x's yand ySx+ 2is 7 then k is 
Ce Z 
‘Area of the quadrilateral formedby (5) s18. 


tangents at the ends of latusrectum of 
2 


ellipse of ellipse + - =lis 


polynomial of 2nd degree, satisfy the following 
condition : 
(a) flo) =0 


(b) has a maximum value oft atx=1. 


If Ais the area bounded by y = f(x); y = f7"(x) and the 


line 2x + 2y—3=0in 1st quadrant, then the value of 244 
is equal to wa... 


Let Hes)= min in“ x, cos~! x, 3 x€ [01] Ifarea 


bounded by y= f(x) and X-axis, between the lines x =0 
and x=1is - Then, (a~) is 


W3 +1) 

Let f bea real valued function satisfying 

1(£)=100-so)ana tim £0+*) 
7 cr 


———— =3 Find the area 
x 
bounded by the curve y = f(x), the Y-axis and the line 

y=3where x, ye R*. 
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Area of Bounded Regions Exercise 7 : 


Subjective Type Questions 


54, Find a continuous function * f’, 
(xt = 4x*)< f(x)< (2x? — x?) such that the area 
bounded by y = f(x), y=x* — 4x’, the Y-axis and the 
line x = t, (0S t $2) is k times the arca bounded by 
y=f(x),y=2x* —x*, Y-axis and line x=1,(0S t <2). 


55. Let f(t)=|t-1]-|t|+|¢+1],.Vte Rand 
8(x)= max { f(t): x+1St<5x+2};V xe R Find g(x) 
and the area bounded by the curve y = g(x), the X-axis 


and the lines x = —3/2andx=5. 


56. Let f(x) =minimum {e*,3/2,1+e7*},05 x<1Find the 
area bounded by y= f(x), X-axis, Y-axis and the line 
rel. 


57. Find the area bounded by y= f(x) and the curve 


y=—4, where f is a continuous function satisfying 
4x 

the conditions f(x)- f(y) = foy),W x yeR 

and f“(1)=2 f(1)=1. 

Find out the area bounded by the curve 

a “(sin“ Ve) dt +n * cos”! Vi) dt (0S x5 m/2) 


and the curve satisfying the differential equation 
y(x+y?)dx=x(y? — x) dy passing through (4, — 2). 


7 


58. 


59, Let T be an acute triangle. Inscribe a pair R, Sof 


rectangles in T as shown : 


s 
R 


Let A (x) denote the area of polygon X find the 
maximum value (or show that no maximum exists), of 


Aas where T ranges over all triangles and R$ 


over all rectangles as above. 


60. Find the maximum area of the ellipse that can be 
inscribed in an isosceles triangles of area A and having 
one axis lying along the perpendicular from the vertex 


of the triangles to its base. 


6 


In the adjacent figure the graphs of two function 

y= f(x)and y=sin x are given, y = sin x intersects, 
y= f(x)at A (a, f(a); B(m, 0) and C (27, 0). 

1,2,3) is the area bounded by the curves y = f(x) 
sin x. between x =Oand x =a;/=1 


between x =a and x = 1; =2 between x= mand x =2n;i=3 
If A, =1—sin a + (a—1) cos a, determine the function 
f(x). Hence, determine aand A,. Also, calculate Az and 43. 
Find the area of the region bounded by curve y = 25* +16 
andthe curve y = b.5* + 4,whose tangentat the point 

x =1makeanangle tan! (40 In 5)with the X-axis. 


62. 


If the circles of the maximum area inscribed in the 
region bounded by the curves y = x? — x —3and 
y=3+2x—x”, then the area of region 
y—x? 42x +3S0,y+x? -2x-3S0ands<0. 
Find limit of the ratio of the area of the triangle formed 
by the origin and intersection points of the parabola 
y= 4x" and the line y = a”, to the area between the 
parabola and the line as a approaches to zero. 
65, Find the area of curve enclosed by : 
lxtyl+lx-ylS4] x] Sty 2Jx?-2x41. 
66, Calculate the area enclosed by the curve 
4sx'+y? <2(\x|+]y)). 
67. Find the area enclosed by the curve [x] + [y] = 4 in Ist 
quadrant (where [.] denotes greatest integer function). 
68. Sketch the region and find the area bounded by the 
curves|y+x|<1,|y—x|<1 and 2x? +2y?=1 


69. Find the area of the region bounded by the curve, 

a+! |y|+2l*!" <1, with in the square formed by the 
lines| x|$1/2|y|s1/2 

Find all the values of the parameter a (a 1) for which the 
area of the figure bounded by the pair of straight lines 
y? —3y +2=0and the curves y =[a] Sy=sals? is 


70. 


the greatest, where [.] denotes greatest integer function. 
If f(x) is positive for all positive values of X and 
F'(2)<0, f"(x)>0,V xe R*, prove that 


5 says fr fardv< E fins" fix) dx + f(t). 


71. 
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a) Area of Bounded Regions Exercise 8 : 


(i) JEE Advanced & IIT-JEE 


72, Area of the region {(x, y)} eR? :y2 J[x+3, 
SyS(x +9) 15} is equal to 


; [Single Correct Option 2016] 
1 4 3 5 
@) ‘ (b) 3 (©) 3 @; 


73. Let F(x)= |" "62.cos*t de for all xe Rand 


1 
Ff fo H| — [0 ©) be a continuous function. For 


1) gpa 7 
ae [a | if F’ (a) + 2is the area of the region bounded 


by x=0, y=0, y= f(x)andx=a, then (0)is 
[Integer Answer Type 2015] 
74, The common tangents to the circle x* +y? =2 and the 


=8x touch the circle at the points P,Q and 
the parabola at the points R, S. Then, the area 
(in sq units) of the quadrilateral PORS is 
[Single Correct Option 2014] 
(a)3 (b)6 (9 (@15 
75, The area enclosed by the curves y =sin x + cos x and 


parabola y? 


y=| cos x —sin x| over the interval [a #]s 


[Single Correct Option 2014] 
(a) (v2 1) (b) av2(/2 ~1) 
() 2/2 +1) (4) 2ya(v2 +1) 
76. If Sbe the area of the region enclosed by 
y=e"”,y=0,x=0and x=1 Then, 
[More than One Option Correct 2012) 
(a) sot y S212 
e 


wsst(i+4) @sse+ +z -+) 


77. Letf :[-1,2]— (0, ) be a continuous function such that 
flx)= fld—x)Wxe [1.2] IER =f, xf(x)de and Ry 


are the area of the region bounded by y= f(x), 


x =~1,x=2and the X-axis. Then, 
[Single Correct Option 2011] 


(a) R=2R, (b) R=3R, (c) 2R=R (d) 3R=K 
78. If the straight line x = b divide the area enclosed by 
=(1-x)*, y=Oand x =0 into two parts R,(0< x <b) 
and R,(bS x $1) such that Ry — Ry 
to [Single Correct Option 2011] 


=1. then, b equals 
4 


Questions Asked i in Previous 10 Years’ Exams — 


3 1 1 1 
@ 4 > @; Ors 


79. 


3 


Area of the region bounded by the curve y=e* and 
lines x =0 and y = is [More than One Option Correct 2009] 


(@) e-1 (©) fine +1-yddy 


(© e-fietax (@) fin ydy 


80. The area of the region between the curves 


= fitsine snay= |L28™% and bounded by the 


cos x cos x 


r 
lines x =0 and x =—is 
sai 4 [Single Correct Option 2008] 


Vi-1 V-1 4t 
zat (b) St 
of, iA - Je a+) yi-# 


Jie Vier t 
de (A) jt 
of, aa e : , a+r) yi- 


" Directions (Q. Nos. 81 to 83) Consider the functions 


defined implicity by the equation y’—3y+x=0 on 
various intervals in the real line. If x €(—=, ~2)U (2, »), 
the equation implicitly defines a unique real-valued 
differentiable function y =f (x).If x €(—2, 2), the equation 
implicitly defines a unique real-valued differentiable 
function y = g(x), satisfying g (0) =0. 

[Passage Based Questions 2008] 


81. If f(— 10V2) = 2-2, then f” (— 10 y2) is equal to 


st at 
6 ee we 
4 a2 
os oS 
82. The area of the region bounded by the curve y= f (x), 
the X-axis and the lines x = a and x = b, where 
—<a<b<—2is 
() Caan Faron et PO) a7e) 
bx 
(b) = lareaaa dx + bf(b) — af(a) 
© ° a= bf(b) + af(a) 
— | ——— dx - df (b) 
@ Come Foy Bf) + afta) 
83. [)g’(x)deis equal to 


(a)2g(-1)— (b) 0 (c)-2g(1)— (d) 2g(t) 
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(ii) JEE Main & AIEEE 


84, The area (in sq. units) of the region [2017 JEE Main] 
{(x,y):x20,x+ yS3,x? S4y}and y<1+Jx}is 
59 @ 7 
3 


Li 
@> (b) — 


3 
2 o, 


85. The area (in sq units) of the region {(x, y): y? > 2x and 
x? +y? <4x, x20, y2 his 


[2016 JEE Main] 
4 8 
@n- 5 (n> 
_ ave R_ We 
@n-3= @>- 


86. The area (in sq units) of the region described by 
{(x, y):y? < 2x and y> 4x —1) is [2015 JEE Main} 


7 5 
> (b) re 
15 9 
Oo Os 


87. The area (in sq units) of the quadrilateral formed by the 
tangents at the end points of the latusrectum to the 
2 
2 


ellipse *_ =1is 
9 [2015 JEE Main} 
27 
— (b) 18 
(a) 4 (b) 
27 
— (d) 27 
OF @ 


88. The area of the region described by 
A={(x,y)ix? +y? Stand y* $1—x}is (2014 JEE Main] 


4 

e+e wes 
x m2 
ot} @e+s 


89, The area (in sq units) bounded by the curves y = Vx, 


2y—x +3=0, X-axis and lying in the first quadrant is 
[2013 JEE Main] 


of. 


92. 


93. 


@) 9 ©) 36 

© 18 oF? 

The area bounded between the parabolas x* and 
=9y and the straight line y =2is [2012 AIEEE] 

(a) 2002 ) sms 

© zoe (a) 102 


‘The area of the region enclosed by the curves y 


1 tgs: ae i. 
x + and the positive X-axis is 
x 


[2011 AIEEE] 


(a) 1sq unit (1) 3 sq units 


© : on units @ ; sq unit 


The area bounded by the curves y = cos x and y =sin x 


between the ordinates x =O and x = 2% is 
2 [2010 AIEEE) 

(a) (4¥2 —2) sq units (b) (42 +2) sq units 

(©) (4v2 -1) sq units (d) (4V2 +1) sq units 

‘The area of the region bounded by the parabola 

(y—2)? = x—1, the tangent to the parabola at the point 


(2,3) and the X-axis is [2009 AIEEE] 
(a) 6 squnits (b) 9 sq units 
(c) 12 sq units (d) 3 sq units 


The area of the plane region bounded by the curves 


x+2y* =Oand x+3y? = Lis equal to [2008 AIEEE] 
() ea units (b) Fsq.unit 


2 4 
¢) = sq unit a) * sq units 
(©) 554 @ Zs 


Exercise for Session 1 


1. 1 sq unit 2, 935 oo units 
15 
4 fsa units 5. Beg units 
82 : 
7. Satsqunits 8.2259 units 


10, 3+16 log2.sq units 


Exercise for Session 2 


1. (d) 2. (a) 3.(©) 4. (d) 
6 (b)  7.(a) 8a) 9%) 
1. @) 12.0) 13.@) 14.) 
16. (a) 17.(c) —-18.(a) 19. (a) 
Chapter Exercises 

1L@ 2%) 30) 4 
6) 7.(d) 8(—) 9%) 
1.) 120) 13.) 14.4) 
16. (a) 17a) 18.(@)_—-19.(c) 
21. (a) 22. (0) 23. (d) 24, (c) 
26. (a,b, d) 27. (a, 4) 28. (a, d) 
30. (@) 31.() 32. (4) 33. (0) 
35. (a) 36.(b+) 37. (a) 38. (a) 
40. (b) 41.(c) — 42.(6) 43. (8) 


ee 

Su: ts 
$54 units 

6. Sat sq units 


BBs, 
9. = sq units 
74 


5. (a) 
10. (6) 
15. (b) 
20, (b) 


5. (0) 
10. (b) 
15. (a) 
20. (b) 
25.(b, 6) 
29. (a, ¢) 
34. (0) 
39. (a) 


44. (A) > (p); (B) > (Ps (C) > (9; (D) > ©) 


45. (A) (Pp); 
46. (7) 47.(1) 
50. (8) 51.(5) 


48.(4) 49. (7) 


52. (3) 


B)> ©} C)7 HO) O 


53. Besqunits  54./() mi — be + Qk 47] 


55, 


Answers 


wx-l, xS-5/2 
4+x,-S5/2<xs-2 
gQ@= 2, -2<xs-1 
l-x,-l<xs-1/2 
lex, x>-1/2 


and area = 10! sq units 


[2 00 e )- Jamis 


2 a 
. ( n-2 )sq units 
(= 3 }s 


Required maximum ratio = 


vam 


(Amax = sq units 


. Ay =1 sin 1, Ay = w—1- sin 1, Ay = 30-2 


é 


“ 
i +0es(£ Jest 


27 


if a( Bae )saunits 
s 65. 2 sq units 
; . 
8 sq units 67. 5 sq units 


2-2 )sq units 


hp cxeaiiah., A 
| ae eay 1 soon 
. ae[I,2) 72. (c) 73.(3) 74. (d) 
(bd) 77. (c) 78.(b) 79. (b,c,d) 80. (b) 
(a) 83.(d) BAD) 85.4) 86. (A) 
(a) 89. (c) 90.(b) 91. (a) 92. (b) 


75.(b) 
81.0) 
87. (a) 
93. (d) 


ra +ae 
e 
Area of ellipse E,, is 
wi uJ 
nip pan pa 


4. Area of bounded region by 
4|x 2017" +5] y —2017""| $20, is same as area of the 


4. Here, (x + y]=[x]=-1 ; 
when x €[0,1)=3[x + y]==1 region Rounded Byala >-8 [91528 
-ISx+y<0 (i) = 4x xx = 40 
when xe[l2) => [x+y]=0 
“ OSx+ye1 wii) 


which can be shown, as 


+X 
5. Here, y =x? + 1andy =x —1 are inverse of each other, 
The shaded area is given K units 
= Area of the region bounded by y = x* + Ly =,/x—1 and 
(x+y 1) (x+y —3) =0,is 2K units. 
xtye-t Y yaret 
o. Required area =2 
2. Required area=2f0" f(x) de 
Let, f(x) =t=x= f(t) 
dx = fi(tdt 
A=2 fi @-f(ode 
1 
-al{er 0) -f po 
5 
=2)fa)-f) pat . 4 4 
ot+e 6. Given, J f(x)dx- |" g(x) dx =10 
1 
4 a1 2 (Ay + Ay + Ay) (Az + Ay + Ay) = 10 
=f 3 (1s a+) J) AA, =10 @ 
=2 [aw 5 iog2| 
11 e 
=2 [i a3 soe] =1-log2 = log (;) 
2 2 
3) (24) 
3. Here, Ej: —¥2 4 v2 ght) oy 
12 wey 
Again. f° g(x) de— [flx) de =5 
(Ag+ Ag)—Ag =5 
Ar=5 lit) 
= Per Adding Eqs. (i) and (ii), 


A=15 
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T. Solving, e “we get eM =e => xa d x>1,y increasing and 0 <x <1,y is decreasing 
2 


Aa|fi,corx-0de| 


ial (2) ote 


“ Hea) 
Caine nebied | -|-aftem ef] 


218 eM!) =o 2697 4 = (eH? 4)? 

1 1)] 
(es } -|-Afe+3)-(-2)) 
aK ata -Q-x)if xS2=x ons 


(x-2) if x22=4-x) [4x if x22 


4| 


if x>0 


8. ma -— =a—b equation of PQ 


Q-b.b*) 


Plaa’) 


O} 


2p 
a+b 
2 + x(a—b)-a" + ab 
b)xtab 
[abet ab—x*) de 


(x-a) or y—a? =(a—b)(x-a) 


2 
which simplifies et a0) 
a@i 
“ype = Hab? +a°b]= ab(a+d) (ii) 
ooo1 -Z-sin243in3—sina+2 
5 (a+b) 2 _ (a+b? Heytea] ; 
aa Dar” sab 3lb*e 11. Given, g(x) =2x+1; h(x) =(2x+1)? +4 
al ck Now, Hex) = fl (x)] 
Shea (@x41)) +4 = f(2x+1) 
2inx 


9 yeltx-1 = y==0 3 x 
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Let axtlst = f(t=ea 
f(xy=x8 +4 

Solving, yemx and y=x'+4 
xtomxt 450 

Put D=0; m*=16 =» m=44 


Tangents are y = 4x and y =-4x 
= od ee a + art, 
A 2p +4)=4x) dx afte 2)%de 


12. y=-V=x ay? 


Since, 
FG) 
13, <> 
£e) 
Integrating, In f(x)=x+C, f(0)=1=C=0 
Y 
o x 


4120 
a Y 


Fx) =e" fle) se" +k fO)=0 = k 
flx)=eF=1 
Area= [(e" -1+1) de =[e"]} =e-1 


14, A=2)'yi-y* -0-W) dy=2 
y, 


Ai) 


16. 


17. 


18, 


x=2 


For point of inflection y”=0 = 
Ax fixe de =[-2 “15+ fie 
=) 7 onto 


(-26°7)—(e"*)} 


—3e7 


2e* —(eF-1 


(a, 0) lies on the given curve 
O=sin2a—J3sina => sina =0orcosa = V3 /2 


(as a> 0 and the first point of intersection 


with positive X-axis) 
and'A= Jr" inex sin x) de: 
-(4+3)-(+ 
4 2, 2 
= 4A+8cosa=7 
xaly=2 


* 


wali) 


Now, 2 


=2axtb=1 
Koo) 


b 


Hence, the curve is y = x? +x 


.a=1 


A= fiGt+x—2)de= [cy d= sq units 
- 4 24 


IF=e* 


Jer*(cos x-sinx) de. Put—x=1 


el(cos t+ sint) dt=—e' sint+C 


*sinx+C 


y 


oO x 


Since, y is bounded when x =» => C=0 
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y=sinx 


Area= J F!"(cosx ~sin x) de = 2-1 


2 
19. T= [(6x—3x4) de = (44x — x7) de = 


2 pa 
male 
‘A, = 1(2)-1(1) 


ayer 


[2x6 x? x’ 


[1a{—2 + 2v2) 6-2 + 2V2)? —(-2 + 22)*] 


6 
1 L244 242 - 4+ 8—8V2)—(-B + 162) +2402 - 48] 
6 
1 24 + 242 -72 + 482 +56 - 4042] 
6 
4 
=Ea2v2 — 40] =F (a2 -5)= $2 - 9) 
22, Shaded region represents S 75 clearly area enclosed is 2 sq 
units, 
=> One value of a will lie in (3, 4). ton 
Using symmetry, other will lie in (-2, -1), 
20, Required area, A =f “(sin x—x) +21) de 
= 4 -24q units am Of 178215) 4,0) 


21. g(x)=| (|x|) —2|=||x|-1-2]=||*|-3] 


=—2-3, ro~s. (0-1) 
3), x<-3 


wt, cdewene CX: ~3SHEO 23, Required zeae 2 [erin xdcs ["0-fimG—) ar] 
x s ne -(x-3),  0<x<3 . ‘ 
al # x3, x23 


-x-3,0 x<-3 

x+3, -3Sx<0 
J-x+3, OSx<3 
x-3, x23 


24. y =Veax- = (x-a)? +y? 
Let P(h,k) be a point, then BP > PN 
For the bounded condition BP = PN =k 


Now, APaa-keq(ima)?ae 


2 
= gon 
2a 


(-2+2N2, 0) 
ry 


For point of intersection, 
x? d(—x4+3)+8=0 


> x4 4x-4=0 
44 Jie+16 
> = 


2 
©. Point of intersection is at 


N Clay 
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Boundary of the region is y = — 
a 
¢ 2 
Required area =2{" (: dx= = 2 {homogeneous form] 
25. f(x) =2x—a. At (2, 4), P(x)=4-a [Ff +¥] 2 
Equation of normal at (2, 4) is(y — 4) dy 1-x_ zoe J 
«wy xy 


Let point of intersection with X and Y-axes be A and B 


respectively, then ‘Since, option (a) is true (equation of circle). 


Ifoption (a) is true (b) can’t be (It is parabola). 


A=(- 444180) B 


If option (a) is true, option (c) is also true where ¢ 
30. 2. sin? xSsinx, V x € (0,0) 


Since,a >2as 
‘ Therefore, area of y =sin*x will be lesser from area of y =sin x. 


(4-18) 
(a-4) 


Statement Il is obviously true. 
Hence, (d) is the correct answer. 
31. Let the line y =kx+2cuts y = x"—3at x =a anda =B, area 


‘Area of triangle = $(4a18) 


= (4a-17)(a-5)=0 


= a=s or 2 B D 2 
= 4 bounded by the curves = Scorned = J+) —3)} de 
26, Max (62), g(0) = 511 ()+ eI+|/62)~201] = ae® sia 
Min (F(3), (2) =5 (1/02) eI -1FG@)~80911 which clearly, shows the Statement ILis false but f(k) is least 
when k= 0. 
cs Area f* [max {f(s).g(2)} —min {/02, a] de Hence, (c) is the correct answer. 


127, Area bounded by parabola y = x74 10and X-axis is given 32 As of region bounded by parabola y’ = 4x and x? =4yis 


by 
Jt —te+ 101 ae= 


jax? 47x10) de Sq units 


Hence, Statement Ii false. 
= 1 will be the same as 33. As the area enclosed by|x| + |y| Sais the area of square 
2a"), 


28. Area bounded by the ellipse 


jequired area = x (2)(3)= 6M sq units 
29. OP=x 
If slope is %, then equation of tangent is 


Y-. 


Bix—s) 


yx 


Pay) 
area~4(2xaxa) =859 units 

‘Also, the area enclosed by |x+y|-+|x—y| $2is symmetzic 

about X-axis, Y-axis, y = x and y =—x. : 


<.Both the Statements are true but Statement If is not the 
correct explanation of Statement I. 


dicular from origin to this tangent is >, | 
As ee . 34. |) a(t des tev for all quadrants 
se, < Statement Il is false 


The area bounded by y = x(x=1) and y = x(1—2). 


35, Since, absolute area 
= JP Maldes [™ Hay des f" hay de 
=D JP" Cay mn ax 

36. Also, x41 = xy=3n=2 


37. Required area= fj sin! axdx i log, x de 


y 
0] ye/wie X 2x % 8 ai 
x*-ax+1 
ae fin xt +axtl 
For differentiation, better write f(x) as 
ji 
ca x taxt] 
2a(x*-1) 


Now, on differentiation f(x) = > 


f= 0= f(-1) 
‘Then, the options (b) and (d) are eliminated. 
Again, for the differentiating Eq. (i) gives 
(x? + ax+1)?-2x-(x?=1) 
(x? +ax+1)(2x+a) 
(ft +ax+1) 


Combining both *(1) (2+ a)? + *(-1)(2-a)* = 0 


(x?=1) _ (x= 1e+1) 
(xteaxti)! (x? -ax+1) 
Ifis easily seen that f(x) decreases on ( 


minimum at x = 1, because the derivatives changes its sign 
from negative to positive, 


39. f(x) =2a 


oi) 
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Lee" 


40. +: ge 
ry __2a-(e*=1) 
Now IC)" ey ak eth 


Itis seen from the above that f"(e*) and so g(x) is positive on 
(0,e) and negative on (2,0). 
41, Clearly, x= asin’ ty =acos’ ,(0StS2n) 


$= [2a sin? t-a-3 sin?t(-sin 1) dt 


nr 
a n3a? x fsin't cos? t dt 
Jo 


voll 


=-3a? x 


3 dnd ve 
wuagth 22 
2x3x2x1 


=a! 
=~3na? =3na? 
8 8 


[absolute value] 
42 ~s =-fa0 =cost)a(1—cost) dt 


= af =2 cos t+ cost) dt 


=-2t["(\-2cors (422) 
. ; 


2 
okt) an 
er 1 [3-4c05 ¢ + cos2e}}" 


=~3na* =3na* 
t 


[absolute value] 


43. 


== 6e-0), y= e-nalor—e 
(6-t) 30 ), yaze t= 5G -t) 


t 1 
Area= 1 6-0-5 02e—13F)ae 


wt f' cout mic8) 
=, (e' + 24t? — 100) de = 


1 
=} [Henan -szs0] 6 22 
els 5x8 


44, (A) Required area = 4s 


5 [fctsinx) de— fx de 
2 


ne 
coum + cos 0-7 = 259 units 


y=x 


yaMx)=xsinx 
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= =x’ atx=—landx=2 
(B) Required area =2f' xe" dx=2[xe" —e"}y =2 (©) The line y = x + intersects y = x" 


‘The given region is shaded region area 


y 


(C)y? = x and|y|=2x both the curve are symmetric about 
Y-axis 


axtae = x=0,4 intercept =, 
16 2 


5 


yintercept = 3 


Required area =2f *(ax— x") dx = 


() Vx + Jil =1 


Above curve is symmetric about X-axis 


9 
Area=4x3.x3 x2 =27 59 units 


46. i 


‘Area is given by A=2['(x? 3x 42) dx =5 
3 
a santas Sees 
$s 


47. Fore <t3f (®x*~ x5) de=1 


= 

= 

= 

ean for a none of the values of ¢ satisfy the required 
ay jayramanasade ffex-xyac='8 = can 


(B) Area enclosed = sin x dx =2 


Required area = PORSP = Area PORP + Area PRSP 


IsG-2)elfifenn-2)q 


_4c3ing 


+ 


sq units 
49. Equation of ABy = (0-2) 
3-5 

Equation of BCy ~5=2—(x—4) ay =—x49 


Equation of CA y -3 


(x-6) sy =ie-a) 


Required area 
Spa 3 
a3 fsx 2) det f[-(e-9) de 2 hoa) de 


el =] fe] 
2 2 I, 2 , 4 2 , 


=> po? 9} 2 7-3)? -(-5)*) 3 4? — 

weet elo isy CsyI-4 ("= 0) 
5 1 3 
23x47 0-25]- 5 [16-0] 
=9~S[-16) 3 x16=5+8-6=7 squnits 


50. If |x|] =1and [|y|] =0, then 1 S|x| <2,0S|y| <1 
= xe(-2,-1]U[1,2), ye) 
if (a1) =0.flyl]=1 


Then, xe(-h1),y e(-2-1)U [12] 
Area of required region = 4(2~1)(1-(-1)) =8 sq units 
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51. Clearly, 


x 


Ss 
MN (3/2,0) (2,0) 


(3/4,0) (1,0) 
passes through A (. 4) and B (: :) 


#1(0.0) 


Since, 2x + 2y 


so bounded area A 
= Area OAB = 2 [Area OCM + Area CMNA ~ Area ONA] 


2.9.3 0/3 3)4 3 94 FS 4 
waltixdx344(242)x--= f @x-x*)dxja— 
afedadet(Led)at -} flex eaefe 
= UAa=5 


52, f(x)= minfein" x cos x =} x € [0,1] 


Pe eee ee 
o Area= [> sin’ deat (S-4) «fi, 008 xdx 


aeantes fio Bo 


+(xeos" x—V1— 3") 59 
¥3-1 


22-4 ot 
2 2 


ais -1(2-E)-_92% ane 
a8 ae =) 60341) WS +1) 
a=9,b=6 =a-b=3 
53. Given, “(2)- f-F0) . 
Putting, x=y =1, f(1)=0 


A 
ee 
Now, 2) = in SENT ( “3 


[from Eq. (i)] 


fs) 
& 
s 
s 
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55. 


ae f (x)=3 log xt+e 
Putting x=1= c=0 
> f(x) =3 log x=y [say] 


Required area=[” xdy=[’ e? dy=3[e"]. 
=3(e~0)=3e squnits 
‘According to given conditions, 
Jif @) G4 - 42°] dx =k fj (ax? =x) f lax 
Differentiable both the sides wart. t,we get 
FO -@ 48) =k@P-F)- FO) 
or Q+h fake ke + ae 


= f= hate + ek 9} 


Hence, required f is given by; 
= [at — be? + (ee - 4) 
FO) = yt — be +k 4) 27] 


Fpa|t-1slel+iet il 


=f 1s-1 
jae -1<rso 
=> Q)= 
FOV), acest 
noted 
y 
2 


“1 -i2 Of 2 1 1% 2 


1 5 
CaseI x+28-5 9 28-7 


g(x) = max {f ()ixt1Stsxt2} 
| a ie seiade 


Case I -iexe2sos—fexs-2 


gla flat dase n-fexs-2 


O<x+2S51=5-2<x8-1 
g(x)=2 
CaseIV 1<xt2S3/2=9-1<xS-1/2 
g(x)=f(x+ia1-x 
CaseV x+2>3/2=9x>-1/2 
g(x)af(xt2)=24x 


Case MI 


[—x-1, xS-5/2 
A+x, -5/2<xS-2 
Hence, g(x)=) 0 ~2<xS-1 
lax, -1<xS-1/2 
24x, x>-1/2 


56. 


57. 


5 
Now, required area =f), g(x) dx 


[oe @)dx+ { (-xde+ ne Q+xde 


nora) Jose 


HOI as 
=A squnits 
It is easy to see that, 
ey 0< x <log (3/2) 
f(xay 3/2 log (3/2) $ x < log (2) 
ater, log @) $52 


Let A be the required area. Then, 


log? 3 
Aa [oe etact log 
0 


i -* 
eee go ag OES 


= 3 -* 
=(e Wee +S Gan + Fe Viog 2 

3 3 3 1 1 
=| =- 3 tog 2 -log=]+{1--- log 2+— 
(2 1) +3 (oe we) ( + — tog +3) 


[p+ ws ( sig )-2 Ja units 
£°G)= im fers fee 


= tg LOH HI =F) 


mm 3 
= £0) tig LU+hI)- FO) _ FO). 
x he hla eo) 


Integrating both the sides, we get f (xx) = Cx’, since 
f)=15C=1. 


ad fax 

2 
New) Tet 2 ttat-250 
*F stat = x=t1 


58. 


59. 


y(xt+y')dx=x(y — x) dy 
= xyde+y? de=xy?dy—x"dy 


SPY = Ht 


Hence, 
So, F(x) =(- 2x)" 


The second equation given is 
inte oy corr oy 
fin 8 Ve drt [cost Vit dr 
=> y’=x-2sin x cos x + x-2cos x(-sin x)=0 


So, y is constant. 


y= 


Putsin x= cos x => 


Hence, y = iy (sin™! Vi + cos” Vi) de 
ape ( an® 330 and g(x 
“hu 2 28 16° 


an 
So, we must find the area between y = f (x). => 


an 
16" 


A(R) + A(S) 
A(T) 
where h=a + b +c, the altitude of T. 


‘As in the figure SITE 


16 
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By similar triangles = => rare 
alb+e)x , x 
go, A+ AS) 
7 A(T) hx /2 


= Fle + ae + be) 


We need to maximize (ab + be + ca) subject toa +b +c =h 
One way to do this is first to fixa,sob +c¢=h—-a. 

Then, (ab + be + ac)=a(h—a) + be 

and be is maximized when b = c. We now wish to maximize 
2ab + b* subject toa + 2b =h This is a straight forward 
calculus problem giving a =1/3, Hence, the maximum 
ratio is 2/3 (independent of T). 


1. Consider a coordinate system with vertex P of the isosceles 


APOR at (a, 0) and Qand Rat (0, b) and (0, ~ b) respectively. 
=ab o) 


Azta-2 
2 


Let the centre of ellipse be (@, 0) and the axes be of lengths, 2c. 
and 2B. 


So, the equation of ellipse 


Now, the line PQis tangent to the ellipse. To apply condition 
of tangency, let us take a new system x’ y" whose origin is at 
(@, 0). 
Then, x=x' +aandy=y’. 

2 


So, the ellipse becomes a 


and the line PQ becomes 


2 
So, (1-2) <a 


a 
> BP (ii) 
Now, area of ellipse=naB => A? =n’x*p? 

Using Eq, (ii), atenta’st (1-22 )-re (say) 


a 
=) 

"a= oO oye 
f@)=0 = = = a=Za20) 


Foner (an 
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63. By the symmetry of the figure eircle(s) of maximum area will 


See fant ( 2 ant? =(- ve) Hove the end point of diameter at the vertex of the two 


(ata =a/3) parabola. : 
2 242 in i =- x AB=- x8 = 4units 
sf ( a ) ant ty ( 12 ) ¥A* using Eq, (i) = Radius of circle = > 
3 9 3 27 
A_V3nA 
Hence, (A)qux =e = i 
(A), 385 9 Stunts 


61. A, =f, {sin x — f (x)} de=— [cos xf aly flxde 


==(cosa-1)- J," f(x)dx sina +(a—1) cosa (given) 


. , # col 
= -cosa~ J." f (x)de=~sina +(a~1) cosa so, the area of shad region = 4 f (+20 x) de-7 
= - J," f(s) de=-sina +a cosa aces ofcicte=4( 18 —4n ) squnits 


=> J, f(x) dx=sina-acosa 
Differentiating w.r-t. a. 
f(a) =cosa—(cosa—asina)=asina 
f (x)= xsinx 
Now, y=sin xand y = f (x) intersects at 


=> asina=sina =(a-1)sina=0 
=> a=1 [assina = 0] 
Hence, Aj=1-sin1 


As" (xsin x sin x) dx =m —1-sin1 


A=fe | xsin x—sin x| dx =3n -2 peas (eee iean i ict 2 

62. Forx=1,y=b-S*+4=5b+4 tis ___“Arenoftrtangle 
and B55" log 5 => 5b log 5 =40log5 = b=8 iti! As between the line and parabola 
‘The two curves intersects at points where = lim ss 2-3 


8-57 + 4=257 +16 : 1 
wit neg ohn dice weaken “SObGS 65. Requted area= +2 %2=2 sq units 
Hence, the area of the given region; y 
= ee {8-57 +4-(25" + 16)} de (1.2) 


= [oe 5" -25" -12) de 
og 2 


Jog 6 1,0) i) 


(1-2) (1-2) 


= 12 (log 5 6 ~ log 5 2) 


- 2 
shot gushes? 66, Required area = 4x sey =(n-2) ie sq units 
Tog, 25 log, 5 


-36 48 4 16 
E— + 12 [logs 3) + - 
Tlog.5 log, 5 Uogs 31+ Toes) ~ dog, 8) 
16 


=12 logs 3 = 4 logs e* = 4 logs 25 
loge5 


e a 
= 4 logs | 5 |saunits 
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67. Ssqunits Nowe sarey =bx andy =4 x 


s 
: 
os 
2 


ft) 1 2 3 4 
Bounded area=a[ JP @-mey ] 


=i (2-E)+] 


=2 ES-3 mr 
“*l Ve 372 Ve 3/2 


apg PMP ins OF Dee -D 


68. Area of the square ABCD =2 sq units 


Area will be maximum when b = (a}is least. 
Asa22 = [a}eat =1 = 1Sa<2 
71. Since, f(x) <0.=> f (x) is a decreasing function and also 


Ff" (x) >0 = f (x) is concave upwards. 
Hence, the graph of the function y = f (x)is as follows 


Area of the circle =m x 2 = squnits. 
2 


Required area=(2—2 ) sq uit 


69. altl.pyj+ateltsy wi) 
Clearly, this region is symmetrical about X and Y-axes. 
Let x < 0, Eq. (i) gives, 

2% —y+2* "<1 
pI soa 


Clearly, bounded region in the first quadrant is OABC. The 
required area is 4 times the area of the region OABC. 


Required area=4 [."" (-*-3) =4[-=5 : 
i 3 i, Let S, denotes the shaded area in figure (i). 


-[ge-r- 3 S=F@+FO+W.4F= F FO-Fa) 
a 


From the figure () itis elear that,S, < J" f(x) dx 


= Ss LO-F< I" Foy de 
a 
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> zy fos" f(x) det f (0) wali) 
Let S, Sse he area of the shaded region in figure (ii). 
= s-(Lra+re)+tv@+rone. 
+Lpen-v+ Foo) 
HUF M+ FQ)+ FOY+..+ Fe-4 FO 


1 
_ , 1 ~ 24 M+ Fm) 
=X FO-7FM-F FM) 


From figure (ii) it is clear that; 
S.>f" fa) dx 


= rio-hras sons" fore 


5 
= Eros” Fla) de + SF) + Fem) 

” af" Feade+4 5 Fa (ii) 
From Eqs. (i) and (ii), we get 

Lan |! fod<S fins f' fades 


72, Here, {(x, y) € R?: y 2 y|x +3), Sy S(x +9) $15} 
‘ y > Jix3] 


= ra sae 
y 


= [===3, when x<-3 
ay [td when x23 
* 2 \-3-x, when x S-3 
Shown as 
¥ 
Pang yrext3 
xe ~f [ x 
i" 
Also, Sy S$(x+9)S15 
> (x+9)25y andxs6 
Shown as 
¥ 
(0,95) a 
a x 
3.9) a 
x6 


ce ony) @ Ry Byler Sy S(x +9) S15} 


1 Required area = Area of trapezium ABCD 
~ Area of ABE under parabola 


— Area of CDE under parabola 


alata) - [oer ae-[, (x +3) de 


3 


5_[es-0] _/ee+9”* 
“2 Si 3 
2 lg 2 Ls 
152 2 18 2 16_15 
38 Fioatj2 ea eje® 2-8 
aria q 3¢ a a a SS 2 
73. Since, F’(a) + 2is the area bounded by x = 0, y = 0, y = f(x) 


andx=a@ 
fiferdx=F (a) +2 


Using Newton-Leibnitz formula, 
fla)=F"a) and f(0)=F"(0) A) 
Given, F(x)= im +" costtdt 
On differentiating, 
reimtei(at +) ae-tadte 
Again differentiating, 


F(e)=a {eo (s#+)-2xco( t+) sn( + =e 


+ {4c08 x-sin x} 


nfs) weno es} 


FO) =4 {o«(2}} ae + 2sinax 


£(0) =3 


74, Let equation of tangent to parabola be y = mx + = 
™ 


Tt also touches the circle x* + y’ 
2 
mien 
= m+m?=2 = m'+m?-2=0 
= (m? -1)(m* +.2)=0 
= m=tim’=-2 


=v 


[rejected m?=-2] 
So, tangents are y =x +2,y =—x-2, 
‘They intersect at (~2, 0) 


- S 
Equation of chord PQis—2x=2 =» x=-1 
Equation of chord RS is 0= 4(x-2) = x=2 
+: Coordinates of P, Q, R, Sare 
P(-1, 1), Q(-1, =1), R@ 4), $@ —4) 


+ Area of quadrilateral = ern 155q units 


75. To find the bounded area between y = f(x) and y = g(x) 
between x =atox=b, 
es 


a 
2. Area bounded = [‘ets) — leds + [L1te) ~ ate 
= [Life -a0olae 


Here, f(x)=y=sinx + cos, when 0S x S > 


cosx-sins, OSxs= 
and g(x) =y =| cosx —sinx|= pe 4 
sinx—cosx, S<x<F 
could be shown as $ 
=sinx + cosx 
W- He) y 
= m 
=¥sin(x+ 2) 


wa 
.. Area bounded = ““(sinx + cosx) - (cosx—sinx)}dr 
+ JS Msinx + cos) ~(sinx cosa)}dx 
= fr osinxde + f°" 200sxdx 
0 ers 
=—2[cosx]f/" + 2[sinx]e 5 


—2)2 =2VAV2 — 1) sq units 
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Since, x*<x when x € [0, 1] 
= a-xt2-x or eo Be* 
Jlet de flrtar 
= seetyatt fi) 
Also, fete << Area of two rectangles 
< (mF) (+ }ede 
VED 
<4 +4(-%) Ail) 
Sve 
ES $4(-#) 2s21 -} [from Eqs. (i) and (i)] 
le 
77. R= fix fla)de Ai) 
Using [inerde= [flat b- 2) ae 
Re 


=f) 0-9 flsdx i) 


U(x) = f(1 - x), given] 
Given, Ry is area bounded by f(x), x =—1and x =2. 


Raf flxde (ii) 
On adding Eqs. (i) and (ii), we get 
2h =f? ford 
From Eqs. (ji) and (iv), we get 
2R,=R; 
78. Here, area between 0 to bis R, and b to 1 is Ry. 


fla-ntae- fi a—x ae=4 


S [2 Q=xP]_ 
= a heel 


“l= 9) fl - 3) dx 


enfiv) 


0 


1 
=-Fla ~b) -1]+ F [0-0 -)] 


2 1 
=> -f£0-p=-1 
30 . 3 
= a-by=2 
G-by 5 
= a-b=1 = p=) 
2 2 


79, Shaded area = e— (8 ds) =1 


Also, fIn(e+1-y)dy [pute+1—y =1=9 —dy =a4] 


=f t(-dt)= f'n tdt= f"inydy =1 
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80. Requredarea= [2 eae 
1 cos x 


2 
al = at dt 
o  ateyi-P 
As "Ss fetan 2 =42-1] 
° a+) 8 
81. Given, yi-3y+x=0 
= yp Z-aZermo Ai) 
dy (2) ay. 
ZY) 4 6y[ 2) -3s-2=0 Ail) 
=3y' (& oye ie 


Atx=-10 V2, y =2V2 
On substituting in Eq. (i) we get 
2. 32120 = 4 
SOA ae ae de 


Again, substituting in Eq, (ii), we get 
2 dy . -2) ~ ce 
weve) + 6ey-( a 


a 
=> an fy eve 

dx (21)? 

d?y _-12y2 _-4V2 
= 


e @ PF 
82, Required area= fy dx = J? f(x) dx= (f(x) xh ~ [reorder 
=f) ~ afta) ~ [- fax de 


=Uf()- fla) + Sa 


=i 
[sree eG aaa 


83. 


84. 


85. 


Let I =f ge) dx =[g0)1 =e )- CD 
Since, yo3ytxa0 oli) 
and y=ax) 


{from Eq, ()) 
i) 


{g(x)}? -3g(x) + x= 0 
{g(1) -3g() +1 = 
= 3, {g(- DP -3a(- 1) - 
On adding Eqs. (i) and (ii), we get 

{ey}? + (e(- ) -3 lg) + aD =0 

= (gt) + af DIlgt))? + (el DP = eal) -3] = 


At 


= a(t) + g(-1)=0 
> a(l)=-g(-D 
“ afl) — gt 1) = g(1) -(-9()} = 2800) 


Given equations of curves are y? = 2x, 


which is a parabola with vertex (0, 0) and axis parallel to 
Xaxis, 
And 
which is a circle with centre (2, 0) and radius = 2 
On substituting y* 
xi4axadx =p x? =2x 

= x=Oore=2 

> ysOory=+2 (using Eq. (i)] 
Now, the required area is the area of shaded region, i. 


xt+yhs4ax 


Required area = Sector [Nm ae 
a 


zat afferaee [2 ij 


we 
on Mine ol= (x-S)saunis 


Given region is (x, y):y* S2x andy 2 4x 1} 
y? S2x represents a region inside the parabola 


edi) 
and y 2 4x ~1 represents a region to the left of the line 
yodx-t Ail) 
‘The point of intersection of the curve (i) and (ii) is 
(ax -1)* 


badd 16x? +1 -8x =2x 
= 16x? -10x+1=0 
= 


c. The points where these curves intersect, are (ts) and 


y 


3 
<. Extremities of one of latusrectum are ( 3) and (2 3} 


. Equation of tangent at (2 3) is, 


x2), (5/3) 
9 5 

or ax+3y=9 fii) 

Eq) intersects X and Y-axes at ( 9) and (0,3), respectively. 


Area of quadrilateral = 4 x Area of APOQ 
=ax(2 x2xa)=27 sq units 
22 
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87. Given, A={(x,y): x" + y? S1andy* <1-x} 


—1er 42f'a—y2dyetaay +a 
Required area = >a +2f,-y"idy = mt)’ +21 y 


m4 
=245 
23 

88. Given curves are y = Vx ofl) 


and 2y-x+3=0 


(On solving Eqs. (i) and (ii), we get 
avx -(Vx)?+3=0 
(We)? -2Vx-3=0 
(x -3) (Vx +1) = 
ve 

ts 

cv Required area = fre line ~curve) dy = f(y +3)—y") dy 


1is not possible] 


YUUud 


89. Given Two parabolas x’ 


To find The area bounded between the parabolas and the 
straight line y =2. 

The required area is equal to the shaded region in the drawn 
figure, 


‘The area of the shaded region (which can be very easily found 
by using integration) is twice the area shaded in first quadrant. 
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a sae 
= [cos sin) d+ f°" (sinx—cosx)de 
Required area =2 ge fy - 2) dy=2 ne w) dy Required area = J" (co art fi a 
: +f. (cosx—sinx)dx 
[ye7* _10 202 Be 
sal se Oe =fsine + cosx]f!" + [-cosx—sin lint 
oo 4fsinx+ cosx P82 
90. Given,y =x,x=eandy=1,x20 <ePieuile 
Since y= oan 20 =. red 92. The equation of tangent at (2, 3) to the given parabola is 
Area to be calculated in T quadrant shown as x=2y-4 
y 
yer 
x y= Wy yl v-2?=%-1) 


D(1, OIC fe, 0) 
Kee 


¥ r Required area => {Qy -2)? +1~2y + 4bdy 
‘Area = Area of AODA + Area of DABCD 


1 res fy- 2...) 
=+(1x1)+ f° — des — + (log |x/)f =| -y' +5y| 
2 ue 2 i 
1 ss log Jel 
Sah best Beth ad =1-9415+ 82959 units 
; 93. Given, equations of curves are x+3y?=1 


and x+2y?=0 


On solving Eqs. (i) and (ii), we get 


y=tlandx 
‘3n/2, 1 
. Required area =| f(x 
1 
. 
on 
5 
2 
=[[0-9* 2790 |-|f\0-y9| 
x Sni2 lence vil 
of =f 0-y4] be =|, 
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A differential equation can simply be said to be an 
equation involving derivatives of an unknown function. 
For example, consider the equation 


dy 2 
Dixys 
Fcalinl 


‘This is a differential equation since it involves the 
derivative of the funtion y(x) which we may wish to 
determine. We must first understand why and how 
differnetial equations arise and why we need them at all. In 
general, we can say that a differential equation describes 
the behaviour of some continuously varying quantity, 


Scenario 1 : A Freely Falling Body 

A body is release at rest from a heigh h. How do we 

described the motion of this body? 

The height x of the body is a function of time. Since the 
2 


acceleration of the body is g, we have “* = g 
de’ 


This is the differential equation describing the motion of 
the body. Along with the initial condition x(0) =A, it 
completely describes the motion of the body at all instants 
after the body starts falling. 


Scenario 2 : Radioactive disintegration 
Experimental evidence shows that the rate of decay of any 
ratioactive substance is proportional to the amount of the 
substance present, 


Session 1 


ie. Se hm 


where m is the mass of the radioactive substance and a 
function of t.If we know m(0), the initial mass, we can use 
this differential equation to determine the mass of the 
substance remaining at any later time instant. 


Scenario 3: Population Growth 
The growth of population (of say, a biological culture) in a 
seal evttonbient is dependent on the birth and death 
rates, The birth rate will contribute to increaseing the 
population while the death rate will contribute to its 
decrease. It has been found that for low populations, the 
birth rate is the dominant influence in population growth 
and the growth rate is linearly dependent on the current 
population. For high populations, there is a competition 
among the population for the limited resources available, 
and thus death rate becomes dominant. Also, the death rate 
shows a quadratic dependence on the current population. 
Thus, if N(t) represents the population at time f, the 
different equation describing the population variation is of 
the form 

dN 


<~=2,N-A,N? 
a : 


where A, and Ay are constants. 
Along with the initial population N(0), this equation can 
tell us the population at any later time instant. 


Solution ofa Differential Equation 


‘These three examples should be sufficient for you to realise 
why and how differential equations arise and why they are 
important. 
In all the three equations mentioned above, there is only 
independent variable (the time t in all the three cases), 
Such equations are termed ordinary differential 
equations. We might have equations involving more than 
one independent variable : 

af af 


ax ay 


where the notation © stands for the partial derivative, ie. 


the term 2f would imply that we differentiate the function 


f with respect to the independent variable x as the 


variable (while treating the other independent variable y as 
a constant). A similar interpretation can be attached to —2. 


Such equations are termed partial differential 
equations but we shall not be concerned with them in 
this chapter. 


Consider the ordinary differnetial equation 


The order of the highest derivative present in this 
equation is two; thus we shall call it a second order 
differential equation (DE, for convenience), 


The order of a DE is the order of the highest derivative 
that occurs in the equation 


Again, consider the DE 

dy .dy vaya 

ple a ae 

wax? 
‘The degree of the highest order derivative in this DE is 
two, so this is a DE of degree two (and order three). 
The degree of a DE is the degree of the highest order 
derivative that occurs in the equation, when all the 


derivatives in the equation are made of free of 
fractional powers. 


2 2. 
(2) ~14s( 22) 4 
dx at 


is not of degree two, When we make this equation free of 
fractional powers, by the following rearrangement, 


2 2,2)" 
(2) -1+ 1-22) 
dx dx* 


we see that the degree of the highest order derivative will 
become four. Thus, this is a DE of degree four (and order 
two). 
Finally, an n™ linear DE (degree one) is an equation of 
the form 
ay 
a 
where the a/s and b are functions of x. 
Solving ann" order DE to evaluate the unknown function 
will essentially consists of doing n integrations on the DE. 
Each integration step will introduce an arbitrary constant. 
Thus, you can expect in general that the solution of an 
n® order DE will contain n independnet arbitrary 
constants. 


qr 


dy a 
dx"~* 


+ tetiges 2 bay =b 


By n independent constants, we mean to say that the most 
general solution of the DE cannot be expressed in fewer 
that n constants, As an example, the second order DE 

@ 

at +y=0 
has its most general solution of the form 

y =Acos x + Bsin x. 

(verify that this is a solution by explicit substitution). 
‘Thus, two arbitrary and independent constants must be 
included in the general solution, We cannot reduce (1) to a 
relation containing only one arbitrary constant. On the 


other hand, it can be verified that the function 


y=ae™** 
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is a solution to the second-order DE 

d*y 

dx? 
but even through it (seems to) contain two arbitrary 
constants, it is not the general solution to this DE. This is 
because it can be reduced to a relation involving only one 
arbitrary constant 


y=ae™ 


=ae*.e” =ce* (wherec=a-e) 
Let us summarise what we have seen till now : the most 
general solution of ann" order DE will consist of n 
orbitrary constants; conversely, from a functional relation 
involving n arbitrary constants, ann" order DE can be 
generated (we shall soon see how to do this). We are 
generally interested in solutions of the DE satisfying some 
particular constraints (say, some initial values). Since the 
most general solution of the DE involves n arbitrary 
constant, we see that the maximum member of 
independent conditions which can be imposed on a 
solution of the DE is n, As a first example, consider the 
functional relation 


y=x? +c,e" +c,¢" wn) 
This curve's equation contains two arbitrary constants; as 
we vary ¢, and cz, we obtain different curves; those curves 
constitute a family of curves. All members of this family 
will satisfy the DE that we can generate from this general 
relation; this DE will be second order since the relation 
contains two arbitrary constants. 


We now see how to generate the DE. Differentiate the 
given relation twice to obtain 


y’ =2x +2c,e" +3c,e% (2) 
y” =244ee* +9c,e%* (3) 
From (1), (2) and (3), ¢, and cz can be eliminated to obtain 
et gt 
ae 46% 
4e™ 902 


xtny 
Qx-y! 
2-y" 
11 xt-y 
= 2.3 ax-y" 
4.9 2-y” 


=> 6-3" 18x +9y’ +8x —4y’—4 +2y" +7. 


~6y=0 
y” —Sy’ +6y =6x° -10N +2 wn) 


This is the required DE; it corresponds to the family of 
curves given by (1). Differently put, the most general 
solution of this DE is given by (1). 


236 Textbook of Integral Calculus 


Asan exercise for the reader, show that the DE 
corrersponding to the general equation 

y=Ae™ +Be* +C 
where A, B,C are arbitrary constants, is 

yi” ~3y” +2y’=0 
By expected, the three arbitrary constants cause the DE to 
the third order. 


1 Example 1 Find the order and degree (if defined) of 
the following differential equations : 


mW yaa YoY era Cal 
oy=14(F)+3(3) 3S) + 


. d2y dy 
SY ax inf D 
ae n() 


Sol. (i) The given differential equation can be rewritten as 


ya ete 
dy 
Deny. 

= a 


Hence, its order is 1 and degree 1. 
(ii) The given differential equation can be rewritten as 


Hence, its order is 3 and degree 2. 
(iii) Its order is obviously 2. 
Since, the given differential equation cannot be 
written as a polynomial in all the differential 
coefficients, the degree of the equation is not defined. 


1 Example 2 Find the order and degree (if defined) of 
the following differential equations = 


[ay _ ly dy (2 
EY. 3043 (ii) —P=sin 
® dx? dx a dx? dx 
Sol. (i) The given differential equation can be rewritten as 


(iii) * = 3x +5 
@y) =(%+ J 
dx? dx 


Hence, order is 2 and degree is 3. 

(i) The given differential equation has the order 2. Since, 
the given differential equation cannot be written asa 
polynomial in the differential coefficients, the degree 
of the equation is not defined. 

(ii) Its order is obviously 1 and degree 1. 


Linear and Non-linear 
Differential Equation 


A differential equation is a linear differential equation if it 
is expressible in the form 


dy 
+any = 
more 


where ao, 4), a, and Q are either constants or 
functions of independent variable x. 

Thus, if a differential equation when expressed in the form 
of a polynomial involves the derivatives and dependent 
variable in the first power and there ae no product of 
these, and also the coefficient of the various terms are 
either constants or functions of the independent variable, 
then it is said to be linear differential equation. otherwise, 
it ia non-linear differential equation. 


3. 2 2, 
‘The differentiable equation (2) “6 (2) =4y=0,is 


be 
a non-linear differential equation, because its degree is 2, 
more than one. 


dx 


is non-linear differential equation, because differential 


3 2 
e.g. The differential equation, Ty) ,2(2) soy=x, 
dx? 


coefficient 2 hhas exponent 2, 


eg. The differential equation (x? + y*) dx —2xydy =Oisa 
non-linear differential equation, because the exponent of 
dependent variable y is 2 and it involves the product of y 


qj 
and a e.g. Consider the differential equation 
ix 


dy dy 5 
(2) -1(2) 0 -ans 


This is a linear differential equation of order 2 and degree. 


Formation of Differential Equations 


Ifan equation in independent and dependent variables 
involving some arbitrary constants is given, then a 
differential equation is obtained as follows : 

(i) Differentiate the given equation w.r.t. the 
independent variable (say x) as many times as the 
number of arbitrary constants in it, 

(ii) Eliminate the arbitrary constants. 

(iii) The climinant is the required differential equation. 
ive. If we have an equation f (x, y,c),C2,-.-,¢,)=0 


Containing n arbitrary constants ¢,,¢2,¢5,..-,¢y, then by 
differentiating this n times, we shall get n-equations. 


Now, among these n-equations and the given equation, in 
all (n +1) equations, if the n arbitrary constants 
€1,C2,€3)-.+Cq are eliminated, we shall evidently get a 
differential equation of the nth order. For there being n 
differentiation, the resulting equation must contain a 
derivative of the nth order. 


Algorithm for Formation 
of Differential Equations 


Step I Write the given equation involving independent 
variable x (say), dependent variable y (say) and the 
arbitrary constant. 

Step II Obtain the number of arbitrary constants in Step 
1 Let there be n arbitrary constants. 

Step III Differentiate the relation in step I, n times with 
respect to x. 

Step IV Eliminate arbitrary consstants with the help of n 
equations involving differential coefficients obtained in 
step II and an equation in step I. 

The equation so obtained is the desired differential 
equation. The following examples will illustrate the above 
procedure. 


i} Example 3 Form the differential equation, if 
y? =4a(x-+b), where a,b are arbitrary constants. 


Sol. Differentiating y? = 4a(x + 5) w. 


@ 
—=2a 
ar 


Again, differentiating w.r-t. x, we get 


< 2 
*.(2) =0 

ae ax 

which is the required differential equation. Thus, the 


elimination of arbitrary leads to the formation of a 
differential equation. 


dy : 
2y-—-=4a ie. 
id dx 


1 Example 4 Find the differential equation whose 
solution represents the family xy = ae* +be~* 


Sol. xy =ae"™ + be* Ci) 
Differentiating Eq, (i) w.r-t. x, we get 

= alii) 

Differentiating Eq. (ii) w.rt. x, we get 


fy WW 
ee dx 


dy ie 
Dy y salt - 
x2+y=ae* —be 


2 m9) 


WY = ge + be™ 
de 
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Using Eqs. (i) and (iii), we get 


Which is the required differential equation. 


1 Example 5 Find the differential equation whose 
solution represents the family c(y +c)? = x°. 


Sol. Differentiating c (y + ¢)* = x* wi) 
We gete 2(y +e) = = 3x? but from Eq, (i), we have 


2x? 


gro Best 
(y toy 
= 2x? dy oa? ie, 22. Was 
yte dx yte dx 
ax [dy ax | dy 
2x lay) yy ae 
me ar yee ee Lax 


Substituting c in Eq, (i), we get 


EQ) -IFz) 


Which is the required differential equation. 


1 Example 6 Find the differential equation whose 
solution represents the family y = ae™ +be*. 
Sol. y=ae™ + be Ai) 
Differentiating the given equation twice, we get 
d’y 


YL sae* Pl 


dx 
From the three equations by eliminating a and b, we obtain 
d’y _4dy 
oY AY ay =0 
a de 


+ be* and + be* 


Remark 


‘The order of the differential equation will be equal to number of 
independent parameters and is not equal to the number of all the 
parameters in the family of curves. 


1 Example 7 Find the order of the family of curves 
=(c) +ea)e% tes ert, 
Sol. Here, the number of arbitrary parameters is 4 but the 
order of the corresponding differential equation will not 
be 4 as it can be rewritten as, y=(c, +e, +¢3 e)e%, 


which is of the form y = Ae*. Hence, the corresponding 
differential equation will be of order 1. 


1 Example 8 the differential equation of all 
non-horizontal lines in a plane is given by 
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Sol. The equation of the family of all non-horizontal lines in a 
plane is given by, 


ax +by=1 (where a #0) ...(i) 
Differentiating w.r.t. y, we get 
dx 
at bao (asa¥0andbe R) 


Again, differentiating w.r.t. y, we get 


(asa #0and be R) 


(asa #0) 


~. Differential equation of all non-horizontal lines in a 


dx 
Plane is oz = Hence, (b) isthe correct answer 


1 Example 9 The differential equation of all 
non-vertical lines in a plane is given by 
dy 
Aes 
Oe 


2 2 
(ot %X=oand2%=0 (a allof these 
dy? oe? 


: 
=0 (o) * =o 
dy? 


Sol. The equation of the family of all non-vertical lines in a 
plane is given by ax + by =1, where b#0 and ae R. 


Differentiating both the sides w-rt. x, we get 


dy 
at+bX=0 (as b #0and ae R) 
dx 
‘Again, differentiating both the sides wart. x, we get 
2, 
ot%=0 (as b #0andae R) 
dx? 
2, 
=> dy <4 (as b #0) 
dx? 
+. Differential equation of all non-vertical lines in a plane. 
dy. 
= ao 


Hence, (a) is the correct answer. 


1 Example 10 The differential equation of all straight 
lines which are at a constant distance p from the 
origin, is 

(a) (y + xy)? =p? (14-2) (B) (y ~ xy?) =p? (14 ys)? 

(oy - x1)? =p? (1+ y#)_(d) None of these 

Sol. As,weknow xcosa+ysina=p i) 

Represents the family of straight lines which are at a 
constant distance p from origin, Differentiating Eq, (i) wat. 
x,we get 


ll 
cosa + sina -2=0 
dx 


and 


From Eqs. (i) and (ii), we get 
=m = 


Jey per 


=(y—91)?= p2(1-+ y2) is required differential equations. 


Hence, (¢) is the correct answer. 


1 Example 11 the differential equation of all circles of 


radius r, is given by 
tiny? rye 
()+(nVR =P y3 
Sol. Equation of circle of radius r, 
(xa) #(y- bP =r? 
(Here, a, bare two arbitrary constants) 
Differentiating Eq. (i), we get 


(b) {1+ 4)" =r?y3 
(d) None of these 


i) 


2(x-a)+2(y-b)y,=0 oii) 
Again, differentiating Eq. (ii), we get 
1+(y-b)y2 + yt =0 
> (y-b)= 1st) Aili) 
Ye 
Putting (y — b) in Eq. (ii), we get 
2 
(x=) =G+HH iv) 
Ye 


From Eqs. (i), (ii) and (iv), we get 
a sit cy G+yi¥ je 
vi vw 
(+ Qn) = rye 
Hence, (c) is the correct answer. 


=> 


1 Example 12 The differential equations of all circles 
touching the x-axis at origin is 


ta? -**)=2y (4) 
dx 
2 y2y 
(er? =?) = any 


(904 -y4)= 292) 
dx, 
(d) None of the above 


Sol, The equation of circle touches x-axis at origin. 
=> (x -0)* +(y-a)? =a? 
or x+y? -2ay=0 


Al) 


Differentiating w.r.t. x, we get 


dy _, dy 
ax +2y F ~ 2g Y= 9 
ir er” 


= Ya-yyex 
“) 
dx 


cm (ii) 
dx 


x+y(2) 
x? +y? -ay| —_ Ax] 2g 
“( 
(@) 
2_yaydy 
- = =2 
or Gy") aa aay 


Hence, (b) is the correct answer. 
1 Example 13 The differential equation of all circles in 
the first quadrant which touch the coordinate axes is 
A&P Fy) =i + yy’? 
(b) (x+y)? (14 YP) =Oe+ YP 
()(x-y)? (1+ y= (x4 yy)? 
(d) None of these 


Sol. Equation of circles touching coordinate axes is 
(x =a)? +(y-a)* =a? afi) 
Differentiating, we get 
2(x-a)+2(y-a)y/=0 
azty', 
o1ty! 


ody 
ti =D 4 
=> a where y’ = 7 (ti) 


From Eqs. (i) and (ii), 
(ee) oe) 
l+y’ 1t+y’ 1+y’ 


jes) 


> 
= (x yF OP +p — x} = (x + yy’? 
= (x= +P) = (x + yy'¥ 


Hence, (a) is the correct answer. 
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1 Example 14 The Sifferential equation satisfying the 
y 

ath bth 
unknown, is 

(a) (x + yy) (Xy1 =? —B7) a 

(b) (x + yy) &- = Yr 

(2 «— yy) yy +y)=(07 -B7) ya 

(d) None of these 


curve =1,where A being arbitrary 


Sol. Here, ey i) 
Differentiating both the sides, we get 
2x, _ Wag 
@+ B+A dx 
= x(b° +A)+y(a? +A) =O 
= Ss xb? +a"yy, 
x+y" 
2, 
a tang tan 
x+y 
8 
=> aa -@ Pz ii) 
x+y 
2 _ 5 
Also, 4,2 (ii) 
x+y 


From Eqs. (i), (ii) and (iii), we get 
2 (x+y), (ety) _ ‘i 
(a — bt) (a? = B) yy, 
= (x + ym -y) 
Hence, (a) is the correct answer. 


=(a? = b*)y, 


T Example 15. The differential equation of all conics 
whose centre lies at origin, is given by 


(2) Bxy2 + x? y5) (y — a1) =3aya (y — xy) - x?y2) 
(0) Bays + x?y2) (V1 — x¥3) = 3x9) (y — xy - x2y3) 
(0) Bxy2 + x7y 5) (1 — xy) =3xy, (y — ay, - xy) 
(d) None of the above 
Sol. Equation of all conics whose centre lies at origin, is 
ax? + 2hxy + by? =1 Ai) 
Differentiating Eq, (i) w.r-t. x, we get 
2ax + 2hxy, + 2hy + 2byy, =0 
> ax + h(y + xy) + byy, =0 
Multiplying by x equation becomes, 
ax? +h (xy + x*y)) + bry, =0 
Subtracting Eqs. (i) and (ii), we get 
h (ay ~ x¥y,) + b(y? ~ ayy, =1 


ei) 
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= (hx + by) y — xy (hee + by) =1 

= (hx + by) (y— 9) =1 

= het by=— 
yh 


Again, differentiating w.r.t. x, we get 
f+ by, = =H) 
(=n) 
or h+by,= ee 
(y-n) 
From Eqs. (iii) and (iv), we get 


Exercise for Session 1 


iv) 


yomnin "yn 
-=) 
yom y tv) 
o-m? 
‘Again, differentiating both the sides w.rt. x, we get 
yin 3xy2— x2y5 , 30 = XV) 
y-a! Gy" 


= (xyz + x¢y5) (9 — 291) = 3492 (Y— 1-2) 


biy—m)= 


0 


Hence, (a) is the correct answer. 


1. The differential equation of all parabolas whose axis of symmetry is along X-axis is of order. 


(a2 (b)3 


1 (4) None of these 


2. The order and degree of the differential equation of all tangent lines to the parabola x? =dyis 


(a) 1,2 (b) 2,2 


(31 (0) 4,1 


2, 2 2, 
3. The degree of the differential equation oa +3 (¥) =x?log (g ed } is 


(a)1 (b) 2 


ox? 
3 (d) Not defined 


4. The degree of the defferential equation satisfying the relation Vt+ x? + 1+ y? = Ax t+ y? ~y[1+ x*)is 


(a)1 (2 


(@)1 (b)2 


ay 


5. The degree of the differential equation (¢ 


x? 


(c)3 (d)4 


()3 (a) Not defined 


6. The differential equation of all circles touching the y-axis at origin, is 


(yx = ay 


()y? - 2 = By 
ay 


(0) x2 -y? = ay Y 
dx 


7. The differential equation of all parabolas having their axes of symmetry coincident with the axes of x, is 


(a) yet HY tN 


(bo) v2 + WF =0 


Wet v= (d) None of these 


8. The differential equation of all conics whose axes coincide with the coordinate axes, is 


(2 + 97 1 =0 
(co) xyya + (x-y) n= 0 


) 2 + ¥F - yy =0 
(d) None of these 


9. The differential equation having y =(sin~' x)? + A(cos”' x) + 8, where A and B are arbitrary constant, is 


(2) (1-27) ya — 9) = 2 
(©) (1 x) ¥2 +H =0 


(b) (1- x7) yo + yy =0 
(a) None of these 


10. The differential equation of circles passing through the points of intersection of unit circle with centre at the 


origin and the line bisecting the first quadrant, is 


(a) 7 +? - 1) 4 (K+ YM) =O 
(0) (<7 + ¥? - D+ We =0 


(0) (11 - 1) (0? + y? ~ 1) + (x + yy) B(x - y)=0 
(4) None of these 


Session 2 


Solving of Variable Seperable Form, 
Homogeneous Differential Equation 


Solving of Variable 
Seperable Form 


Solution of a Differential Equation 


The solution of the differential equation is a relation 
between the variables of the equation not containing the 
derivatives, but satisfying the given differential equation 
(ie from which the given differential equation can be 
derived). 


‘Thus, the solution of & = ¢* could be obtained by simply 


+ Cand that of, 


dy J 
—=pxtqisy= 
dx 

constant. 

(i) A general solution or an integral of a differential 
equation is a relation between the variables (not 
involving the derivatives) which contains the same 
number of the arbitrary constants as the order of the 
differential equation, For examp! general solution 


of the differential equation = -4xis 
dt 
x =Acos 2t + Bsin2t, where A and B are the 
arbitrary constants. 

(i) Particular solution or particular integral is that 
solution of the differential equation obtained from the 
general solution by assigning particular values to the 
arbitrary constant in the general solution. 


=10cot 2¢ +5 sin 2¢ is a particular 


For example, x 


solution of differential equation 


Differential Equations of the 
First Order and First Degree 


In this section we shall discuss the differential equations 
which are of first order and first degree only, 


A differential equation of frst order and first degree is of 


fsy) 


Remark 
All tho difforontial equations, even of first onder and first saree, 
date 


Cannot be solved, However, if they belong to any of the 
forms which we are going to discuss, in the subsequent art 
thoy can be solved, 


Equations in Which the 
Variables are Separable 


‘The equation“ aid to be in variables separable 
form, ifwe can expressit in the form f(x) dx = g() dy 
By integrating this, solution of the equation is obtained 


which is, f f(x) dx = fs@dyte 


1 Example 16 solve 


sec? x tan y dy+sec? y tanxdy =0, 


Sol, Dividing the given equation by tan x tan y, we get 


sec? x 


d dy =0 
tan x " 


tan y 


This 


variable-separa 


2 
Integrating, J = 
an 


In tan x] + In| tan y] = tn Cy where C 

or In] tan x tan y| = In Cs (C0) 
[tan estan py} = c 

‘This is the general solution. 


Key ery, 


y 
1 Example 17 Solve — 
p! olve = 
dy _¢* 

ee 


‘This is varlable-separable form, 


Sol. Here, => eM dy=(x? +e") de 
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:. Integrating both the sides, 


Jer dy=] GP +e") de = ey +e7 $C 


3 


Which is the general solution of the given differential 
equation, where C is an arbitrary constant. 


1 Example 18 Solve J1+x?+y?+x?y? +xy a 
IX 
Sol. The given differential equation can be written as 


Yar yya4 x) = xy & 


_Al+x? de ydy 
x 


=> 


This is the variable-separable form. 
©. Integrating both the sides, we get 


yitx? y 
-f ai beer ta 


fea) are 


This is the general solution to the given differential 
equation. 


d 
1Example 19 Solve y - Lady +). 


Sol. Rewriting the given equation as 
4 
yrayt a(x +a) 
dy __dx 
y@-ay) (x+a) 
This is the variable-separable form. 
Integrating both the sides, we get 


=> 


(jaca lea 


1, @ apie. 
> iitse = kae x+a 
= Iny-2 In(1-ay)+InC = In(a+ x) 

a 
= wn (22 220= 2) te) 
Y 


or Cy =(a+ x)(1~ ay)is the general solution. 


1 Example 20 Solve e®/* = x+1, given that when 
x=0,y=3. 
Sol. This is an Example of particular solution. 
etl) = x41 


=In(x+1) 


far= fin (x +1) de (integration by parts) 


ie. yexin(x+1)-xtin(x+1)+C 
‘This is the general solution. 
To find the particular solution, put x = 0, y =3in the 
general equation. 
3=0-0+04C 
c=3 
The required particular solution is, 
ya(xti)In(x+1)— x43 


Differential Equations Reducible 
to the Separable Variable Type 


Sometimes differential equation of the first order cannot 
be solved directly by variable separation but by some 
substitution we can reduce it to a differential equation 
with separable variable. “A differential equation of the 
form 2 = f(ax + by +c) is solved by writing 


ax +by+e=t” 
YY sin? 
1 Example 21 solve eon (x4 3y)+5. 
ix 
Sol. Let x+y =t,so that 14 24¥ = 
dx dx 
The given differential equation becomes, 


1f dt 
}(f-1)=sintenes ott ca sinte +16 
ox 


3\dx 
i — 
3sin? t +16 
2 
sec’ t dt 
Weems 7 xtE 
Stan" t + 16sec t 
tdt 
= Jozi este 
19 tan? t +16 
du 
= J = 6+ where tant =u 
19u" +16 
> sec t dt = 
=> 


1 Example 22 Solve (x+y)? 2 


Sol. 


Put xt+ystani¢ Yat 
dx dx 


dt 
“Es duces to ¢? | — 1) 
9. (i) reduces to {# } 


ie. t? 4 =a’ +t”, separating the variable and integrating. 
P 

dx={ —at=f fi 

Jae] aaj ( 


xetoaun'(S+c 
a 


ie. xexty-aun'{242) 
@ 


x+y 
a 


ie.y=atan™ ( ) ~ Cis the required general solution. 

1 Example 23 Solve 
(2x + 3y —1)dx + (4x+6y - 5)dy =0. 
Sol. (2x +3y — 1) dx +(4x + 6y —5)dy= 
Substitute u 
SG © ae) 

<. Eq. (i) reduces to 
u+(2u -93(S-2}=0 


Ai) 
ax +3y-1 


2 1 du 
ie. — = (2u -3) + —(2u-3)—— =0 
e. a la rd a 


. —ut6.1 
ie. = 
3 


du 
+= (2u-3) 
hale 


Writing this in the variable-separable form 


(22 Jaana 

u-6 

[ac=f 23uu 

u-6 

2(u—6) +9 

(u-6) 
x+C=2u+9In|u-6] 
S (2x +3y—1)+9 In |2x +3y-7| 
3x + 6y-2+9 In |2x +3y ~7|=C is the general solution. 


a+c du 


xt 


Remark 


Sometimes transformation to the polar coordinates facilitates 
separation of varibales. It is convenient to remember the 
following differentials. 


Wx dx + ydy=rdr 
3, de? + dy? = ar? + 2g OF 


? ao 
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xdx+y dy 


T Example 24 solve ree 


Sol, Let x=rcos0,y=rsin® 
So that 


efi) 


tne=2 oii) 
x 


x+y? 
and 


From Eq, (i), we have d (x? + y*)=d(r7) 
ie. xdx+ydy=rdr 


From Eq, (ii), we have a x )=a¢an0) 


xdy-ydx 
x 
ie. x dy—ydx =x? sec’ @ dd =r? cos” 0 sec” @ d0..(iv) 


= sec’ 6 dB 


Using Eqs. (iii) and (iv) in the given equation, we get 
rdr dr 


r? dO 


ie. a(t )-0+c or r=asin(0 +C) 
a 


or vx? + y? =asin {C + tan™' (y/x)} 


It is advised to remember the results (iii) and (iv). 


Homogeneous 
Differential Equation 


By definition, a homogeneouos function f(x, y) of degree 
n satisfies the property 


(x,y) =2" flx.y) 
For example, the functions 
fiay)=x? +y? 
felxy)=x* +xy+y? 
Falxiy)= xe" + xy? 


are all homogeneous functions, of degrees three, two and 
three respectively (verify this assertion), 


Observe that any homogeneous function f(x, y) of degree 
ncan be equivalnetly written as follows : 


fan=x"i{2)=¥"A(2) 


fo Wax? ty? 


=e) 


For example, 
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Having seen homogeneous functions we define 
homogeneous Dis as follows : 
Any DE of the form M(x, y) dx +N (x, y)dy =0 
dy Moxy), 
oe aan {i called homogeneous if M(z,3) and 


N(x, y) are homogeneous functions of the same degree. 


Whaat is so special about homogeneous DEs? Well, it turns 
out that they areextremely simple to solve. To see how, 


we express both M(x, y) and N(x, y) as, say «'u(2) and 
x 
xtn(2) thi can be done sicne M(x, y) and N(x, y) are 


both homogeneous function of degree n. Doing this 
reduces our DE to 


dy Mixy)_ Ad = (2) 
a GD) xa(2] n(® x 
x x, 
(The function P(t) stands for MA), 
Nit) 


Now, the simple substitution y = vx reduces this DE to a 
VS form 


= 
2) transforms to 
x 
dy 
vex = Pv) 
dx 
dv _de 
a Pw)-v x 


This can now be integraed directly since it is in VS form. 
Let us see some examples of solving homogeneous DEs. 


Alogorithm for Solving _ ; 
Homogeneous Differential Equation 


Step1 Put the differential equation in the form 


dy _ (xy) 
dx w(xy) 


Step IL Puty=veand $2 =v+x inthe equation in 


step I and can out x from the right hand side, The 


equation reduces to the form v +x 2 =f(), 


Step IIL Shift von RHSS and seperate the variables in v 
and x. 

Step IV Integrate both sides to obtain the solution in 
terms of v and x. 


Step V Replace v by ~ in the solution obtained in step IV 
x 


to obtain the solution in terms of x and y. 
Following examples illustrate the procedure. 


1Example 25 Solve y dx +(2/xy — x)dy =0. 


Sol. y dx + (2fxy - x) dy =0 Ai) 
‘This is homogeneous type. Substitute y = ux 
ty 2 
dx dx 


.. Equation ux dx +(2yx* u—x)(udx + xdu)=0 
ie. x-{udx +(2Vu -1)u dx + x du(2-Ju -1)) =0 


ie. dx (au? ~u+u) +x du(2Vu—1)=0 
Separating the variables, 2 + aves Janne 
x u 


Integrating both the sides In| x|+In|u|+ 


1 x 
oF In + ==C ln + J—= su= 
In| t =e or itt fE=c (vu 
Which is the general solution. 


Example 26 Solve (x? + y*) dx —2xy dy =0. 


Sol. Here, % 22 ty _1[ x,y 
dx oxy aly x 


dy di 
With y = ux, =u +x ™ so that the differential 
dx dx 


equation becomes 


= 
= 

= 

= ~ log |1~u* | = log] x|-log|C| 
= x(1-u? 


Hence, x* ~ y* = xC, is the required solution. 


2 
1 Example 27 sive 2. . 
dx x & 
Sol, The above equation is homogeneous so that we put y = ux. 


=> afr x ewe! = auton oust 
dx dx 
= 
du___igde 
=> al f& 
Presets 
=> 


du fo dua f& 


= log| u~ 1] log u| = 4 tog] x|+ log C | 


Ss log 421 < topic FEI 
u 

=> =CVx = 
u 

> y-x=CVx-y 

Which is the required solution. 


1 Example 28 Solve 
(142 e*/")dx+2 e*/¥ (I--x/y)dy =0. 
Sol. The appearance of x/y in the equation suggests the 
substitution x = vy or dx =v dy + y dv. 
+ The given equation is 
(1+2e")(vdy + yd v)+2e" (I-v)dy=0 


ie. y(t2e)dv+(v+2e")dy= 
ie. 1428 gy 4B 
veze 
Integrating, f 2422" av+f X=0 
erating: yee y 


log| v + 2e" | + log] y| =log|C| 


= (v+2e")y=C (-4) 
y 
=> (Es2e)y=c 
y 
> (x + 2ye*!”)=C, is required solution. 


1 Example 29 Show that any equation of the form 
¥ Flay) dx-+ x glxy) dy =0 


can be converted to variable separable form by substi- 
tuting xy =v. 
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Sol. Since, xy=v,y=~ and d(xy)=dv 
x 


ie. xdy+yde=dv 
v )_xdv-vde 
dy=a/ ~ |==2 >" 
and yna( 2-28 
v 
i =dv-~dx 
ie. xdy=dv—-~ 


% pears g(o{ av-ar} ° 

x 

VIF) 2) ae g g(yydv=0 
x 


: dc, givdy 
ne PRETTIOET IO} 


Which is in variables separable form. 


Reducible to Homogeneous Form 
Type | 


Many a times, the DE specified may not be homogeneous 
but some suibtale manipulation might reduce it to a 
homogeneous form. Generally, such equations involve a 
function of a rational expression whose numerator and 
denominator are linear functions of the variable, i.e., of 


the form 
dy _,(ax+byte 
: oa ———— AL. 

dx tems) 0) 


Note that the presence of the constant c and f causes this 
DE to be non-homogeneous. 
To make it homogeneous, we use the substitutions 
xXOX+h 
yoYtk 
and select h and k so that 
ah+bk+c=0 | 


dh+ek+f ~@) 


z 
(1) now reduces to = 1(seebeee spre 
d(X+h)+e(¥+k+ f) 


=f aX +bY 
dX +eY 
This expression is clearly homogeneous! The LHS of (1) is 


dy d¥ aX © dy dx _ 
ie adY aX ee ax 7b the LHS 


. 
dY 
2 equals = . Thus, our equation becomes 


This can always be done (i ¢ * the RHS of the DE in 


(Using (2)) 


a which equals 
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3) 


dX 


dX +eY 
We have thus succeeded in transforming the 


non-homogeneous DE in (1) to the homogeneous DE in (3). 
This can now be solved as described earlier. 


LExample 30 solve the ne 22 =2¥—*=4. 
dx y- 3x43 


Sol. We substitute x» X +h and y>¥ +k where h, k need 
nbedelcated 
dy _d¥ _ (2 ~X)+(2k-h-4) 
de 7 (¥=3X) + (k-3h +3) 
hand k must be chosen so that 
2k-h-4=0 
k-3h+3=0 
This gives h = 2and k =3, Thus, 
x=X+2 
y=¥t3 
Our DE now reduces to 
dy _w-Xx 
ax ¥-3X 


Using the substitution ¥ = vX, and simplifying, we have 
(verify), 


ay (3) 


v-3 
v? 5v41 x 


We now integrate this DE which is VS; the left-hand side 
can be integrated by the techniques described in the unit of 
Indefinite Integration. 


Finally, we substitute v = fan 
x =i 
Y=y-3 

to obtain the general solution. 


Type Il 
Suppose our DE is of the form 
dy _ ,{ ax+by+e 
a dx tey+f 
We try to find h, k so that 
ah+bk+ 
dh+ek+ 
What if this system does not yield a solution? Recall that 
this will happen if = a 


- How do we reduce the DE toa 


e 
homogencous one in such a case? 


Thus, 
ax +by +e _ Max +ey) +6 
dx+eytf  dxtey+f 
This suggests the substitution dx + bays which will give 
d+e%= 


dx = 
dy _\(d 
- &.1(#-4) 


Thus, our DE reduces to 
Avte 


ifdv 
nt ae eee 
dv _Aev+ec 
= ak vtf_ ap 
vtf 
wtf 
(Qe+d)v+ectdf 


which is in VS form and hence can be solved. 


=> dv=dx 


1 Example 31 Solve the og Y= X*2¥=". 
dx x+2y+1 
‘Sol. Note that h, k do not exist in this case which can reduce 


this DE to homogeneous form. Thus, we use the substitu 
tion 


xtaysv 
dy _dv 
“de 


> 142 


‘Thus, our DE becomes 


ue ) v-1 
alae vel 
dy _2v— = 
= 2 OT 
ae vai vel 
+1 
= Vth dv =dx 
va 


> ifs 


Integrating, we have 


1 
i(v+tme-» 


Substituting v = x +2y, we have 


4 
x4 2y +> In (x +6y—1)=3x+C; 


2 
yo e+ FInGx +6y-1)=C 


1 Example 32 The solution of the differential equation 
dy siny+x 
= = —_ js 
dx sin2y —xcos y 
2 
{a) sin? yexsiny + +¢ 
2 
(b) sin? y = xsin y — #C 
(sin? y axtsiny ++ 


2 
(d)sin? y axcsiny + +¢ 


Sol. Here, Y= 
dx 
7 putsin y= 
> iat 
de 
xdv wt vet 
de e-x Qv-1 
ea vet v+l-2ty 
dx av-1 wot 
o AY iy 
Tavitavel x 


On solving, we get 
ane a 
sin? y=xsiny ++ 
Hence, (a) is the correct answer. 


1 Example 33 The equation of curve passing through 
(1, 0) and satisfying 


Cee een d)) 3 
(vH+2) =(y?+2x*) u(¥) , is given by 
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(ayaa LW HOP 
(oy ft? 2 tay" 2? 


x 


4 2 = 
(iy FY 


(d) None of the above 


Sol. The given differential equation can be written as 


d; 
¥(2 


2 4 ‘ay 
44x? thay" +2e9(14(2) } 


ay ayy y 
2 A(X) 4a . 
* dx He @ 
Let ysux 
= vex a 

dx dx 


vex eve viet 
dx 
dy dx 
or a= 
sb eevee 
peat 


=> VB log|v + fv? +2) = log] xc] 


+ yy? + 2x? 
oe Bgl 2 | ec 
¥ 
putting x =1andy=0 
c= (ay? 


+.Curves are given by 


Hence, (a) is the correct answer. 
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Exercise for Session 2 


dy __ (x+y? 


, is given by 
© («+ 2)(y = 2) 


1. The solution Of e 


(a) (x +2)" ( 1+ a jane" 


2y~2) 
ke **? 


covers ap [4 252)). 
x42 


2y-2) 
2-2) a 
coer af (+ SUD es 2-2). ke 


(d) None of these 


2. t(y? —2x2y)dx + (2xy? — x3) dy =0, then the value of xy Jy? - x7,is 


fy? +x 


(c) any constant 


(b) x7? 
(a) None of these 


3. The solution of dy /dx =cos (x + y)+sin(x + y), is given by 


xty yl 
(2) 65 t+ tan( 224 5 Jee 
Opel ee vice 


4. The solution of X =(x+y-1)+ 


‘aan 

log (x + y’ 
(a) (1+ aii gu eas log (x + y)} = eo 
(c) (1+ log (x + y)}? — log (1+ log (x + y)}=x4+C 

5. The solution of (2x? + 3y? - 
(a) (x2 +? — =F +? 3 C 
(0) (x2 + y?-3)= (x? HY? - 17°C 


(b) log] 1+ tan (x + y) [=x +E 


(d) None of these 


.is given by 


(b) (1— log (x + y)} 
(d) None of these 


7) xdx — (3x? + 2y? -8) ydy =0,is given by 


(b) (x? + y? - 1)? = x? + y? - 38 
(d) None of these 


— log (1 log (x + y)J=x +E 


(x -1? +(y -2) tan™ (3) 


6. The solution of = , Is equal to 


(xy -2x -y + aytan'(2=2) 
(a) ((e- 1)? + - tant ( 22 )-2er-9-2)= 204-1 one or 9 


(b) (x = 9 + (y- 971-2 (x - 1) (¥- 2) tare” (3 2)- 2(x— 1/7 loge 


tae + = war 2 2(x- 1) ~2)= loge (x- 1) 
(d) None of the above 
2 
on oY -( X+2¥-3)', 
7. The solution of 5 pews) is 
(a) (x + 3° - (y- 3) =C (x-y + 6) (b) (x + 3) - (y- 3) =c 


(c) (x + 3) + (y - 3)* =C (d) None of these 


8; Thesckition of 2 2 =o * Bove y—7sin'x —a) . 
dx ~“siny (sin x ~7cos y +7) 


(a) (cos y - sin x - 1)? (sinx + cos y - 1)° = 
(c) (cos y - sinx - 1)? (sinx + cos y - 1)’=C 


(b) (cos y ~ sin x - 1)? (sinx + cos y - 1)? = 
(d) None of these 
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9. Acurve C has the property that if the tangent drawn at any point P on C meets. The coordinate axes at A and 8, 
then P is the mid point of AB. The curve passes through the point (1, 1). Then the equation of curve is 
(a)xy=1 (bo) %=1 
y 


(0) 2x = xy-1 (d) None of the above 


10. 


The family of curves whose tangent form an angle = with the hyperbola xy = 1 is 
(a)y=x-2 tan" (x)+K 
(c) y= 2x — tan”! (x) +K 


(b) y=x + 2 tan” (x)+K 
(d) y = 2x + tan"(x) + K 
11. 


Aand B are two separate reservoires of mater capacity of reservoir are filled completely with water their inlets 
are closed and then the water is released simultaneously from both the reservoirs. The rate of flow of water out 


of each reservoir at any instant of time is proportional to the quantity of water in the reservoir at that time. One 
hour after the water is released, the quantity of water in the reservoir Ais 1g times the quantity of the water in 


reservoir B. The time after which do both the reservoirs have the same quantity of water, is 
(2) log(2) ()o004(3) 


(c) toove() (d) None of the above 


12. Acurve passes through (2, 1) and is such that the square of the ordinate is twice the rectangle contained by the 
abscissa and the intercept of the normal. Then the equation of curve is 


(a) x? + y? = 9x (b) 4x? + y? = 9x 
(c) 4x? + 2y? = ox (d) None of the above 
2 
13. Anormal at P (x,y)on a curve neets the X-axis at Q and (Vis the foot of the ordinate at P. If NQ = reat a , 
+x 

Then the equation of curve passing through (3, 1) is 

(a) 5(1+ y?) = (1+ x?) (b) (1+ y?) = 5(1+ x?) 

(c) (14 x?) = (1+ y?).x (d) None of the above 


44, The curve for which the ratio of the length of the segment intercepted by any tangent on the Y-axis to the length 
of the radius vector is constant (k), is 


(a) (y+ Vx? -y? xh" = 6 y+ xP+ yh =e 
Oy-Ve- xt =6 () (y- 1x? +? xs 0 


15. Apoint P(x,y)nores on the curve x7? + y2"3 =a?!°,a >0 for each position (x,y) of p, perpendiculars are drawn 
from origin upon the tangent and normal at P, the length (absolute valve) of them being P;(x) and P2(x) 
brespectively, then dod 

dp, dp2 by 21 OP2 <9 
Car rae i "ar ti 

py ah 4) 2% Ae > 9 
(Pi Fe > 0 Oa 


Session 3 


Solving of Linear Differential Equations, 
Bernoulli's Equation, Orthogonal Trajectory 


Solving of Linear 
Differential Equations 


First Order Linear 
Differential Equations 


A differential equation is said to be linear if an unknown 
variable and its derivative occur only in the first degree. 
‘An equation of the form 


dy) 

D+ P(x) =O(x) 

dx 
Where P(x) and Q(x) are functions of x only or constant 
is called a linear equation of the first order. 


To get the general solution of the above equation we 
proceeds as follows. By multiplying both the sides of the 


above equation bye!" we get 
elt HY yp el ag el 
de 
te) gl Bayt del) =gel" 
ie. diye y=9-e* 
de 


Jv tnteyrating, we get ye! =fo Pigh ee 


Here, the term e!" which converts the left hand 
expression of the equation into a perfect differential is 
called an Integrating factor. In short it is written as IF. 
Thus, we remember the solution of the above equation as 


y (IF) = JQ (IF) dx +c. 


Algoritm for Solving A Linear 
Differential Equation 


Step I Write the differential equation in the form 
dy / dx + Py =Qand obtain P and Q. 


Step II Find integrating factor (LF.) given by LF. =e! 


Step III Multiply both sides of equation in Step I by LE. 
Step IV Integrate both sides of the equation obtained in 
step IIT. w.rt x to obtain y (LF.) = [Q.(LF.) dx +C 


This gives the required solution following examples 


illustrate the procedure. 


1 Example 34 Solve Dery = COs x. 


Sol. It is a linear equation of the form 
dj 
D+ Py=O(x) 
dx 
where P=2and Q=cos x 
Then r= elt _ Jr _ 2x 
Hence, the general solution is y (IF) = J Q(E) dx 


ie. yee =f e® cos xdx+C 


an 


yee [2 cos x +sin x]+C 


3s 
d 
TExample 35 solve.” ~ log x. 
dx x 
Sol. It is a linear differential equation of the form 
Bs r= 019) 
1 


Here, P 


= log x 
Then wr = lM = gle clogs 
Hence, the general solution is 
AE) = f QUE) dx +c 
ie. ak cial 
2 
ie. yx = (oj x 1 2 6 
Relea 


ke. v= (og 2) +e 


LExample 36 solve % -__Y __. 
de" 2yIn yry—x 
Sol. The equation can be written as 
dx _2ylny+y-x 


=(2iny+1)-~ 
y 


dy 

+ dx 1 

ie. S44-x=@Iny +1) 
dy y 


In this equation it is clear that P = 


and Q=(2Iny +1), 


: 
Which are function of y only because equation contains 


derivatives of x with 
respect to y. 


reel yo ay ny 


++ The solution is; x (IF) = {(2 In y +1) (IF) dy 


ie. xy = |(2Iny+1)-ydysy? Iny+C 
ie, xzylny+© 
y 


Note In some cases a linear differential equation may be of the 
form + Px =Q,where A and Q, are function of y alone. In 
ly 


such a case the integrating factor ise” ”, 


dy 


1 Example 37 Solve cos? x 
n)_3v3_ 

6) 8 

Sol, The given equation can be written as 


YY _ sec? x tan 2x -y = cos? r 
de 


y tan2x=cos* x, 


where] < and y ( 


fr BEX sce! ede 


an? x1 


|, where t = tan? x 1 
sell =[t]=[tan? x-1| 

It is given that| x|< Zand for this region tan? x <1. 
IF =(1~ tan? x) 


.. The solution is 
y(1~ tan? x)= fcos® x (1 ~ tan? x) de 


= fcos* x ~ sin? x) dx 


in 2: 
= f(cos 2x) de = +c 
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m 33 
wh =Z ynd 
Now, when sae dakar 
38/1 -2)at Bic eno 
8 By 8-2 
___sin2x 
e 2(1— tan? x) 


1 Example 38 Solve Bey (x) = o(x)- 7 (x), where 
(x) is a given function. 
Sol, Here, P= 9'(x) and Q= W(x) (x) 
rae 060) 
2. The solution is, 
ye) = fox): 0” (x) dx = f tet dt, 
where (x) =¢ 
yet sel (t-1)+C 
ie, ye = ((x)- pe 40 


Bernoulli's Equation 


Sometimes a differential equation is not linear but it can 
be converted into a linear differential equation by a 
suitable substitution. An equation of the form 
dy 
+ Py=Oy". 
Fe ed 
Where P and Q are functions of x only, is known as 
Bernoulli's equation (for n =0 the equation is linear.) 


(n#0,1) 


It is easy to reduce the above equation into linear form as 
below : 


Dividing both the sides by y", we get 


=n dy tan 
Dep 
yy 


Putting y'“" =z and hence, (1—n)y" 2% = the 
ix de 

equation becomes a + (11) Pz =(1—n) Q which is linear 

inz. 

Here, TF ae fmm rae 

2. The solution is, 


zeltrm nee 


=f (=m). Qe el bade 
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1 Example 39 Solve (y log x — 1) y dx = xdy. 
Sol. The given differential equation can be written as 


dy 2 : 
DeysyPlogx uli 
eae TITY bogx i) 


Dividing by xy* , hence 


Which is the standard linear differential equations, with 


pan Lona tog 
panne 


‘The solution is given by 
Ak 
vba ft(-tiog}ae=- TES ae 
x xl x x 


= REX fl Lago REX 41 yc 
x x 


or 


1 Example 40 Solve Day =x? 


Sol. Dividing by y?, we get 


-2dy 1 
Wiliyex 
yes 
Let 1. 
y 
So that -1.9.# 
yd dk 


+ The given equation reduces to 


S_wa-x 


de 
Rael *# . -2t 
+ The solution is 


se afore Meme ac 


ie. acer? 


i 
y 


dy YOY" ore ox) i 
=e O(x) is 
1 Example 41 Solve = oe) 

a given function. 
Sol. The equation can be written as 


dy (x) E2 


dx 
dy, O(x 
ie - re FG) u 
Let — So that, -—> === 
dz 
dx x) 
or) 
=e =e) =x) 


’ The solution 52-42) = [5 -Aadde= x +C 


ie. ——=x+C te, ——— 


x) x) 
x+C 


Remark 
Another type of equation which is reducible to the linear form is 
1) L+ PR)- My) = OH) 
ox 


of this type can be easily reduced the linear form by 
y). 


dy 
Example 42 Solve sec? y Sax tany=x>. 


Sol. Let tan y= 2 so that sec? y. 2¥ = 2 
dk dx 
Thus, the given equation reduces to 


tan y-e™" Fleet -e)ec 


tan y= Ce“ 4 £ et? (7 3) 
2 


tan y=Cen* 42 (524) 
2 


4 
I Example 43 solve oa x(xty)=x3 (x+y)? 1 
Sol. The given equation can be written as 


(Bri )}+ ect ner way 


fe: POD rcetyee (ary? 
ie (ety? SEAM ee py tie 


Let(x+y)? =z sothat —2(x4 yy? 242+») 
de 


The given equation reduces to 


ie. 


<- The solution is 


ze maxtee  dea(x? tie" 40 
4 sce ext 41 
(x+y) 


1Example 44 Solve sin y- = =cos y(1— xcos y). 


dx 
Sol. The given differential equation is 


nyt 
& = cos (1 x cos 
sin y Fe = 608 y( » 


or sin y © cos y=~ x cos" y 


Dividing by cos” y, we get 


spn Bn 


dy _dv 
Let secy=v => secytany-oo =o 


So that 


reel aft aot 


‘The solution is given by 


vee afm xce fh deaxe* te" +C 
Her (xt1)tC 


or v 


1+ x)+Ce* 


or sec y =(1+ x) + Ce* 
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Orthogonal Trajectory 


Any curve, which cuts every member of a given family of 
curves at right angles, is called an orthogonal trajectory of 
the family. For example, each straight line passing through 
the origin, ie, y = kx is an orthogonal trajectory of the 


family of the circles x* + y* =a". 


Procedure for Finding the 
Orthogonal Trajectory 
(i) Let f(x, y,c) =0 be the equation of the given family of 
curves, where c is an arbitrary parameter. 
(ii) Differentiate f =0; w.r.t. ‘x’ and eliminate ‘c’, ie. form 
a differential equation. 


(ii) Substitute 2 for ™ in the above differential 
dy dx 


equation. This will give the differential equation of 
the orthogonal trajectories. 


(iv) By solving this differential equation, we get the 
required orthogonal trajectories. 
T Example 45 Find the orthogonal trajectories of the 
hyperbola xy = C. 
Sol. The equation of the given family of curves is xy 
Differentiating Eq, (i) w.r-t. x, we get 


Ai) 


xdy 
Ge ‘ 
mtY (ii) 
‘tute — 2 for 2¥ 
Substitute — “ for i 
ey OF ge MEA), we get 
ate ag ce 
5 y= (iii) 


This is the differential equation for the orthogonal 
trajectory of given family of hyperbola. Eq, (ili) can be 
rewritten as x dx = y dy, which on integration gives 


xt—yt=c, 
This is the family of required orthogonal trajectories. 


1 Example 46 Find the orthogonal trajectories of the 
curves y =cx?. 


Sol. Here, y=ox* 0) 
Differentiating w.r.t. x,we get 
2 = tex ) 


ml 
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dy se 
= zyax wi 

yarn (iii) 
This is the differential equation of the family of curves 
given in Eq. (i). 


Now, to obtain orthogonal trajectory replace 2 by- & in 
iy 


= aya & 
dy 
or 2ydy=~xdx 
Integrating both the sides, we get 
2 
x 
~+¢, 
y te 
=> x? +29? , is the required family of orthogonal 
trajectory. 


1 Example 47 Find the equation of all possible curves 
that will cut each member of the family of circles 
x? +y? —2cx =Oat right angle. 
Sol. Here, 
Differentiating w.r.t. x, we get 
2x + 2yy, - 20 =0 


x? ty" —2er=0 sali) 


= coxtyy (il) 
From Eqs. (i) and (ii), we eliminate c 
=> x? ty? —2(x+yy,)x=0 
d 
or -xt+yt ary =o 


‘This is the differential equation representing the given 
family of circles. To find differential equation of the 


dy 

orthogonal trajectories, we replace 2 b= 5. 

dx 

ory Se 
= 2) 
=> y? dy =x? dy -2xy dx 
ay_ 2 

= = dy = WaT) x dy 

y’ 


3 
“ saved =) 
ya(= 


Integrating both the sides, we get 


2 
-~y= 4c = xt +y?+Cy=0 
¥ 
Represents family of orthogonal trajectory. 


1 Example 48 Find the orthogonal trajectory of the 
circles 
xt ty? -ay=0. 
Sol. Here, x?+y?-ay=0 wali) 
Differentiating, we get 
2x +2yy, — ay, =0 


= ents) a) 
nv 
Substituting ‘a’ in Eq. (i), we get 
xtgy? 2+) y 26 
yn 
= (x? -y")y,- 2xy =0 


This is the differential equation of the family of circles 
given in Eq. (i). 


++ The differential representing the orthogonal trajectory is 


i ine Y by  Y 
obtained lacing by — &¥. 
by replacing by ~ 
ie, -(x?- axy =0 
=> 2xy dy - y* dx = 
2 
= xd(y ae 2m 


oF 


Integrating both the sides, we get 
y* + x? = Cx, is required family of orthogonal trajectories. 


Exercise for Session 3 


10. 


The solution of (1+ xy +y =e"""* is given by 


(a) 2ye"""* =e? 4G 
(c)2ye™"'Y =e2"™'Y 4G 


x 


The solution of fa r y =x Jy,is given by 


— x? 
(a) 3Yy + (1 x*) =C (1- x?) 

(c) 3. Jy - (1- x?) =C (1 x?)3/2 

The solution of +xsin2y = x? cos? y,is 
{a)e*’ = (x? - Ne*” tany+c 


(c)e** tany = (x? - ) tany+o 
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(by yey = et TF 4S 


(d) None of these 


wwe (1- x2) =€ (1- x7)? 


(d) None of these 


(b)e*? tany = 3 (x? jer +c 


(d) None of these 


The solution of 3x (1- x?) y? dy /dx + (2x? -1)y? =ax%is 


(a) y> =ax+C f1-x? 
(c) y? sax +0 f1- x? 
y 


The solution of % + Y tog y = % (log y)?, is 
a * x 


(b) y? = ax + Cx [1- x* 


(d) None of these 


ta)x= st bogy +0 (b) x? + logy =C Oey pete (d) None of these 
The solution of Ba y6(x)-x)-1"(x) =O #f(xjis 
(aby =F(xy4 t+ co") (b)y-co) 


() y =f(x)- 1408") (d) None of these 


. The solution of (x?) dy /dx -sin y —2x -cos y = 2x -2x3, is 


(a) (x? -1) cos y = — x? +0 (b) (x? - 1) siny = 


(©) 1) cos y= () (x? = 1) siny = 


. The Curve possessing the property text the intercept made by the tangent at any point of the curve on the 


y-axis is equal to square of the abscissa of the point of tangency, is given by 
(ay? =x+e (b) y = 2x? + ex 
(c) y = -x? +ex (d) None of these 


The tangent at a point P of a curve meets the y-axis at A, and the line parallel to y-axis at A, and the line 
parallel to y-axis through P meets the x-axis at B. If area of AOAB is constant (O being the origin), Then the 
curve is 

(a) ox? -xy +k =0 (b) x? + y? = ox 
(c) 3x? + 4y? =k (d) xy -x?y? + kx = 0 

The value of k such that the family of parabolas y =cx? +k is the orthogonal trajectory of the family of ellipse 
x? +2y?-y =C, is 
@)y2 


(b) ys (C) Ya 


(A) ys 
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Session 4 


Exact Differential Equations 


Exact Differential Equations 


A differential equation of the form 

M(x, y) dx + N (x,y) dy =0is said to be exact (or total) if 
its left hand expression is the exact differential of some 
function u (x, y). 


ie. du=M-dx+N-dy 
Hence, its solution is u(x, y) = (where cis an arbitrary 
constant). But then there is a question that how do we 
confirm whether the above mentioned equation is exact. 
The answer to this question is the following theorem. 
Theorem The necessary and sufficient condition for the 
differential equation M dx + N dy =0 to be exact is 
OM _ aN | 
dy ox 
The solution of M dx + N dy =0is, 

f M dx + {(terms of N not containing x) dy =C 

constant 


| Example 49 Solve (x? - ay)dx+ (y? — ax) dy =0. 
Sol. Here, we have M = x* - ay and N=" ~ax 


Thus, the equation is exact. 


<The solution is 8 (x? - ay) de +f y?dy=C 


constant 


3 
x y 
~ -ayy+=c 
= Taye 


2 
1 Example 50 Solve (2x bayiors(%s x] dy =0. 


2 
Sol. Here, we have M =2x log y and N = = +3y? 


aM _2x 
ay y 

and 2N = 2 and hence the equation is exact. 
ax y 


. The solution is, 
J (2 log y) dx +f sy? dy=c 
const 


= xT logy+y'=C 


Equations Reducible 
to the Exact Form 


Sometimes a differential equation of the form 

M dx + N dy =0 which is not exact can be reduced to an 
exact form by multiplying by a suitable function f(x, y) 
which is not identically zero. This function f(x,y) which 
then multiplied to a non-exact differential equation makes 
it exact is known as integrating factor. 

One can find integrating factors by inspection but for that 
some experience and practice is required. 

For finding the integrating factors by inspection, the 
following identities must be remembered. 


1. xdy ty dx=d (xy) 
2. xdvtydy=2d(x? ty") 


3. soe -4(2) 


x 
4. eH aa(2) 
y x 


z 14/2 
x = 
dx + dy 
o Ste 
Say alias +9) 
9. d(in(xy)) = 2 ty ee 


xy 
10, (Jim ty?) 22a tydy 
2 x? +y? 


xdy+ydx 


<7 
axe” dy-e dr 


x? 


- eer 


v 
14. d(x™ y")=x™"1 y""! (my dx +nx dy) 
15, @Lfl yy _ fey) 

inn (f(sy)” 
Example 51 Solve (x? — ay) dx+(y? —ax)dy =0. 


Sol. The given differential equation is 
x*dx + y*dy —a(y dx +x dy)=0 


3 2 
= (5 }+4{2)-eaonr=0 


Integrating, we get = -axy=k 


=> x? +y? -3axy =3k =C 


2 
1 Example 52 Solve (2x log y) dx-+ Ge + 3" =0 
Sol. The given differential equation is 
2 
(log y)ax dx += dy +3)" dy=0 


=> (log y)d (x?) +x? d (log y) + d(y*)=0 


= d(x? log y)+d(y*)=0 
= x? logy+y?=C 
(integrating both the sides) 


1 Example 53 Solve x dx+ y dy =x dy - y dx. 


Sol. The given equation can be written as 


dacs? sy=ata(2) 
2 x 


d(x? +y*) _ 2d (y/x) 
1+(y/ x) 


=> log? +y")=2taa""(2) + 


xt+y? 
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1 Example 54 Solve 
i 2 
aw —— LO) te —*_+siny | dy =0. 
cos* (xy) cos* (xy) 
Sol. ‘The given differential equation can be written as 


ye et MY in ike pain dy <0 


cos* (xy) 
=> sec? (xy) d (xy) +sin x dx +sin y dy =0 
d (tan (xy)) +d (— cos x) +d (- cos y)=0 
= tan (xy) - cos x- cos y=C 
x+y 
1 Example 55 Solve ay 
Yak. 


dx 


Sol. The given equation can be written as 


(tty? 


y x 
oy pny 1_4fx 
(t+ y¥F xtly? Ly 
Integrating both the sides, we get 
Ee ee eee 
(xtty*) (x/y) 
> a 
x xtty? 


TExample 56 The solution of 
- 


e Yay? dy+ ydx}+ Lydx — xdy} = 0, is 
(ae +e" +c=0 (b)e® -e/¥ +C=0 
(Qe” +e" +C=0 (d)e” -e”/* +C=0 

Pr cba. | 
Sol. Here, ¢ ” 


+? (ady + ydx} + (ydx ~ xdy}=0 
= ey? fxdy + ydx} + €*!” fyde — xdy}=0 


or e”” «{xdy + ydx} + ety Lite — xdy} 

or 7 -dooneeta{ = )0 
¥ 

Of, d(e”)+d(e"”)=0 


Integrating both the sides, we get 
eF te 40=0 


Hence, (a) is the correct answer. 
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1 Example 57 The solution of 
x?dy — y?dx + xy? (x - y)dy =0, is 


Hence, (a) is the correct answer. 


1 Example 58 The solution of the differential equation 


ydx — xdy + xy? dx =0, is 


2 
(xen? =a (by X +X an 
y yo 2 


(d) None of these 


a 
Sol. Given equation is, ydx — xdy + xy’ dx =0 
Which could be converted into exact form 


x 
© yy 


Wea #8) «cae 20 
y 


- GG) 


Integrating both the sides, we get 


2 
x 
xt = = constant 


ae 
2 
or ~45 en 
y 2 


Hence, (b) is the correct answer. 


I Example 59 The solution of differential equation 
xdy (y7e” +e%) = ydx (2% - ye), is 


(a) xy =log (e* +4) (b) x? /y =log (e*/Y +a) 


(0) xy =log(e"/” +A) (d) xy? =log (e"/” +) 


Sol. The given equation is 
(ayte) dy + (xe?) dy = (ye""”) dx — (ye?) dx 
= re (xdy + yd) = e*/¥ (ydx — xdy) 

yd — xé 


2 ” tans et” (o 


u 


eetlted 2) 
2 (d(y)=e (2 


= d(e”)=d(e*"”) 


Integrating both the sides, we get 
eae +h 


= xy=log(e*”” +2) 


Hence, (c) is the correct answer. 


1 Example 60 The solution of the differential equation 


(y +x Joy (x4 y)) d+ (y Yay (x+y) — x) dy =0, is 
x? +y? 
2 


ee 
oF vant Fac 
2 y 


wry? att ft 
() i + 2tan ig 


(d) None of these 


fa) 


+2tan"! |X =¢ 
xy 


Sol. The given equation can be written as 
(yde ~ xdy) + x xy (x + y) de + y Jay (x + y) dy =0 
= (dx — xdy) + (x + y) xy (xdx + ydy) =0 


2s west s( E41). Eg xt+y" )_ 
y ? 2 
2 


u 


2 


eal (Bh 


Integrating both the sides, we get 


= EY unt E 
: ¥ 


Hence, (b) is the correct answer. 
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Exercise for Session 4 


The solution of xdy + ydx + 2x°dx =0,is 


= 


=C (d) None of these 


ies fii ba 
(a) xy + x*=C (o) xy + 5x =6 Os* 


4 
2. The solution of, ydx — xdy + (1+ x?)dx + x? sin y dy =0, is given by 
(a)x + 1-y? + cosy+C=0 (b) y+ 1-x? + xcosy+C=0 
()%+4-y+cosy+e=0 (44+ 4-x+4cosy+C=0 
yr f x Xx 
3. The solution of (14 x x? + y?)dx +(-14 Jx? + y) ydy =0,is 
(ay2x-y? + 208 + yey? =e (2-y+ Zor 7 =6 
(0) 2y- x? + 2 G24 Poe (d) None of these 


4. The solution of, 2%, =[__Y 1) dx,is given by 
nyt =| ge eye 71) aheis given by 


(ytart(%)+x=0 wyta'(L)+x=0 tetar'( + xy=0 (a tant( ¥ J+ x? =0 


5. The solution of ye*’” dx =(xe*!” + y? sin y) dy, is given by 
(a)e*'¥ =-cosy+C  (b)e*” + 2cosy=C (c)e*'¥ =x cosy +C 


6. The solution of x sin = Jor={ yain( Z )-s } dis given by 


(a) togx~ c0s()=t0a (b) log x — sin(2) =c © wa(2) -cos(¥)= loge (d) None of these 
x 
7. The solution of 2% + YOY is given by 
xdy = ydx 
(a) sin (x? + y?) =a tan! (+e (0) sinr (fx? + y2) = tan! ( ¥ jee 
x a x 
ix 
(sin! ( pena ae } tan? ( x ) +e (4) None of the above 
a x 

8. The solution of (1+ 6*!”)dx +0" (1 -*) dy =0,is given by 

(a)x - yer” =C (b)x + ye"’” =C (yer =C (d) None of these 

in? (x2 4 y? 
9. The solution of *+¥ WOK _ xin’ XC" +Y°) is given by 
y—xdy/dx y 
2 
to)~cotte? + ¥*)=( 2) #¢ (b) tan (x? + y2)= xy? 40 
y 
(c) cot (x? + y2)=% 40 (d) None of these 
y 
10. The solution of % + ¥ = —— ls given by 
ax * x” (vlog x +109 yy 


(2) xy (1+ log (xy))=C —(b) xy? (1+ log (xy) = (c) xy (1+ log (xy))? = 


(d) xy (1+ (log xy)?) = 
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(d)e*'” =2cos ye!” +C 


Session 5 


Solving of First Order and Higher Degrees, Application of 
Differential Equations, Application of First Order 
Differential Equations 


Solving of First Order Hence, the general solution is given by 
and Higher Degrees (3.7.0). 4208 a(n. ye) =0 

- . . " Here, the arbitrary constant ¢,, ¢, ¢, are replaced by a 
Differential Equation of First Order single arbitrary constant c because every first order 
and Higher Degrees equation has only one arbitrary constant in its solution. 
A differential equation of first order is of the form 1 Example 61 Solve (p — x)(p —e*)(p-1/y)=0; 
f(x,y, P) where P = dy / dx. If in the equation degree of P dy 


is greater than one, then the equation is of first order and WMETEP=G* 


higher degree. Sol. The component linear equations are p = x, p 1 
The differential equation of first order and higher degree : y 
can be written in the form u Bas, thendy=xde = y= 4G, 
P" + Fy(x,y) POO! +... + Fai (2, y) P+ F(x, y) =0 - 2 
if 2 =e*, then dy=e* wer 
The differential equations of these category can be solved ge en ede = yee te 
by one or more of the following methods : Dal gy 
(i) Equations solvable for P. gery ten ydyads => Laxee, 
(ii) Equations solvable for y. c+ The required solution is 
(iii) Equations solvable for x. 2 i 
-~>+Cl(y-e* x = 
(iv) Clairaut’s equations. ar (yrert of nee <} =0 


Now, we shall discuss these cases. 
TExample 62 Solve xp? + xyp —6y? =o. 


(i) Equations Solvable For P Sol, The given equation is 
xp? + xyp —6y?=0 
Solving as a quadratic in p, we get 


pate ey ayy) 
a 


ty 2y dy _ dy 
deoxy yy 


If the equation 
PP + F, (x,y) PO! tee + Fy a(x, y) Pt Fy(XY) =0, 
is solvable for P, then LHS expression can be resolved 
into n linear factors and hence can be put in the form ‘ 
(P= file yMP = fal. y)) (P= fal y= 0. p= 
Equating each of these factors to zero, we get n differential 
equations of the first order and first degree. 


dy 
B= fulsiy), P= fabs yon = fle) 


Let the solutions of these obtained equations are . d xy x 
(2, Ys C1) =O, 2, Yo 62) =Orer0s (Xs Cn) =O => wyec, 
respectively. + The required solution is (y ~ Cx®) (xy Cc) =0. 


1 Example 63 Solve xy? (p? +2) =2py3 + x3. 
Sol, The given equation can be written as 
(xy?p? — x3) +2 (xy? = py?) =0 


=> x (y*p? x?) +2? (x — py)=0 

= (py — x) x (py + x) ~2y"] =0 

If py — x =0, then y dy - x dx =0 = y? - x? =C, 

2 

Ifxyp + x? - 2y? =0, then2y % — $Y" 2y 
ax x 

=> 

where t = y* 

Its solution is t 


ie. 


Hence, the required solution is 
(y? - x? —C)(y? — x? - Cx") =0 


(ii) Equations Solvable For y 


Equation that comes under this category, can be expressed 
in the form 
y= a(x, p) 

(ce. an explicit function y in term of x and p) ...(i) 
Differentiating Eq, (i) war.t. x, we get 

dy ) 

Y pak xp 2 

det (« Pe 
Which is a differential equation of the first order 
containing x and p. Let us suppose that its solution is 

(x, p.c) =0 ii) 

Then, the solution is obtained by eliminating p between 
y=a(x, p)and 9(x, pc) =0. However, if eliminating of p is 
difficult express x and y as a function of the parameter p. 


1 Example 64 Solve xp? - 2yp+ax =0. 


Sol. The given equation can be written as, 


xp ax i 
=P wai) 
ary ap 
dy_p,x.dp, a ax dp 
dx 2) 2 dx 2p 2p? dx 
dj 
> p(p* ~ a) = x(p? ~ a) 
ix 
= bP pace 
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(The equation p? — a =0 gives us singular solution in 
which we are not interested). 
The substitute p in Eq, (i), we get the required solution 


ay=cx? 4S 
a c 


1 Example 65 Solve y =2px - p?. 
Sol, Differentiating the given equation w.r.t. x, we get 


dy dp_, dp 
= =2p + 2x — —2p—— 
gee ae 


x—p) + p=o 
or = -2(x ~ p) 


or Stix=2 
ip p 
It isa linear equation in x and p 
2 
Las 
wee? sether = p* 


s+ The solution is apr= |p? 2dp=> 


Thus, the solution of the given equation is 


2 


xi 5 p+Cp~*, where p is parameter. 


(iii) Equations Solvable For x 


This type of equation can be put in the form 


x= 8p) i) 
Differentiating wr. y, we get 


which is a differential equation of 1st order containing y 
and p and its solution is 


Wy, pc) =0 
Then, the solution is obtained by eliminating p between. 
x =g(y, p) and My, p,c) =0. However, if eliminating of p is 
difficult express x and y as a function of the parameter p. 


1 Example 66 Solve y = 2px+y?p?. 
Sol. Solving for x, we get 


- 
x vet 0 


Differentiating Eq, (i) wart, y, we get 
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1 dp 
or = wl 
P ) dy 
r 3.) 4p 
or (1 + 2yp*) p= — y (1 + 2p*y)-—— 
dy 
dp , dy c 
or P+ D-0- py=cap=— 
poy pry 
Substituting this in the Eq, (i), we get 
ae oe 
x22 fs yroresct 
2 2 


(iv) Clairaut's Equation 


The differential equation y = px + f(p) is known as 
Clairaut’s equation. The solution of equation of this type 
is given by y = cx + f(c). 

Which is obtained by replacing p by c in the given 
equation. 


Remark 


‘Some equations can be reduced to Clairaut's form by suitable 
substitution. 


1 Example 67 Solve y =px+ 


Sol. Its solution is, y = ex + 


1Example 68 Solve 1+ p? = tan (px y). 
Sol. The given equation is 


jit? = tan (px - y) 
or px-y=tan’'(J1+p") 
or y= px-tan™'(y1+p*) 


ysor-tan'(fi+e?) 


1 Example 69 Solve y? log y = pxy +p”. 


Its solution is, 


1dy _dt 
L Let log y=#. 19,2 
Sol, Let log y= t Then 7 
dt 2 


Hs pthen® =p 
ens 


Substituting these in the given equation, we have 
yasy-paytpiy’ or ts prt p? 
Which is in Clairaut's form. 
Thus, the required solution is 
teer+e? or logy=extc? 


(c being an arbitrary constant.) 


Ap 


plication of Differential 


Equations 


Differential Equation of First Order 
But not of First Degree 


1 


Ap 


“The most general form of a first order and higher 


degree differential equation is 

prey prt + Py phe tose t Py =O where Py, Pa 
saan Py are function of x, y and p= dy/dx. Ifa Ist 
order any degree equation can be resolved into 
differential equation (involving p) of first degree and 
Ist order, in such case we say that the equation is 
solvable for p. 

Let their solution be 

Bi Yer) X BX Wola) Xo MBX Hs Cn) =O» 
(where ¢,,¢2 cq, are arbitrary constant) we 
take ¢, 2 1, =c because the differential 
equation of Ist order Ist degree contain only one 
arbitrary constant. So solution is 


Bi(X, YC) X Fo( Xi Ye C) Ko K En YC) =O 


. The most general form of a first order and higher 


degree differential equation is 

p' +P, p"' +P, p"? +...+ P, =0, where Py, Py 
, P, are function of x, y and p = dy/dx. If 
differential equation is expressible in the form 

y = f(x, p), then 


‘Step 1 Differentiate w.r.t. x, we get p a. A= Pp = ) 
Ix ic 


Step 2 Solving this we obtain (x, p,c) =0. 
Step 3 The solution of differential equation is 
obtained by eliminating p. 


lication of First Order 


Differential Equations 


Growth and Decay Problems 


Let N(t) denotes the amount of substance (or population) 
that is either growing or decaying. If we assume that 

dN /dt, the time rate of change of this amount of 
substance, is proportional to the amount of substance 
present, then 


Where k is the constant of proportionality. We are 
assuming that N(t) is a differentiable, hence continuous, 
function of time. 


1 Example 70 The population of a certain country is 
known to increase at a rate proportional to the 
number of people presently living in the country. If 
after two years the population has doubled and after 
three years the population is 20000, estimate the 
number of people initially living in the country. 

Sol. Let N denotes the number of people living in the country 

at any time t, and let No denote the number of people 
initially living in the country. Then, from Eq, (i) 


KN =0 


at 
Which has the solution N = Ce* onli) 


Att =0,N = No; hence, it follows from Eq, (i) that 
No = Ce* or that C = No. 


Thus, 


N= Nee" il) 


Att =2,N =2Np. Substituting these values into Eq. (ii), we 
have 


2No = Noe** from which k = ; In2=0347 


Substituting this value into Eq, (i) gives 
N=N,e0DE Ait 
Att =3, N = 20000, Substituting these values into Eq. (iii), 
we obtain 
20000 = Noe”) 


1 Example 71 A certain radioactive material is known 
to decay at a rate proportional to the amount present. 
IF initially there is 50 mg of the material present and 
after two hours it is observed that the material has 
lost 10% of its original mass, find (a) and expression 
for the mass of the material remaining at any time t, 
(b) the mass of the material after four hours, and (c) 
the time at which the material has decayed to one half 
of its initial mass. 

Sol. (a) Let N denotes the amount of material present at time 

t. Then, from Eq. (i) 
aN in =o 
dr 
This differential equation is separable and linear, its 
solution is 
N=Ce" di) 

0, we are given that N =50. Therefore, from 

50= Ce) or C =50. 


Thus, 


Att =2, 10% of the original mass of 50 mg or 5 mg has, 
decayed. Hence, at t = 2, N = 50-5 = 45. Substituting 
these values into Eq. (ii) and solving for k, we have 
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45=50e* or k=—In— 


‘Substituting this value into Eq. (ii), we obtain the 
amount of mass present at any time t as 


N = 5009-053" (iii) 
Where ¢ is measured in hours. 
(b) We require N at t = 4. Substituting t = 4 into Eq, (iii) 
and then solving for N, we find N = 50e~ 0.059) (#) 
(c) We require t when N = 50/2 = 25. Substituting N = 25 
into Eq, (iii) and solving for t, we find 25 = 50e~°°* 


or ~0053 1= In or t=13h 


1 Example 72 Five mice in a stable population of 500 


are intentionally infected with a contagious disease to 
test a theory of epidemic spread that postulates the 
rate of change in the infected population is 
proportional to the product of the number of mice who 
have the disease with the number that are disease 
free. Assuming the theory is correct, how long will it 
take half the population to contract the disease? 


Sol. Let N(t) denotes the number of mice with the disease at 


time t. We are given that N(0) =5, and it follows that 
500 — N(t) is the number of mice without the disease at 
time t. The theory predicts that 
aN 
dt 
‘Where k is a constant of proportionality, This equation is 
different from Eq. (i) because the rate of change is no longer 
proportional to just the number of mice who have the 
disease. Eq. (i) has the differential form 
soa UNE 
‘N(500— N) 


Which is separable. Using partial fraction decomposition, 
we have 


= KN (500 - N) ai) 


—kdt =0 fii) 


1 = 1/500, 
‘N(S00 — N) N 
Hence, Eq, (ii) may be rewritten as 


= (4+—1 _)an-kar=0 
500\N " 500—N 7 


1/500 
500-N 


eae ae Ol 1 1 
It solution is — [| + = fide = 
solution is Geta) fiat=c 
1 
or Jpg (NI ~ In 500 NI) - kt = C 
Which may be rewritten as 
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= e006 + kt) (ii) 
500-N 
But eC +) = 25% of Setting C, = e°, we can write Eq. 
(ii) as 
Cet wiv) 


500-N 


Att =0, N =5, Substituting these values into Eq. (iv), we 
find 


4 ce =, 


495 
So, C, = 1/99 and Eq. (iv) becomes 
N11 soos 
500-N 99° 0 


We could solve Eq, (v) for N, but this is not necessary. We 
seek a value of t when N = 250, one half the population. 
Substituting N = 250 into Eq, (v) and solving for t, we 
obtain 
1=2 eH; 1ng9 =so0kt 
99 


ort =0.0091/k time units. Without additional 
information, we cannot obtain a numerical value for the 
constant of proportionality k or be more definitive about t. 


Geometrical Applications 
Let P(x,,y1) be any point on the curve y = f(x), then 


) and 
Gin) 


slope of the tangent at P (= tan yw) ( 


hence we find the following facts. 
ban) 


y=) 


Fig. 4.2 


(i) The equation of the tangent at P is, 
y-n = a (x —x;) when it cuts x-axis, y =0. 


a: 
:. x-intercept of the tangent = x, — y; () 


4 
y-intercept of the tangent = y —*1 a 
(ii) The equation of normal at Pis, 


x < 
—y, = 2 (x - x1) x and y-intercepts of 
oN ay dx) ? 


d; dx 
normal are; x; +1 = and y; +1 rs 


(iii) Length of tangent = PT =|y1 | 1+ (4x / dy) od 
(jv) Length of normal = PN =|: | fi+(dy sae)? 


i ( dx ) 
mi 
4 ) es.) 


ds 
vn ( 2) 
xT (x.%) 


(vii) Length of radius vector = , + y; 


(v) Length of subtangent = ST 


(vi) Length of subnormal = SN = 


1 Example 73 Find the curve for which the area of the 


triangle formed by the x-axis tangent drawn at any 
point on the curve and radius vector of the point of 
tangency is constant equal to a*. 


Sol, Tangent drawn at any point (x, y) is 


y-y-2r-n 


When v¥eoxan-y 
dy 


Area of A = 2a” (given) 


ie. [Exe =a 
2 


+ The solution is x 


aay? 2 
YC tex =cyth 
= - 


1 Example 74 Find the curve for which the intercept 
cut off by any tangent on y-axis is proportional to the 
square of the ordinate of the point of tangency. 

Sol. The equation of tangent at any point (x, y) is 


¥-y= 2x2) 
dx 
When X =0.¥ = y~ x= y.imtercet 


Ibis given ¥ c y*,ie, Y =ky? 


(k being constant of proportionality) 


=> Zake+C 

= x= key +Cy 

= x-Gyeky = ~ 

=> 4, Ge, (where? = sana = & 
xy k k 


1 Example 75 For any differential function y = f(x), 
2 32 
the value of Th ( oy } Hts is equal to 


dx dy 
tay wy 


2 
oy % (2% (d) None of these 
a "lay 
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-1 
Sol. We know, 2%={ 2 ) differentiating both the sides 
a (dy 
= ae dy) “dy dy) ae 
dy dy dx 


= o--S(2 
ay ,( ay y 2x 9 
oo S42 a 
Hence, (d) is the correct answer. 
i lution of y = x y + . 
! Examp le 76 The solution of y= x 7+ 7 
is 

fa) y=(x—1? (b) 4y = (x +1)? 
(Qly-1)? =4x (d) None of these 


Sol. The given equation can be written as 
y=xpt+p—p: where p-2 Ai) 


Differentiating both the sides w.r.t. x, we get 
xdp , dD _ yy dP 


POP ae de ae 


Bex 41—2p)=0 


o- Either 


ii) 


or x+1-2p=0 ie, past) iii) 


Eliminating p between Eqs. (i) and (ii), we get 
yaCx+C-C? 


As the complete solution and eliminating p between Eqs. (i) 
and (iii) 


(reader ite ty F(xen! 


2 
ie, 4y =(x +1)? as the singular solution. 
Hence, (b) is the correct answer. 


1 Example 77 The solution of 
(¥) +axty) X29 =0is 
(a) (y +x? ~C,) (x +log y+? +p) =0 
(b) (y + x? ~C,) (x log y Cz) =0 
() (y +x? -C)) (x +log y -C,)=0 

(d) None of the above 
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Sol, The given equation can be written as 


ph (ty) p+ 2ay=owhere p = 2 

ie, (p+2x)(p+y)=0 
p+ 2x =0, otherwise p+ y=0 

= Yyax=0 oF Bryno 
ax dx 

= fay+2fede=c, or [2+ Jac=cy 

y 

=> yt+x?=C, or logy+x=C; 
(y+x?-C)=0 

or (x + log y-C,)=0 

= (y + x? — Cy) (x + log y-C,)=0 


is the required solution. 
Hence, (c) is the correct answer. 


1 Example 78 A curve y = f(x) passes through the 
origin. Through any point (x, y) on the curve, lines are 
drawn parallel to the coordinate axes. If the curve 
divides the area formed by these lines and coordinate 
axes in the ratio m:n. Then the equation of curve is 

(a)y =cx"/" (b) my? =cx"/” 

(Oy? =o" (d) None of these 

Area of OBPO =m 


Sol, 
Area of OPAO n 
y 
= x 
-fi yde % 
= vaya im = nay = (m+n) f° yde 
[ve * 7 


Differentiating wart. x, we get 


Mw ey)n 
a(«Zrz)eimemy 


dy 
z dy. 
nx de my 
ds 
ar m ds _ dy stegrating both the sides 
nx oy 


y=ce™n 


Hence, (a) is the correct answer. 


1 Example 79 The equation of the curve passing 
through the points (3a, a) (a> 0) in the form x = f(y) 
which satisfy the differential equation; 


yok 
} taayro( HE} 


} (d) None of these 


Integrating both the sides, we get 


v +“ log| ~ flexac 
2 8lyeal 
> (e-y)+St0e( $= 
2 x 
> y+C= Flog! = i 
a 8| Sayaa Ai) 
It passes through (3a, 2) 
=> a+C=F log( 1 
2 e 3 
> ~a+ 2 log( 1 
2 Bi 3 
= a{ 241282 
2 
y=2(2+log3)+log{ ~ 
2 8 m8 | e—yta 
=> a _yy-k a 
poyra ty swhere k= 2(2+ log3) 
zay ane 
a 1-er-F 


os l+er-* 
= reyte( EO wher = $2463) 
- 2 


Which is required equation of curve. 
Hence, (b) is the correct answer, 


1 Example 80 The family of curves, the subtangent at 
any point of which is the arithmetic mean of the 
coordinates of the point of tangency, is given by 


(a)ix-y)? =cy (b)(y — x)? = cx 
(9 (x-y)? = Cy (d) None of these 
Sol. Let the family of curves be y = f(x) 


_ PP) 


9 —10rP") 
1(1P’) 
1(subtangent) = 7 a 
Y=X*Y Given) 
y 2 
a2, 
yyy 
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dx _oxty 


BF 28, © 
a dx ety dy” 2xy 
It is a homogeneous differential equation. 
oe Put x = vy 
Differentiating w.r.t. y, we get 
a pay soft) 
dy dy 


In Eq. (i) replacing Fy Eq. (ii), we get 


dv_vyty_1+v 
ty Sewer 
dy 2 


= log| ¥| + log C,(C, > 0) 


~2log | y— x] +2 log| y|=log| y| + log C, 
= Jog | y — x ? = log | y| — log C, 
= log | y—x|* = log| y| + log C, 
where log C =~ log C, 
= log| y — x |? = log| yC| 


=9(x — y)? = Cy, is the required equation of family of 
curves, 


Hence, (a) is the correct answer. 
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Exercise for Session 5 


ha 


x 


» 


The equation of curve for which the normal at every point passes through a fixed point, is 
(a)acircle (b) an ellipse 
(c) a hyperbola (d) None of these 
If the tangent at any point P of a curve meets the axis of x in T. Then the curve for which OP = PT, O being the 
origin is 
(a) x =Cy? 
(c) x =Cy orx =Cly 
According to Newton's law, the rate of cooling is proportional to the difference between the temperature of the 
body and the temperature of the air. If the temperature of the air is 20°C and body cools for 20 min from 100°C 
to 60°C, then the time it will take for it temperature to drop to 30°C, is 
(a) 30 min (b) 40 min 
(c) 60 min (d) 80 min 
Let F(x, y) be a curve in the x-y plane having the property that distance from the origin of any tangent to the 
curve is equal to distance of point of contact from the y-axis. Iff (1,2) =0, then all such possible curves are 

(b) x? 5x 
(d) All of these 


(b) x =Cy? or x =C/y? 
(d) None of these 


(a) x? + y? = 5x 
(c) x?y? = 5x 


Given the curves y = f(x) passing through the point (0, 1)and y = |"_ f(t) passing through the point a3 } The 


tangents drawn to both the curves at the points with equal abscissae intersect on the x-axis. Then the curve 


y =f (x) is 

a 
(a)t(ey=xt x41 yt = 7 
(o)F(x)=0 (d) F(x) =x - 0" 
Accurve passing through (1, 0) is such that the ratio of the square of the intercept cut by any tangent on the 
y-axis to the Sub-normal is equal to the ratio of the product of the Coordinates of the point of tangency to the 
product of square of the slope of the tangent and the subtangent at the same point, is given by 


(a) x = 6277" (b) x = eh 
ATF _4 (xy+e"* 120 


()y =e 
Consider a curve y =f(x)in xy-plane. The curve passes through (0, 0) and has the property that a segment of 
tangent drawn at any point P(x,f(x)) and the line y =3 gets bisected by the line x + y = 1 then the equation of 
curve, is 
(a) y? = 9(x-y) 
(0) (y+ 3)? = 9(1-x-y) 
Consider the curved mirror y = f(x) passing through (0, 6) having the property that all light rays emerging from 
origin, after getting reflected from the mirror becomes parallel to x-axis, then the equation of curve, is 

() y? = 4(1- x) ory? = 36(9- x) 
(d) None of these 


(b) (y- 3)? = 9(1-x-y) 
(d) (y- 3)? -9(14 x + y) 


(a) y? = 4(x-y)ory? = 36(9+ x) 
(c) y? = 4(1+ x) or y? = 36(9- x) 


JEE Type Solved Examples : 
Single Option Correct Type Questions 
® Ex. 1 The order of the differential equation of family of 
curves y =C, sin"'x +C, cos"! x+C, tan"! x +C, cot x 
(where C,,C2,C3 and C, are arbitrary constants) is 

(a) 2 (b) 3 

(4 (d) None of these 
Sol, Here, y= Cysin' x + Ccos x + Cytanx + Cy cot x 


=y =Csin“! x4 of Bsn *) + Cytan" ce of 5-tax" x) 


=(C -G)sin x + (Cy - Cy)tan“*x + (Cy -C, ie 
There are only two independent arbitrary constant order of the 
differential equation is 2, 
Hence, (c) is the correct answer. 


© Ex. 2 The solution of the differential equation 
#1, 
dx xy(x? siny? +1) 


i 
(a) x*(cosy? — siny? — 2ce”” 


(6) y2Ginx? = cosy? = 207?" = 
(0) x2(cosy? - siny? - e7¥") = 4c 
(d) None of the above 


Sol. Here, & = xy(x*siny? +1) 
oy 
1 dx 
25 ey =ysiny? 
fy, Bet 
ah a xwdy dy 
a ft sary ey siny® LF = tor" 
dy 


So, required solution is 


tee! = fay siny? xe dy= ?(siny? — cosy?) +C 


2 
=> 2t=(siny® - cosy?) + 2C e” 


=> 2=-x"(siny? - cosy’ + 2ce” ) 


> x'(cosy? ~ siny? — 2ce™” 


® Ex. 3 The curve satisfying the differential equation 
; 

dy _ YOAV") and passing through (4, -2) is 

dx x(y2—x) 

(y=-2% 

(d) None of these 
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Sol, Here, (xy? - x*)dy =(xy + y* dx 
=> yxdy — yd) x(xdy + ydx = 0) 


x xyv(2) = xd(xy)=0 
x. 

dividing by x’y*, we get 

= 

= 


It passes through (4, -2) 
= aD 
8 


2x is required curve. 


® Ex. 4 Spherical rain drop evaporates at a rate propor- 
tional to its surface area. The differential equation corre- 
sponding to the rate of change of the radius of the rain drop, 
if the constant of proportionality is K >0, is 


Sol. i) 


ofl) 


Therefore, 


Hence, (a) is the correct answer, 


© Ex. 5 A functiony = f(x) satisfies the differential equa- 
tionf (x): sin 2x —cos x +(1+ sin? x) f’(x) =0 with initial 


condition y (0) =0. The value of f(1/6) is equal to 
(a) v5 (b) 3/5 
(as (4) 25 


Sol. y sin2x ~ cosx + (1 + sin’ x) 2 =0 where y = f(x) 
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fetta at 
14 sin Fa gins sin? 3) 


=1+sin?x (by putting 1 + sin? x =) 
y (1. +sin?x) = [osx dx 


y (1+ sin?x) =sinx + C;y (0) =0= C=0 


Therefore, 


Hence, (d) is the correct answer. 


: Ex. 6 The general solution of the differential equation 
ly _1-x 


isa family of curves which looks most like which 


of the following? 


Sol. J ‘ydy = fa x) dx 
2 2 
Yex-Z4e 
2 2 
x? +y?-2x=C 
(x-1)? +y*=C+1=C 
Hence, (b) is the correct answer. 
Remark 


Family of concentric circles with (1, 0) as the centre and 
variable radius. 


© Ex. 7 Water is drained from a vertical cylindrical tank 
by opening a valve at the base of the tank, It is known that 
the rate at which the water level drops is proportional to the 
square root of water depth y, where the constant of propor- 
tionality k >0 depends on the acceleration due to gravity and 
the geometry of the hole. Ift is measured in minutes and 


k=—, then the time to drain the tank, if the water is 4m 


15 
deep to start with is 
(a) 30 min (b) 45 min 


(c)60 min (4) 80 min 


sol. & =— Ky when t=0;y=4 


[hon Hlee 


Iv arte 


o-4e-4+ 
15 
= t=60min 


Hence, (¢) is the correct answer. 


© Ex. 8 Number of straight lines which satisfy the differ- 
2 


d d : 
ential equation + (2) -y=0is 
(1 (b)2 (3 (a) 4 
dy 
= a ig 
Sol. yoke te 
= kee + bak + xk? => k=Kandb=k 


k=0 or k=1 


Hence, (b) is the correct answer. 


® Ex. 9 Consider the two statements : 
Statement I y =sinkt satisfy the differential equation 
y” +9y =0. 
Statement II y 
y” ty’ —6y =0. 
The value of k for which both the statements are correct is 
(a)-3 (b)0 (2 (d)3 
Sol, Statement I y =sinkt, y’=k cos kt; y” =—k*sinkt 


e** satisfy the differential equation 


—K'sinkt + 9 sinkt = 0 
sinkt[9-K*]=0 => k=0,k=3, 


Statement Il y =eM,y’=ke"!; y"=k'e 
Ke + ke — Ge" =0 


ek? +k-6]=0 
(k+3)(k-2)=0 
k=-3 or 2 


‘Common value is k = - 3. 
Hence, (a) is the correct answer. 


© Ex. 10 Ify= na (where c is an arbitrary constant) is 
the general solution of the differential equation 

dy _y. (x 

Tate yy then the function (2) is 


a 
@ - (b) 


Fe =a 
© Z (a) a 


Sol. Inc + Injxj=~ 
y 


Differentiating wart. x, 


Hence, (d) is the correct answer, 


© Ex. 11 If ["ty(t) dt =x? +y(x), then y as a function of 


xis 


(@y=2-(2+a*)e ? 
rg 
(y=2-(i+a%)e ? 


)y=1-(2+a%)e 


(d) None of these 
Sol. Differentiating both the sides, we get 
ay (x) = 2x - y'(x) 


dy 


Hence, 2 xy =-2 
dx 


yerrce? 


Ifx=a = a*?+y=0 => y=~a’ (from the given equation) 


JEE Type Solved Examples : 


More than One Correct Option Type Questions 


© Ex. 13 Acurvey = f(x) has the property that the 

perpendicular distance of the origin from the normal at any 

point P of the curve is equal to the distance of the point P 

from the x-axis. Then the differential equation of the curve 
(a) is homogeneous 


(b) can be converted into linear differential equation with 
some suitable substitution 


(©) is the family of circles touching the x-axis at the origin 
(4) the family of circles touching the y-axis at the origin 
Sol. Equation of normal 
Yoys-L(x-x) = -my+my=X-x 
X+my-(x+my)=0”” 


Pox y) 


XA MY) Ly = x? + 2xym=y* 
A+ m? 


Perpendicular from (0, 0) = 


[yo -Zo0-y] 
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=2+Ce?;Ce? 


Hence, — -(@+a") 
C=-@+ae M;y=2-@+a%e 2 


Hence, (a) is the correct answer. 


deter- 


rey 
© Ex. 12 The differential equation & pe Lee A 
all ¥ 
mines a family of circles with 
(a) variable ra ind a fixed centre at (0, 1) 
(b) variable radii and fixed centre at (0, -1) 
(0) fixed radius 1 and variable centres along the x-axis 
(d) fixed radius 1 and variable centres along the y-axis 


(IT SEE 2007) 


= (x40 +y? 


Therefore, the differential equation represents a circle of fixed 


radius 1 and variable centres along the x-axis. Hence, (c) is the 
correct answer. 


= homogeneous 


dt 


1 
de yt 7 Which is linear differential equation. 


Henee, (a), (b) and (d) are the correct answers. 


© Ex. 14 A differentiable function satisfies 
f= 1K {£(€)cos t —cos (t — x)} dt. Which is of the follow- 
ing hold good? 

(a) f(x) has a minimum value 1-e 

(b) f(x) has a maximum value 1- e~* 


ws"(E)=e 


Sol. fix) = 


(d) f°@)=1 


RCO) cos f = cos(t - x)} de 


Wo) cos tdt — feos n ar| [tapes = fifle-x «| 


272 Textbook of Integral Calculus 


Fl) = J°70) cos ¢ dt ~sinx 


Differentiating both the sides, we get 
F(x) = f(x) cosx - cosx 


@ 
Let =yi f(y=t 
f= I) 
© _y cosx=- cose (LDE) 
ree etre _ sine 


Therefore, y-e*"* =—[e*"* cosx dy, 


ye aCe ey = Cet 
Ifx=0; ye (from the given relation) 
=> ce £ 
Therefore, f(x) 


Now, minimum value 
‘Maximum value = 1 — 
(x) 
Therefore, (0) 
f= 


(8) 


Hence, (a), (b) and (c) are the correct answers. 


(when x = 1/2) 
(when x =~ 1/2) 


[cos*x-e%** — et. sin x] 


© Ex. 15 ver +y = f(x) where y is a continuous func~ 
ix 
tion of x with y(0) =1and f(x) -| ‘a 
e 
is of the following hold(s) good? 


(a)y()=2e" (b) 
(©) (3) =— 26% (d)yQ3) 
Sol. Baya fe) oF 


ye* =fetflx)de+C 


Now, if 0S x $2, then yet = Je" eR det 


=> yet =x4+C 
9.90) 


y= 
‘Asy is continuous. 


Hence, (a), (b) and (d) are the correct answers, 


© Ex. 16 Acurvey = f(x) passes through (1, 1) and 
tangent at P(x, y) cuts the x-axis and y-axis at A andB 
respectively such that BP: AP =3:1, then IMT JEE 2006] 


(a) equation of curve is xy’ -3y = 0 
(b) normal at (1, 1) is x +3y = 4 
(©) curve passes through (2 2) 
(d) equation of curve is xy’ + 3y =0 
Sol. Equation of the tangent to the curve y = f(x) at (x, y) is 
Y-y= 2 (x=) 


= logy =—3logx + log 
is 
= ae 
eS 


‘+ Curve passes through (1, 1). C=1 
«+ Curve is x"y =1 which also passes through (2 2) k 
Hence, (c) and (d) are the correct answers. i 
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JEE Type Solved Examples : 
Statement | end ll Type Questions 


® Ex. 17 Leta solution y = y(x) of the differential equa- Integration yields, [ ae 
Fs et 
tion xx? —1 dy ~y fy? =1dx =0 satisfy y(2) = 2, we 
v3 > - ety tC 
7 *) ATIT-IBE 2008} => seca) =see"! (2/ V3) + C 


Statement | 1) = aes" x-), 
6 


Statement Il y(x) is given by} = 293 _ 
yx 


(a) Statement | is true, Statement Il is also true; Statement 
is the correct explanation of Statement |. 


(b) Statement I is true, Statement II is also true; Statement 
Mis not the correct explanation of Statement I. 

(©) Statement 1 is true, Statement II is false. 

(d) Statement | is false, Statement Il is true, 


Sol. xyx*-1dy—y Vy?-1dx=0 


Which can be rewritten as —¢*__ = 2 - me a 
xP yy lence, (c)is the correct answer. 


JEE Type Solved Examples : 
Passage Based Questions 


Passage Sol. (Q. Nos. 18 to 20) 
(Q. Nos. 18 to 20) ay (2x } 
A curve y= f(x)satisfies the differential equation ax 14x? 


(+2? a + 2yx = 4x? and passes through the origin. 


18 The function y = f(x) ach) ay 2) 
(a) is strictly increasing, Vx ER 
(b) is such that it has a minima but no maxima 
(6) is such that it has a maxima but no minima Passing through (0,0) => =0 


wt x)= fat dea vc 


(4) has no inflection point pr 
19 The area enclosed by y = f '(x), the x-axis and the ” "Kae 
ordinate at x = 2/3 is 4 xt)3e— P28 
(a2in2 (b)4inz (2In2_— (d) AIn2 aril Gtx)? | 
: = i ; 4[ax?+x4]_ 4x°G +27) 
20 For the function y = f(x) which one of the following =} F = | Serie 


does not hold good? 
(a) f(x)is a rational function 
(b) f(x) has the same domain and same rage and it does not change sign => x = 0 is the point of inflection 


(©) f(x)is a transcendental function y = f(x) is increasing for all x eR 
(d) y = f(x) is a bijective mapping 


Hence, %>ovxre0,%-oax=0 
dx ae 
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Xe yey xy yon 

Bor + x? 

ve 

Put 14xt=t => 2xdeadt 

23 ani-2 (oa 
gh og 


-2[@-in2)-1) 


Area enclosed by y = f(x), x-axis and ordinate at x =: a2_ 2 t- wna]=2 Qing 
3 


JEE Type Solved Examples : 
Single Integer Answer Type Questions 


© Ex, 21 Lety = f(x) be a curve passing through (4, 3) 
such that slope of normal at any point lying in the first 
quadrant is negative and the normal and tangent at any 
point P cuts the Y-axis at A and B respectively such that the 
mid-point of AB is origin, then the number of solutions of 


y = f(x) andy =|5 —|x\|, is 

Sol. Equation of tangent at any point (x, 1) of curve y = f(x) is 
O=W=fENe- a) 0 Bn AF ha) ‘ number of solutions for y = f(x) and y =|5 —[xl] 
Equation of normal at (x, 1) is (y. ¥s) = -=_—(% ¥1) $0, . number of solutions are 2. 


Fos >) 
az(aone ae Fit} mt tn of args © Ex, 22 A real valued function, f(x), rat Rt 


on-a( fe) Fal 


‘Thus differential equation of curve y = f(x), is 


satisfies the differential equation xf’ (x)=1+f(x){x? f(x) '} 


Sol. Here, xf"(x)=1+ x*f*(x)- f(x) 


wy dy i 
(2 ~2y—x=0 a x f'@)+ fx) _ 
dx. dx 1+ x Fe) 1 
ae dy yy xP +y? Integrating both sides 
d ax x jel fladde _ 
In frst quadrant, x>0, >0,2> 0 1+ (x f(x)? 
i457 = tanteftsyext Gas (2) =4, 
% PEAT pty ax 
x eee: 
dy_vet fier ° a ad 
> vt xe => c=0 
ax x 
. [oty# x f(x) = tanx 
fev x = f(a) = BE 
a 
on solving we get. y=——~1 


and lim f(x) = lim 22% = 1 
Eat) x 
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© Ex. 23 Ifthe area bounded byy = f(x), x= aes = 2 
or rmmaiand aCe eat airFre 
ee x! +... x]<1,Then the value of[4A] is (where[-] 
is. = yi? =sin"'x + Cas f(0)=0-C=0 
is.) ‘ og i 
Sol. Here, ne eee = y Te 
=1+ (Zorn) Br sin*x , ph 
de ir ee filet = 
fava 14 xby' + fla) 
= (1-24) f(x) =1+ xf (x) és [44]=1 


© Ex. 24 Fora certain curve y = f(x) satisfying @ Ex. 25. If (x) isa differentiable reat salded | function 
i isfying (x) +2 0(x) $1, prove that 6(x) ~~ isa 
LY 6-4; f(x) has a local minimum value 5 when x satisfying ¢ (x) +2 9(x) $1, pI o)-5 
dx non-increasing function of x. 
Find the equation of the curve and also the global maximum go), (x) 42.42) <1 
and global nisl values of f(x) given that < x <2. - la) +2 ola) Se 
sao ft 4 
Sol. Integrating, $2 = 6x ~ 4, we get 2 = x4 tC m £(erou-te*) so 
=e (40 - 2) is a non-increasing function of x. 
cs ™ 
Hence, = (i) = Ox) ; is a non-increasing function of x. 
Integrating, we get 
yax’-2x* +24, whenx=Ly=5, ® Ex. 26 Determine all curve for which the ratios of the 
so that, =5 length of the segment intercepted by any tangent on the 
Thus, we have yer att xts y-axis to the length of the radius vector is a constant. 


Sol. Let y = f(x) be the equation of the required curve. 


Form Eq, (i), we get the critical points == 


a 

At the critical point x =; , a is (-ve). Giveitiat =Kicaied) 

Therefore, at x ==, y has a local maximum, ax dy D Hay wei 
ax Fa 


2 
At 2 is(+ ve). 


Lety ave theny + xf vk ev? 
‘Therefore, at x = 1,y has a local minimum, 


= ov mt k integrating we get 
Also, Fo=s ae eee 
1) 1 
= (2) -3 = log | v+ i+? [-zkinxec 
(0) =5, f(2)=7 = tog] PAVE +9" setnxec 
Hence, the global maximum value = 7, the global minimum ¥ 
value =5. 


Which are the equations of the required curves. 
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© Ex. 27 Letu{x) andv(x) satisfy the differential equa- 
—. 
tions + pix) u= f(x) and + p(x) v = g(x), where 


PAX), f(x) and g(x) are continuous functions, 
If u(x,) >v (x) for same x, and f(x) > g(x), for all x > x;, 
prove that any point (x,y), where x > x), does not satisfy the 
equation y = u(x) andy =v(x). INT JEE 1997] 
Sol. Given that 

ay pix) w= f(x) and *. Pix)-v = g(x) 


Subtracting, we get 


d 
tee + Ax) (uv) = fix) a(x) 
Multiplying by ef", we get 
bones EAD 4 y=) phn) OM 
= (Fle) = atop 00 
te Eu ape) = (yee) ~ ata lt 


Since, exponential function takes only positive values and 
fx) > gl) for all x > x,RHSis + ve; x> x 
2 {uv JP*) =o 


fe, (u—v) +l js increasing function, 


Hence, ife!"" = 9x), then for x > x, 

Wehave, (u(x) — 4x)} (x) > fai) - Mx} OC) 

be ea) vba) » BED ADA oe) > 

Thus, ux) > 4x), ¥ x> 

ie. ux) # (x), V X> m1 

Hence, no point (x, y) such that x > x can satisfy the equations 

y =u(x)and y = 4x). 
@ Ex. 28 A normal is drawn at a point P(x, y) of a curve, It 
meets the x-axis at Q. If PQ is of constant length k, then 
show that the differential equation describing such curves is, 


ind the equation of such a curve pass- 


(UT SEE 1994] 


ing through (0, k). 
Sol. Let y = f(x) be the curve such that the normal at P(x, y) to this 


curve meets x-axis at Q. Then, 
PQ = length of the normal at P 


Z dy 
om b+(2) 


But PQ=k 


Integrating both the sides, we get 
y? =+ x+ C,since it passes through (0, k) > C = 0, 


-jk-y? =tx 


= x! + y? =? is required equation of the curve. 


© Ex. 29 A curve passing through the point (1, 1) has the 

property that the perpendicular distance of the normal at 

any point P on the curve from the origin is equal to the 

distance of P from x-axis. Determine the equation of the 

curve. [IT JEE 1999) 

Sol. Let P (x,y) be any point on the curve y = f(x) Then, the 
equation of the normal at P is, 


1 
ere 
or xtyB-(yBex)-o wali) 


Itis given that distance of Eq, (i) from origin = Distance from 
seaxis (Le. y) 


u 


or 


which is homogeneous differential equation and we can solve 
by homogencous or by total differential, 
Here, using total differential, 


x 
a 

= a( 2 )--0 
x 


> Yan wee ti 
x 


UW passes through (1,1) 9 C2 
2 
bare em eer trey 
= Bor yest tay 


cad x7 + y? = 2y = 0) required equation af eure: 


© Ex. 30 A country has a food deficit of 10%. Its population 
grows continuously at a rate of 35 per year. Its annual food 
production every year is 4% more than that of the last year. 
Assuming that the average food requirement per person 
remains constant, prove that the country will become 
self-sufficient in food after n years, where n is the smallest 
integer bigger than or equal to °8* 9=l0B¢ 9. ary se 2000) 
(log, 1.04) — 0.03 


Sol. Let P, be the initial population, Q, be its initial food produc- 
tion, 
Let P be the population of the country in year ¢ and Q be it 
food production in year t, SU yentean ets 
= BE SEY og BP 
a 100 Pp 
Integrating, we get 


Oa 
100 
log P= tac 

100 


Att=0,we have P =P, 
= 


= 


i) 


It is given that the annual food production every year is 4% 
more than that of last year. 


att 
=@(1+4 
= o-a(1+4) 
Let the average consumption per person be k units. 
so 
=kP, = 09 KR, 
= bal ( 100 ) i 


Q=0.9 KP (1.04) 

This gives quantity of food available in year ¢. The population 
in year tis, 

P= Redo! 

0.031 


[from Eq. (i)} 
:. Consumption in year, t = kPye' iii) 


‘The country will be self sufficient, if 


QeP 

= 0.9K Py (1.04)! 2 kPpe°S! 
> 194yt > e092" 
— (1.04) Be 

= Fecal 

= (1.04) e708 28 


= tog (1.04) - 0.03 2 log (2) 


=> t flog (1.04) - 0.03) 2 log (2) 


log 10 log 9 
Tog (1.04) = 0.03 


= 


Thus, the least number of year in which country becomes self 
sufficient. 

log 10- log 9 
Jog (1.04) = 0.03 


= t= 
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© Ex. 31 A right circular cone with radius R and height H 
contains a liquid which evaporates at a rate proportional to 
its surface area in contact with air (proportionality constant 
=k>0), find the time after which the cone is empty. 
[IT SEE 2003] 
Sol. Let the semi-vertical angle of the cone be O and let the height 
of the liquid at time ‘t' be ‘A’ from the vertex V and radius of 
the liquid cone be r, Let V be the volume at time t. Then, 


r 
“stan O= 2) 
= ( ki 
Let S be the surface area of the liquid in contact with air at time t. 
‘Then, S=nr* 
av 
> oes 
dt 


kS, kis constant of proportionality. 


(hace lena 
(in ota) = Atr’ 


= sr cot @= — kar? = cot Odr =~ kedt 


On integrating, we get cot 0,” dr =—k ie dt 


= Reot 8 
> r 


KT, where T is required time. 
1k (as tan 8= R/ H) 


© Ex. 32. Solve the equation 
xf ve) dt=(x+9 [* ty(t at, x>0. 
Sol. Differentiating the equation wart. x, we get 
mye) +1- AO dt =(x+ 1) yx) + fT ry@ae 
ie, J, y@at= x? y(xy+ Sf oa 
Again, differentiating w.rt, x, we get 


Wx) = x? (x) + 2xy(x) + xy(X) 
ie. (1=3x) yx) = # dylx) 
dy 
ke. ass)de , dye) 
x yx) 


Integrating, we get y =<" 
¥ 
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® Ex. 33 If(y,,y2) are two solutions of the differential 


equation 


4 

See Px)y = Q(x) 
Ix 

Then prove thaty =y,+C(y, 


—Yz) is the general solution 


of the equation where C is any constant. For what relation 


between the constant ct, B will the linear combination 
ay, +By?2 also be a solution. 


Sol. As y4, yz are the solutions of the differential equation; 


dy 

Et Ply = Oa) 

ayy 

Be + POs) = Qi) 

d 

and Trt PO) ys = Qe) 

From Bas (and (i, ( 2 — 4) rng -y)=0 
Zo -y) + P@-e-y)=0 


From Eqs. (i) and Gi), 2, ~ yn) + PL) G4 


ae 4y- n) 
From Eqs. (iv) and w# 
ya) WOW 


fu- 


d 
= z O-y) : oO 
y-y Wry 

Integrating both the sides, we get 


log (¥ —y1) = log Oi ~ ye) 
yan tCOr—ya) 
Nowy = on + Byz will be a solutions, if 


Leo + Byz) + P(x) (ay: + By2) = Xx) 
or o( 2 + P(x) ») +6(22 + 7) 9) =Qx) 


or & Ax) + B Ax) = Ax) 
C (a + B) Ax) = Ax) 
Hence, a+B=1 


@ Ex. 34 Find a pair of curves such that 


(a) the tangents drawn at points with equal abscissae 


intersect on the y-axis. 


(b) the normal drawn at points with equal abscissae 


intersect on x-axis. 


(©) one curve passes through (1, 1) and other passes 


through (2, 3). 


~y)=0 


fi) 
wwii) 
iil) 


iv) 


lv) 


[using Eqs. (i) and (ii)] 


Sol. Let the curve be y = f(x) and y = f,(x) equation of tangents 


with equal abscissa, x are 

( - A) = f V2) (X = x) 
and Y ~ fol) = f ‘2(x)(X ~ x) 
‘These tangent intersect at y-axis, 


= =x fl) + fl) =~ x fx) + fila) 
> fix) ~ fo) = 8 (F109) = F208) 
Integrating both the sides, we get 
=> In| f(x) — fale) | = In] x] + C 
= file) fle) = 4 G x 
Now, equations of normal with caval abscissa x, are 
y~ fi) =— 7 Fua* 
and Wfled=— Faye 
As these normal intersect on the x-axis, 
xt file) fx) =x + fil): f 20) 
= Aid) fi (x) = file) + fa (x) Integrating 
= S'R)-f'O=G 
oe Gp. Ae 
Sila) + fied = Ty Fie) a i 


{using Eq. (i)] 


From Eqs. (i) and (ii), we get 


aftay=+( 4246 x ).2f09=+/ de 

z x 

We have, fiay= and f,(2)=3 

~ fi=2-x% and f(zy=2ex 
x x 


=) 


Ai) 


Ail) 


© Ex. 35 Given two curves y = f(x) passing through (0, 1) 
andy = ie, F(t) dt passing through (0, / n). The tangents 


drawn to both the curves at the points with equal abscissae 


intersect on the x-axis find the curve y = f(x). 
Sol. Equation of the tangent to the curve; y = f(x) is 
W—-y)= f @)(X -x) 


Equation of tangent to the curve g(x) = y, = J * Fi) deis 


Wy B(x) (X 


= f(x) (X - x) 


Given that tangent with equal abscissas intersect on the x-axis. 


= oxe 

= ey = fo] 

a Se) _f49) _, vf) 
ax) fx) 

> = g(x) =Ce* 

= g(x) =kCe = f(xy=kCe™ 


(x) passes through 
(1/n) Cat akan 
a 


= f(x)=e™ 


(x) passes through (0,1) = KC =1 


© Ex. 36 A normal is drawn at a point P(x, y) of a curve. It 


meets the x-axis and the y-axis in point A and B, respec- 
tively, such that +. 

OA 0B 
equation of such a curve passing through (5, 4). 


Sol. The equation of the normal at (x, y) is 


where O is the origin, find the 


Kx-9+0-y& 


= x 
dy 
xtyD 
a 
= OA=x+y2 08 
tyteisis 
"OA OB” de 


d 
> o-nZ+@-=0 
Integrating, we get 
(y -1)? +(x-1)* =C 
Since, the curve passes through (5, 4), C = 25. 
Hence, the curve is (x —1)* + (y - 1)? =25. 


© Ex. 37 A line is drawn from a point P (x,y) on curve 

y = f(x), making an angle with the x-axis which is supple- 

mentary to the one made by the tangent to the curve at 

P(x, y). The line meets the x-axis at A. Another line perpen- 

dicular to the first, is drawn from P(x, y) meeting the y-axis 

at B. If OA = OB, where O is origin, find all curve which 

passes through (1, 1). 

Sol. The equation of the line through P(x, y) making an angle 
with the x-axis which is supplementary to the angle made by 
the tangent at P(x, y) ie 

ly 
arate) Ai) 


y- 


where it meets the x-axis. 


Y=0 Xaxt = A=xty% 
dy 


dy/dx 
“The line through P (x, y) and perpendicular to Eq. (i) is 


de 
Taye eas 


where it meets the y-axis, 


tii) 


x=0Y=ay-x% = oB= 
dy 


Since, OA = OB 


= ety Baye 
oF ga 


or o-a-vrnF 
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or 


= 
> 

=> log (1 + 2v-v*) + log x= Cy 
= x? +2xy-y?=C 


where C, = log VE 

‘Since, curve passes through (1, 1) ¥C =2 
s+ Required curve, x? y+ 2xy =2 

© Ex. 38 The tangent and a normal to a curve at any point 
P meet the x andy axes at A, B,C and D respectively. Find 
the equation of the curve passing through (1, 0) if the centre 
of circle through O,C, Pand B lies on the line y = x (where O 
is origin). 

Sol, Let P(x, y) be a point on the curve, 


“ an( s+) 
a 


2) 
p(oy-x% 
(o» “de 


Circle passing through O, C, P and B has its centre at 
mid-point of BC. 


Let the centre of the circle be (ct). 


dy dy 
and since B = y 
we y-xDaxty 


aN dy _y=x 
ax ytx 
Let a+v) 
de ty 
ley 
> St dv=- 
vel x 
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Integrating both the sides, we get 
ity dx 
ie =f 
aa cae 
1yp_2v dv dx 
= 7 dv+ «=f 
alin Son x 
= Flog v? + 1] + tan" |v] =—log x +¢ 


= log {(fv? +1) x} + tan 
= log Vx? + y? + tan? =c 
x 


Asx=landy =0, 
log 1+ tan’ 0=C=C=0 


«Required curve, (og fF #9") + an"*( 2% )=0 
x 


c 


© Ex. 39 If f(x) be a positive, continuous and differentia- 
ble on the interval(a,b). f lim, f(x)=1 and 


1 

: iva tsp tii 
Jin f=3 . Also, f(x) 2 f°) Fo jen 

(a)b-a2ni4a (b)b-asn/4 

(c)b-a<n/24 (d) None of these 
Sol. Since, 

Fa) = fx) + _ 
= fey seers ft 
~ fose,, 
1+ f *(x) 


On integrating w.r.t. ‘x’ from x=ato x=. 


J (tan™* (fF %ayyh 2 (6-0) 


or @-ays2{ tim (an 4 70) ~ im arp ‘en 


or = (b-a) <n /24 


Hence, (c) is the correct answer. 


4. 


If the differential equation of the family of curve given 
by y= Ax + Be®*, where A and Bare arbitrary 
constants, is of the form 


d (a 
(12x) (2+ w}en(@ + wy) =0, then the ordered 


pair (k, l)is 
(a)(@-2) (b)(-2,2) 
(©) @,2) (d)(-2,-2) 


n 


. A curve passes through the point (. 3 and its slope at 


any point is given by 2 — oo'(2). Then, the curve has 
x x 

the equation 

(b) y = xtan™ (In 2) 


y (4) None of these 

3. The x-intercept of the tangent to a curve is equal to the 
ordinate of the point of contact. The equation of the 
curve through the point (1, 1) is 


(b) xe” =e 


(@) ye 
2 z 
(©) xe* =e (A yer =e 


4. A function y = f(x) satisfies the condition 
Ff’ (x)sin x + f(x) cos x = 1, f(x) being bounded when 


x0lf1=["" f(x)dx, then 
Rook Berek 

@p<i<y p<r< - 

r<r<t (@o<i<i 


5. A curve is such that the area of the region bounded by 
the coordinate axes, the curve and the ordinate of any 
point on it is equal to the cube of that ordinate, The 
curve represents 
(a) a pair of straight lines 
(c)a parabola 


(b) a circle 
(4) an ellipse 


6. The value of the constant ‘m' and ‘c’ for which 
y= mx +c isa solution of the differential equation 
D*y -3Dy ~4y =~ 4x. 
(a) ism=-1;0=3/4 
(c) no such real m,c 


(b)ism=1je=-3/4 
(d) ism 


1 


1 


Differential Equations Exercise 1: 
Single Op ion Correct Type Questions 


7, The real value of m for which the substitution, 
y=u" will transform the differential equation, 


axty 2 +y* = 4x into a homogeneous equation is 
x 


(b) m=1 
(d) No value of m 


(a)m=0 
()m=3/2 


The solution of the differential equation, 
dy 


= 


1 1 
x? .cos—- ysin—=-1, 
x 


x 


where y>—Las x 9 e0is 


+1 
(o)y =sin4 ~ cos y= 
= * xsin— 
x 
+1 
(ysaind + cost @y== 
= al xcos — 


‘A wet porous substance in the open air loses its 
moisture at a rate proportional to the moisture content. 
Ifa sheet hung in the wind loses half its moisture during 
the first hour, then the time when it would have lost 
99.9% of its moisture is (weather conditions remaining 
same) 

(a) more than 100 h 

(b) more than 10h 

(©) approximately 10h 

(@) approximately 9h 


0. A curve C passes through origin and has the 
property that at each point (x, y) on it, the normal line at 
that point passes through (1, 0). The equation of a 
common tangent to the curve C and the parabola 
y? =4xis 


(a) (b)y=0 
(@y=xt1 @)xty+1=0 
1. A function y = f(x) satisfies 
2 


(x41) f')- 42? +9) f(e)= vx, 
(x+1) 


If f(0)=5 then f(x)is 
3x+5 
(23); 
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12. The curve, with the property that the projection of the 
ordinate on the normal is constant and has a length 
equal to “ 


(@) x-aln({y? a? + y)=€ 
&)x+ fe? -yF =c 

(~<a 
(d) ay = tan (x + C) 


x 


13. The differential equation corresponding to the family of 
curves y=e* (ax + b)is 


dy dy a 
(pete ge -yn0 Sy -22ry=0 
dy Jay 


dy ody 
Sy 2Daye oY 29 ys 
On Pe ae Ar aa da 


14, The equation to the orthogonal trajectories of the 
system of parabolas y = ax’ is 


Pei J 
(b) He 


15. A function f(x) satistying ff f(tx)dt =n f(x), where 
x>0,is 


@ flay=c-x* 


(@) f)=C-x* 


* 
(©) flz)=C-x* @ fac” 


19. The differential equation x 2 + oI 
de 


(b) is of degree 2 
(d) is non-linear 


(a) is of order 1 

(c) is linear 
20. The function f(x) satisfying the equation 

S20) + Af (2) fl) +f CO =0 

(a) fx) =C-e2 

@ fxy=c-et 

(©) fle) = C1 

(@ fiz) =cee 8 

where C is an arbitrary constant. 


16. The substitution y =z" transforms the differential 
equation (x?y? ~ 1) dy + 2xy’dx =0 into a homogeneous 
differential equation for 


(b)0 
(d) No value of o 


47. A curve passing through (2, 3) and satisfying the 
differential equation f ty(t) dt = x*y(x),(x >0) is 


ores 
@)y"=o 


x+y? =13 


(d) xy =6 


18. Which one of the following curves represents the 
solution of the initial value problem Dy = 100— y, where 
yO) =50 


() 
a \ +x zr +x 
yp Yt 
100} 100) 


Differential Equations Exercise 2 : 
More than One Option Correct Type Questions 


24. Which of the following pair(s) is/are orthogonal? 
(a) 16x? + y? = Cand y"* = kx 

(b) y =x + Ce™ and x + 

2 


yt ke? 
(c) y = Cx? and x* + ay 
(a) x? - y? =Cand xy =k 


22. Family of curves whose tangent at a point with its 
intersection with the curve xy = c? form an angle of =is 
(a) y? -2xy -x? =k i 
(b)y? + 2xy- x? 2k 
(y= x~2etan! (2) +k 


23. The general solution of the differential equation, 
-(22)=y-09(2)s 
()y =x 

(b) y = xe 

()y sexe 

(Ay = xe 

where C is an arbitrary constant. 


24. Which of the following equation(s) is/are linear? 
(a) Y Poms 
dx x 


Wy(2)+ar=0 
(dx +dy=0 


2 
@ 2 =cosx 


25. The equation of the curve passing through (3, 4) and 
satisfying the differential equation, 


ay)" dy 
y -y2-xe0 
at ) +(x-y) x 


can be 
(@)x-y+1=0 
(b) x? + y’ 

(ce) x? + y?-5x-10=0 
(@)x+y-7=0 


26, Identify the statement(s) which is/are true? 
=e" + tan! is homogencous of degree zero. 
(a) fix y)= 0" + tan is homog 
a 
slog % dx + 2 -sin' % dy = 0 is homogeneous 
(b) x-log © den ay 
differential equation. 
(© fix. y) =x? + sinx- cosy is not homogeneous. 


(a) (x? + y*) dx -(ay” —y”) dy = Ois a homogeneous 
differential equation. 
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27. The graph of the function y = f(x) passing through the 
I y ig throug! 
point (0, -1) and satisfying the differential equation 
#Y 4 ycos x =cos x is such that 
dx 
(a) it isa constant function 
(b) it is periodic 
(0) it is neither an even nor an odd function 
(@) it is continuous and differentiable for all x 


28. 


‘A function y = f(x) satisfying the differential equation 


ni 
2 gin x - yoo x + * 
de x 


=0 
is such that, y —>0as x > ~, then the statement which is 
correct? 

at 
(a) im, f(x) =1 wf * Fx) dis less thant 
c) Fe dv is greater than unity 


(d) f(x) is an odd function 
29. 


Identify the statement(s) which is/are true? 


Fr 
(a) The order of differential equation ,/1 + oe =xis1. 


(b) Solution of the differential equation 


curves y =e* (Acosx + Bsinx). 


(d) The solution of differential equation 


(ity?) + (x 2c) Y oo is xe yO EK 
dx 
30. Let y =(A + Bx) e** isa solution of the differential 


a 
equation 22 +m 224 ny=6,mnel, then 
dx? de 


(a) m= 
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Directions 
(Q. Nos. 31 to 40) 
For the following questions, choose the correct answers from 
the codes (a), (b), (c) and (d) defined as follows : 
(a) Statement I is true, Statement II is true and Statement II is 
the correct explanation for Statement I 
(b) Statement I is true, Statement Il is true and Statement Il is 
not the correct explanation for Statement I. 
(c) Statement I is true, Statement I is false, 
(@) Statement I is false, Statement Il is true 


31. A curve C has the property that its initial ordinate of 
any tangent drawn is less than the abscissa of the point 
of tangency by unity. 

Statement I Differential equation satisfying the curve 
is linear. 
Statement II Degree of differential equation is one. 


32, Statement I Differential equation corresponding to all 
lines, ax + by +c =Ohas the order 3 


Statement II General solution of a differential 
equation of nth order contains n independent arbitrary 
constants. 


33, Statement I Integral curves denoted by the first order 

linear differential equation 2 —1 y= xare family of 
ik x 

parabolas passing through the origin. 
Statement II Every differential equation geometrically 
represents a family of curve having some common 
property. 

34, Statement I The solution of (y dx — x dy) cot (5) 
=ny? drissin (2)- Ce™ 

x 


Statement II Such type of differential equations can 
only be solved by the substitution x = vy. 


Differential Equations Exercise 3 : 
Statement | and II Type Questions = 


35, Statement I. The order of the differential equation 
whose general solution is 
y =q,cos2x + cysin® x + cge™+ Coe 


Statement II Total number of arbitrary parameters in 
the given general solution in the Statement I is 6. 


Bre ig 3, 


d 
36. Consider differential equation (x? + ies 
Ix 


Statement I For any member of this family y > eas 
x00, 

Statement II Any solution of this differential equation 
is a polynomial of odd degree with positive coefficient of 
maximum power. 


37, Statement 1 Order of differential equation of family of 
parallel whose axis is parallel to Y-axis and latusrectum 
is fixed is 2. 
Statement II Order of first equation is same as actual 
number of arbitrary constant present in differential 
equation. 


38. StatementI The differential equation of all 
2 
non-vertical lines in a plane is 4 
dy* 
Statement II_ The general equation of all non-vertical 
lines in a plane is ax + by = 1, where b #0. 


39, Statement I The order of differential equation of all 
conics whose centre lies at origin is, 2. 


Statement II The order of differential equation is same 
as number of arbitrary unknowns in the given curve. 


40. Statement I y= asin x + bcos x is general solution of 
y+ yao 
Statement II y 
function, 


asin x +b cos x is a trigonometric 
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(a| Differential Equations Exercise 4 : 


Passage Based Questions 


Passage I 
(Q. Nos. 41 to 43) 
Let y= f(x) satisfies the equation 
SO)=(€* +6" Joosx— 2x (x= 1) /* (at. 


41. y satisfies the differential equation 
@2 + y =e" (cosx—sinx) ~e"(cosx + sinx) 
(b) a ~y =e* (cosx—sinx) + e*(cosx + sinx) 
(e) 2 + y =e* (cosx + sinx) - e*(cosx -sinx) 
(6) 2 ~y we* (cose ~sinx) + e*(cosx - 
7 sinx) + e*(cosx ~sinx) 


42. The value of f’(0) + (0) equals to 
(a)=1 (b) 2 
(1 (@o 


43. f(x)as a function of x equals to 
(a) e*(cosx — sinx) + = Geass +sinx) + io 


(b) e*(cosx + sinx) + © Geosx ~sinx)-Ze* 


; ay 
(c)e*(cosx sins) + FGeosx ~sina) +e 


A By 
(a) e*(cosx + sinx) + J Ocosx ~sinx) -Fe 


Passage II 
(Q. Nos. 44 to 46) 
2 
For certain curves y= f(x) satisfying ped = Gx -4, f(x)has 


local minimum value 5 when x= 1 


44, Number of critical point for y= f(x) for x € [0,2] 


@o (bt 
(2 (@3 

45, Global minimum value of y = f(x) for x € [0, 2]is 
(5 )7 
©s @o 

46. Global maximum value of y = f(x) for x € [0,2Jis 
(a)5 (b) 7 


os (9 


Passage III 
(Q. Nos. 47 to 49) 


Ifany differential equation in the form 

AAG MAKE YI HAE MARE y)+-.=0 
then each term can be integrated separately. 

For example, 


fans fem 


47. The solution of the differential equation 
xdy —ydx= x? -y? dis 


ot 


(acese * 


anid 
(b)xeF=C 


at 2 
(xte F=C (d) None of these 


48. The solution of the differential equation 
(xy* + y) dx - xdy =0is 


ra 2 4 
oj) -¢ w7+3(3) 
gets) c af, 
et-if}--  @F-i(sJ-< 


49. Solution of differential equation 
(2x cosy + y* cos x) dx +(2ysin x — x* sin y) dy =0is 
(a) x? cosy + y*sinx =C 
(b) xcosy ~ysinx =C 
(c) x? cos? y + y*sin?’x =C 
(@) None of the above 


Passage IV 
(Q. Nos. $0 to 52) 


is oy a 
Differential equation o = f(x) g(x) can be solved by 


separating variable = f(x) de. 
ay) 


50. The equation of the curve to the point (1, 0) which 
satisfies the differential equation (1 + y*) dx — xydy =0 
is 
@ x+y? =1 
(x? +yt=2 


QP -y?=1 
(xt -y?=2 
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a 

51, Solution of the differential equation 22 +1+2—_ = is 
dx fix? 

=C 


wae 


(a) tan“ y + sin’ 
(b) tan“! x + sin 
(c) tan! y-sin"' x=C 

(@) tan! y ~sin x=C 


dy 
52. ers =1+x+y+ xyand y(-1)=0, then y is equal to 


a= ore 


(ae 2 We F-1 
(Ini + x)-1 @)itx 
Passage V 


(Q. Nos. 53 to 55) 
Let C be the set of curves having the property that the point of 


53, 1fC,,C2 EC 
Cy: Curve is passing through (1, 0) 
C2: Curve is passing through (1,0) 
‘The number of common tangents for C, and C; is 


(a) (2 
(3 (d) None of these 
54, IFC, EC 


Cy:is passing through (2, 4). 1f = 4 = Lis tangent to 
a 


Cy, then 

(a) 250+ 106? — ab? 

(0) 134+ 256 -16al 
55. If common tangents of C, and C form an equilateral 

triangle, where C,,C, € C and C: Curve passes through 

(2, 0), then C, may passes through 


(b) 25a + 105 —13ab = 0 
(d)29a+ b+ 13ab =0 


intersection of tangent with y-axis is equidistant from the point (a)(-1/3,1/3) (b)(-1/3,1) 
of tangency and origin (0, 0) (©) (-2/3,4) (d) (-2/3,2) 
Differential Equations Exercise 5 : 
Matching Type Questions 
56, Match the following : 
Column! Column Il 
(ay sat yey 
ody — ydx 
®) solution otcos? xB — tans: y= cos*x, where In}<% and (3) @ Payee fe + tan! (2}} 
(C) The equation of all possible curves that will cut each member of the family (o) 2 an 
of circles x? + y*— 2cx = Oat right angle EAA GSO 
(D) solution of the equation x foo dt=(x+1) Sv (0) dt, x > 0is () y=—sin2x 


(I= tan?x) 


57. Match the following : 


Column 1 


Column I 
(A) Circular plate is expanded by heat from radius 5 em to 5.06 cm. Approximate increase in (p) 4 
area is 
(B) Side of cube increasing by 1%, then percentage increase in volume is @ ex 
2 
x ae 
(©) ifthe rate of decrease of 5 — 2x + Sis twice the rate of decrease ofr, then xis equal 1o @ 3 


(D) Rate of increase in area of equilateral triangle of side 15 em, when each side is increasing) «3 
4 


at the rate of 0.1 cm/s; is 


58, Match the following : 
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Calémni'l Column It 
(A) The differential equation of the family of curves y= e (Acosx + Bsinx), where A, 7 @) 21 
are arbitrary constants, has the degree mand order m. Then, the values of mand mare, 
respectively 
(B) The degree and order of the differential equation of the family of all parabolas whose @ 4! 
axis is the x-axis, are respectively 
(C) The order and degree of the differential equations of the family of circles touching the ® 22 


xcaxis at the origin, are respectively 


(D) The degree and order of the differential equation of the family of ellipse having the same (8) ‘1,2 


foci, are respectively. 


59, Find the constant of integration by the general solution 
of the differential equation (2x°y —2y*) dx 
+ (2x? +3xy")dy= 


if curve passes through (1, 1) 


60. A tank initially contains 50 gallons of fresh water. Brine 
contains 2 pounds per gallon of salt, flows into the tank 
at the rate of 2 gallons per minutes and the mixture kept 
uniform by stirring, runs out at the same rate. If it will 
take for the quantity of salt in the tank to increase from 
40 to 80 pounds (in seconds) is 206A, then find A. 

61. If f :R-{-1} and f is differentiable function which 
satisfies : 
fix + fly) + SM = +t ft yf (2) ¥ x YER}, 
then find the value of 2010 [1 + f(2009)} 


Differential Equations Exercise 6 : 
Single Integer Answer Type Questions 


62, If ¢(x)is a differential real-valued function satisfying 
6’ (x) +20(x) <1, then the value of 26(x) is always less 
than or equal to... 


63. The degree of the differential equation satisfied by the 
curves J+ x —aJ1+y =1,is 

64. Let f(x) be a twice differentiable bounded function 
satisfayi 2f°(x)- f(x) +2(f" (x))? + f8(x)= f/"(x) IE 
f(x)is bounded in between y = k, and y = k2, Then the 
number of integers between k and k, is/are (where 
FO) = f'(0)=0). 

65. Let (x) be a function satisfying d?y /dx* —dy/dx 
+e?* =0,y(0)=2and y’ (0) = 1. If maximum value of Xx) 
is (cx), Then Integral part of (20t) is 


Differential Equations Exercise 7 : 


Subjective Type Questions 

66. Find the time required for a cylindrical tank of radius r 
and height H to empty through a round hole of area ‘a’ 
at the bottom. The flow through a hole is according to 
the law U(t) = u /2gh(t) where v(t) and h(t) are 
respectively the velocity of flow through the hole and 
the height of the water level above the hole at time t and 
gis the acceleration due to gravity. 


67. The hemispherical tank of radius 2 m is initially full of 
water and has an outlet of 12 cm? cross-sectional area at 
the bottom. The outlet is opened at some instant, The 
flow through the outlet is according to the law 
v(t)=0-6 WeERIE where v(t)and h(t) are respectively 
velocity of the flow through the outlet and the height of 
water level above the outlet at time t and g is the 


acceleration due to gravity. Find the time it takes to 
empty the tank. 
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68. Let f : R* — Rsatisfies the functional equation 
IHF (OY F(x) te* f(Y)V mVER™ IE 
, determine f(x). 


69, Let y= f(x) be curve passing through (1, V3) such that 
tangent at any point P on the curve lying in the first 
quadrant has positive slope and the tangent and the 
normal at the point P cut the x-axis at A and B 
respectively so that the mid-point of ABis origin. Find 
the differential equation of the curve and hence 
determine f(x). 


70. If y, and y, are the solution of differential equation 
dy/dx + Py=Q, 


71. 


72. 


where Pand Qare function of x alone and yz = ¥1 2 
-j Par 

then prove thatz=1+c-e + 

where c is an arbitrary constant. 

Let y= f(x) be a differentiable function V x € Rand 


satisfies : : 
flx)= x+f x 2 2 fle)dz+ xz? f(z)dz. 
Determine the function. 

If f:R—(+1] > Rand f is differentiable function 
satisfies : 


F(x) + FO) +x LOM = y+ fl) + FCDY 
‘ye R-(-1} Find f(x). 


(a Differential Equations Exercise 8 : 


(i) JEE Advanced & IIT-JEE 


73. A solution curve of the differential equation 
dj 
(? tay tar tay ty =0, x>0, passes 
through the point (1,3). Then, the solution curve 
[More than One Correct 2016] 
(a) intersects y = x + 2exactly at one point 
(b) intersects y = x + 2exactly at two points 
(c) intersects y =(x + 2)? 
(@) does not intersect y =(x +3)? 


74, Let f :(0,->) + Rbe a differentiable function such that 


f= 2- £2 forall xe(0.)and f(r) Then 
[More than One Correct 2016] 
(@) lim n s{2)=1 


() im x Az J 2 
(© tim, x4f(2)=0 
(A) | f(x)| $2 for all x € (0,2) 
75. Let (x) be a solution of the differential equation 
(1te")y’ + ye* = LIF (0) =2 then which of the 


following statement(s) is/are true? 
[Mora than One Correct 2015] 

(ay (-4)=0 

()y -2)=0 

(©) y(x) has a critical point in the interval (-1 , 0) 

(d) y(x) has no critical point in the interval (1, 0) 


Questions Asked in Previous 10 Years’ Exams 


76. 


7. 


Consider the family of all circles whose centres lie on the 

straight line y = x. If this family of circles is represented by 

the differential equation Py’ /+ Qy’ + 1=0, where P, Qare 
"i , gy ne 

the functions of x yand y’ there," = 3" .y" =" 2), 

then which of the following statement(s) is/are true? 

[More than One correct 2015] 

(@)P=y+x 

) P=y-x 

() P#Q=1-xty+y'+(y')* 

@)P-Q=x+y-y'-(’ 

The function y = f(x)is the solution of the differential 


dy xy _ xt 42x, 
ee el far 1,1) satisfying 


F0)=0.THen, 9" Fox)ade As 


[Only One correct 2014] 


(b) 


A yz 4 
2 3 4 


s. Enc 
of @I-F 


78. Let f :[1/2,1] > R (the set of all real numbers) be a 


positive, non-constant and differentiable function such 

that f"(x)<2f(x) and f (1/2)=1. Then, the value of 
/(*)dx lies in the interval [Only One Correct 2013) 

(a) (2e ~1,2e) 


@ (he) (b) (e -1,2e-1) 


le) 


79. A curve passes through the point ( *) Let the slope of 


the curve at each point (x, y) be ¥ + se | x>0, Then, 
x x 

[Only One Correct 2013] 

) cosee (2) =logx +2 


x. 


the equation of the curve is 
(@) sin (2) =logx + ; 


(o) see(%)=togx+2 @ cos(2) = togx +4 
x x 2 
= Directions (Q. Nos. 80 to 83) Let f :{0, 1] R (the set of 


all real numbers) be a function. Suppose the function f is 
twice differentiable, f(0) = f(1) =0 and satisfies 
F(x) — 2f (x) + f(x) > e* , x €[0, 1] 
[Passage Based Questions 2013] 


80. If the function e~* f(x) assumes its minimum in interval 
(0 1Jat x=1/4, then which of the following is true? 
@) Fla) < fl. Lex <& WF)> fl 0<x<t 


OF@<faQ0<x<1 MS )< fix 2ex1 


81. Which of the following is true? 
(a) 0< f(x) <ee 2 < fla) <2 


@-F< se) <1 (@)- =< fley<o 


82. Which of the following is true? 
(a) gis increasing on (1, =) 
(b) gis decreasing on (1, >) 
(©) g is increasing on (1,2) and decreasing on (2, ) 
(d) gis decreasing on (1,2) and increasing on (2, ») 
83. Consider the statements. 
I. There exists some x € R such that, 
f(x) +2x=A1+x") 
UL, There exists some x € R such that, 
2f(x)+1=2x (1+ x) 


(ii) JEE Main & AIEEE 


88, Ifa curve y= f(x) passes through the point (1, 1) and 
satisfies the differential equation, (1+ xy)dx = x dy, 


then A 2) is equal to [2016 JEE Main] 


(b) 


4 2 4 
- OF @e 


89. Let (x) be the solution of the differential equation 


d) 
(xlog oe + y= 2x log x, (x21). Then, y(e) is equal to 
[2015 JEE Main} 


@e 0 ()2 (d)2e 
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(b) Lis true and I is false 
(d) Both I and I are false 


(a) Both Land Il are true 
(c) Lis false and Tis true 


84, If (x) satisfies the differential equation 


y’-ytanx=2 xsec x and (0), then 
[More than One Correct 2016] 
: 
1) 
(Sa 


wr()-5 
oy (£) = = 


(B48, 2 
or()-3+% 
85, Let y’(x)+ wx) g’ (x) = g(x) 8" (x), 40) =0, x€ R, where 
f'(x)denotes aa (2) and g(x)is a given non-constant 
ic 
differentiable function on R with g(0) = g(2)=0. Then, 
the value of (2) ‘is [Integer Type 2011] 


86. Let f : R> R be a continuous function, which satisfies 


-ft . Then, the value of f(In5) is .... 
F(x) S de) ERR Ren gf Gilda 2009] 


* Direction For the following question, choose the correct 
answer from the codes (a), (b), (c) and (d) defined as 
follows 

(a) Statement I is true, Statement IJ is also true; Statement I is 
the correct explanation of Statement I. 

(b) Statement I is true, Statement Il is also true; Statement Tis 
not the correct explanation of Statement 

(¢) Statement I is true; Statement Il is false. 

(d) Statement I is false; Statement Il is true. 


87. Let a solution y = (x) of the differential equation 
xyx* —1 dy—yJy? ~1 dx =Osatisty (2) = 


Statement I y(x) = sec (see x- 2) and 
6 


Statement II y(x)is given by 2 — 243 _ 
y 


x 
[Statement Based Questions 2008) 


90. Let the population of rabbits surviving at atime t be 
governed by the differential equation 


dp{t)_1 
wa == plt)— 200. IF p(0)= 100, then p(t) is equal to 


z 
“ [2014 JEE Main) 
(a) 400 -300e? 
(b) 300 -200e # 
' 
(c) 600 — 500e? 


' 
rs 


(d) 400 - 300e 
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91. At present, a firm is manufacturing 2000 items. It is 
estimated that the rate of change of production P with 
respect to additional number of workers x is given by 


2 = 100—12Vx. If the firm employees 25 more workers, 


then the new level of production of items is 


[2013 JEE Main) 

(a) 2500 (b) 3000 
(©) 3500 (d) 4500 

92. The population p(t)at time tof'a certain mouse species 
satisfies the differential equation #0 =0.Xt) — 450.16 
‘p(0) = 850, then the time at which the population 
becomes zero is [2012 AIEEE] 
(a) 2log 18 () log 9 
© Fee 18 (@) log 18 


93. 12% = y +3 >0and y (0) =2 then y (log.2)is equal to 
ide [2011 JEE Main] 
@s5 (13 
(©-2 @7 
94, Let Ibe the purchase value of an equipment and V(t) be 
the value after it has been used for t years, The value 
V(t) depreciates at a rate given by differential equation 
av(t)_ 
dt 


—k(T=t), where k >0is a constant and T is 


Exercise for Session 1 


1@) 2) 3) 4.) 5.@) 
6.(a) —7.(b) 8. (a) 9% (a) 10, (b) 
Exercise for Session 2 
1.00) 2() 3.@) 4) 5.) 
(a) 7.(a) 8a) -9.(@) 10. (a) 
1) 12.) 13.@)_— 14. (0) 15. (b) 
Exercise for Session 3 
L@) 2.) 3.6) 4.0) 5.0) 
6(c)  7.(a) 8() 9% (@)_—10.) 
Exercise for Session 4 
1.0) 2.(¢) 3.(@) 4.(b) 5.(a) 
(a) 7.(c) 8) = %&@) 10.4) 
Exercise for Session 5 
L@ 26) 3) 4)  5.(0) 
6.(a)  7.(b) 8. (0) 
Chapter Exercises 
L@ 2) 3a) 4.@) 5.0) 
6(b) 7.(c) B(a) —-9.(c) 10. (a) 
11.(b) 12.(a) 13.(0) 4.) 1S. @) 
16.(a) 17. (d) 18.(b) ‘19. (a,b,d) 
20. (c,d) 21. (a,b,c,d) 22. (a,b,c,d) 
23. (a,b,c) 24. (a,ce,d) 25. (a,b) 


the total life in years of the equipment. Then, the scrap 


value V (T) of the equipment is [2010 AIEEE] 
K(T-* 
@1-— QI-—s 
et @r-t 
95. Solution of the differential equation 
cos xdy = y(sinx—y)dx, 0<x< 3 is [2010 AIEEE] 
(a) secx=(tanx + C)y 
(b) yseex = tanx +C 
()ytanx =secx+C 
(a) tanx =(seex+ C)y 
96. The differential equation which represents the family of 
curves y = ce", where c, and c, are arbitrary 
constants, is [2009 AIEEE] 
()y’=y? O)y"=y'y 
©yy"=y" @) w”=0'F 
97. The differential equation of the family of circles with 
fixed radius 5 units and centre on the line y =2is 
[AIEEE 2008] 
(2) (x-2)y* =25-(y-2)? 
() (y~2)y? =25 ~(y-2)? 
(©) (y-2)*y? =25~(y-2)* 
(€) (x-2)*y* = 25 -(y 2)? 
26. (a,b,0) 27. (a,b,d) 28. (a,b,c) 
29. (b,c,d) 30. (a,d) 31. (b) 
32.(@) 33.(d) —34.(0) 35.) 36. (a) 
37.(b) 38(d) 39.(d) -40.(b) 41. (@) 
42.(@) 43.(c)  44.(€) — 45.(a) 46. (b) 
47.(a) 48.(b) -49.(a)—50.(b) 51 (@) 
52.(b) $3.(c) 54.(a) 55. (a) 


56. (A) > (q), (B) (8), (C) > @), (D) >) 

57. (A) > (q), (B) + (0), (C) >), (D) > (8) 

58. (A) (8), (B) (8), (C) (9). (D) >) 
59.(1) 60.(8) GI.(1)62.(1) 63. (1) 
64.3) 68. (1) 

66.122" PA 

ya 
_ mx 10% 


135 Jz. 
68. f(x) = & log x 


69.24 SOS () = YF + FC) and f(x) = 1+ 2x 
71. £0)= 2 (4+ 99) 


67.1 


72. f(@)= cas 


73. (a, d) 74, (a) 75. (a,c) 76.(b,c) 77. (b) 
78.(d) 79.(a) —80.(c) 81. (4) 82. (b) 
83.(c) 84. (d) 85. (0) 86. (0) 87. (c) 
88.(d) 89.(c) —90.(a) 9.) 92. (a) 
93.(d) 94.(@) —95.(a) 96.4) 97.0) 


Solutions 


1 


---Invelnx+C 
te ad x 
1. yre™ = Axe ™ +B x 
ts < tt op? Inx+C > ~*=Iny+C 
ey, ~2ye™ = Ale™ — axe) y 
Cancelling e~** throughout x=1y=1>5C=-1 
n-2ys wali) 1-2siny = yse-e*” 
Differentiating again y> ~2y, 
= # etree a yet 
2 y 
On substituting A in Eq, (i) ay 
Ay» —2y) 1 —Y2) (12x) 4. Bas hye 
2y, — Ay = 2y,(1 — 2x) ~(1 -2x)y2 
d (dy dy 
1 -2x) = | 2 2) 42/92 
i E(2 ») (2 % 
Hence, k=2and/=-2 
=> Ordered pair (k, !) =@, -2) 
BLY cost d yaw 
ax x 
vt x ay-costy 
de 
f+ fB-c = tanvt mec D4 yeotx = cosee x 
coy? x dx 
= feted pln ain) = gt 
tan2+Inx=C rad = eae 
ey % ysin x= J cosec x-sinx de 
Ux=ny=4 > C=1 = tant ysinx=x+C 
=o, 2 C= 
y=xta(m$) Ifx=O,yisfinite . C=0 
¥ 
y= x (cosecx) = —_ 
3. Y—y =m(X — x). For X-intercept ¥ = 0 sinx 
igewed Now, 1<% and r>™ 
m 4 
Therefore, x-2 =y Hence, ereh 
2 * 
y a 
5. J f(x) de=y*, Differentiating f(x) sy 2 
PX, 
fea) | ey) 
4 4 ey) 
dy 
ay =0 rejected) 
iif yay ay (re 
= dx x-y or ay dy =dx 
dv_ iv ayt 
a —=— 3 
Put yove ve xa Jae 
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6 yermtg am eg dy _i-x 
ae at renee 
fete aac. de cay ¥ 
Substituting in SY —3 4 _ gy pa 
gin 3 Ayana 7 
0-3m-4(mx + c)=-4x Eq. (ii) passes through (0, 0). 


Thus,C =0 
—3m ~ 4¢ ~ 4mx =~ 4x Poytuanne 


—(@m + 4c) = 42(m—1) Ai) 2 
Ke, — Now, tangent te =4: 
Eq, (i) is true for all real x, ifm =+ 1ande =—3/4, iia Maid F 
m dy 1 dy ysme+— Ait) 
Dy su = Dey 
yout a Ramin D m 


IFit touches the circle 


Since, 2x4 urna? dl 4 ytm = gx y. 


S+y?-axs0 
Then, m+ (ism) _, 
h +m? 
= l+ m= 
> moe 


Hence, tangent is y-axis ie, x 


Ify > =1,then x00 y 


11. f(x) Bee) flx)= 


= =-15 y= (x +1? 
9. at xa => M=Ce* whent=0;M=Mj 
It 
> c=M 
= M= Me" 
when =1ar=28 
=> In2 
‘Therefore, M = Mye“*"*? 
= Mo = " 
when = M=soy then t= log, 1000 12. Ordinate = PM. Let P =(x, y) 
= 10h approximately Projection of ordinate on normal = PN 


10, Slope of the normal = _ 
eaat 
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PN = PN cos0=a (given) 


= 
= 
= 
= alnly + yy?—@|=x+C 


13. y=e(ax +b) 
Differentiating wart. x, we get 
Bacar Hrera or 2 =y tae? 


‘Again, differentiating both the sides 
aly Ps 
ae de 

From Eq. (iii) - Eq. (ii) 

d’y 2dy 
ty MW ys 
ae de” 


is required differential equation. 


15. [ flex) dt =n- fle) 
Pubx=y = dt=tdy 


2 fff) dy =nf) 


io) dy = x-n- f(x) 
Differentiating, fz) =nbflx) + af) 
F(x) (1 —a) = nx fe) 
Tia) Les 
Sz) ax 
Integrating, In f(x) = (=) InCx=In(Cx) * ; 
a 


flx)=cx 
16. (xz -1) az""! dz + 2x2 de=0 
or fx? 299-! = 29"') dz + 2x2" dx =0 


for homogeneous every term must be of the same degree, 
3a+1=a-1 3 a=-1 
17. Differentiate, xy (x) = x7y'(x) + 2 xy(x) 
or xy(x) + x? y'(x)=0 
dy 


Dey=o 
at 


= 
50 ar 
100-y 
= 100 - y =50e* 
= y= 100 -50e* 


a. 


2-2) 
). Here, x| 2) —3y?{ 2 = 
19. ere. (2 ay +3=0 


has order 1, degree 2 and non-linear. 


20. Here, (f'(x))* 


+ 4f')- fle) + (Fy? =0 


rey , 4(£@),.- 
(3) (Gg) e120 


f(x) _~4+ fie-4 


fs) 2 
£2) 
> ——=-2473 
i) = 
Integrating both the sides 
Jog | f(x)| = (-2 + V3) x + G 
=> fle ae? rc 
21. (a) 32x42y 2 =o 


dy 
lke) = 
{1- ke) =1 


[using ce* =y - >] 
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dy 3 dv 
t-(e+2-y) Ze Ya — 
or [t-(e+2-y Frat [usingke? = x-y +2} = \aaqa=0 
let log v= 
= Jog (t ~ 1) = log (x) + log C 
= og (t-1) = log (xC) 
= t=14xC 
y 
log —=1+ xC 
= og 
= 
or 
and 
= 


dy ‘ 
24, Clearly, (a) and (¢) are of the form 2% + Py = Q, which is 


linear in y. 
& mm, ==1 dy dy 
Hence, (a), (b), (c) and (d) are all correct. Also, (d) is Gar ootson integrating ssinx+C 
22. Letm= 2 be the slope of tangent (x, y) to the required curve. which is also linear in y. 
m, = slope of the tangent at xy 25, 2 YE Vk + 4xy 
“de 2y 


; es ey 
ix 
m+ m+& 
Hence, f-=t1 oF Hot oni) = x-y+1=0 and x?+y?=25 


26. (a) f(x, tx) =e! + tan”'(t), independent of x. 
=> Homogeneous differential equation, 


(b) log (2 | de + 4 sin X-ay =0 
z ly 
x. x x 


(say) int (2) 
x 
From Eq, (i) ) 
() 
x. 
( 
== 280 independent of x 
ty" cians Psint@y renee 
vty =3 Homogeneous differential equation. 
Similarly option, (b), (c) and (d) safisfy 


(©) flu y) =x? + sinx cosy 
f(x, tx) = x" + sinx-cas (tx), not independent of x. 
= Not homogeneous differential equation, 
xt+y? 
(d) fle y) = 
ay =F 
= f(x, tx) is not independent of x. 
=) Not homogeneous differential equation. 
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gf conrde _ yin 


27, Integrating Factor = e (ary) a raze? 
de 


or yet fet cose 


At point (0, -1), 
-1e°=-e9 +C=0 


28, Y ~y cotx= 
dx 


=> xe" 
30, 2 3(A+ Br) e™ = Be™ 

de 

Se Ba my = 6+ mA + Br) Or + Be 

a FY, mY 4 ny =(0+3m+4n)(A+ Bx) e* 
Asx ony 90=9C=0 a te 
7) 


+ B(6+m)e™ 


=> Imtn+9=0 and m+6=0 
6 and n=9 


31. Equation of tangent 


Y-y=m(X-x) 


sinx 
Since,“ js decreasing, when x > 0 


x PurX=0, 9 Y=sy-mx 
= F(x) < flo) 
ai) ot x 
F ending ® 
=> fF Six) < Zand x <7 
n mI? Poy) 
a fe (2) = fp feddert 
29. (a) Order of the differential equation is 2. 
xdy — ydx 
* Since, initial ordinate is 
yom 
mx—y= 
which is a linear differential equation. 
Hence, Statement Iis correct and its degree is 1. 
=> Statement Il is also correct. Since, every Ist degree 
differential equation need not be linear, hence Statement I! is 
: not the correct explanation of Statement I. 
ie. 32. Statement I The order of differential equation is 2. 
(©) y set (Acosx + Bsinx) «+ Statement Lis false, 
4Y _ 6 (Acosx + Bsinx) + e"(-Asinx + Bcosx) 33. Integral curves are y = ex — x* 
dx : ‘The differential equation does not represent all the parabolas 
=y +e% (-Asinx + Beosx) passing through origin but it represents all parabolas through 
ee origin with axis of symmetry parallel to y-axis and coefficient 
arate (- Asinx + Boosx) of x” as—1, hence Statement is false. 
Statement Il is universally true, 
+e (- Acosx ~ Bsinx) 34. dl! Ae a 


y 


we fon 2-a(2}=feae 


$y Ba et sine + Beoss)~y 


2 -y-y-2(2-y) 
i ae Pred 


35. 


36. 


37. 
38. 


39. 


or foot tdx=nx+¢ 


In (sint) = nx + C; sin 


¥ =O, cosax + ¢sin? x + cycos* x + cye™ + c5 
ve 1 
e+ mgcorte o[ IEE], [eoreett 
2 2 
+ eget + oye oe 
2 2 2 


= Aycos2x + Age™ + Ay 


ey +e'sye™ 


= Total number of independent parameters in the given 
general solution is 3. 


‘The given differential equation is 
(3) 
dx ax 
dy xed 
dx 
= n(2)-inet ey +mecro 
dy a 
==C (x 
= Bac(t +1) 
= 


yae[S+x]+crcren 
Obviously yo, asx oy asC>0 


(x — h)* = 4b (y — k) here bis constant and h, k are parameters, 
¢ 


‘The general equation of all non-vertical lines in a plane is 
ax + by =1, where b #0. 


Now, ax +b; 
= ath (differentiating wart. x) 
= (differentiating wars. x) 
2 
= & (asb #0) 
a 
a 
Hence, the differential equation ed =0. 
‘The equation ax* + 2hxy + by? = 1 represents the family of all 


conics whose centre lies at the origin for different values of a, 
ho. 


. Order is 3. 

‘Thus, Statement I is false and Statement Il is true. 
Hence, option (4) is the correct answer. 
ysasinx + b cosx 


ov. - 
Gg 71008 ~ bsinx 


=> & 
ui 77 ae0sx—bsinx = y 
; 
apes 


But Statement Il is not the correct explanation of the Statement I 


41. 


42. 
43. 
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0) =2 
fix a(e" +e") corts-[ef.rina -[2 ro al 


aed 


i 


Slx)=(e"4 e*) cos 2x ~ [a4 x)= F(0)) =e FUENs fF) 
lx) =(e% + €*) cosx = 2x — afl) +22 [x se) [270 at] 


i) 


fix) =(e% + €*) cose — Sroa 
On differentiating Eq, (i) 
f(x) + fl) = cosx (e" —e*) = (e* +e") sinx 


Hence, 2 + y =e" (cosx —sinx) —e* (cosx + sinx) 
Ix 
f'(0) + (0) =0-2-0=0 
IF of Eq. (i) is e* 
yre® = fe? (cosx-sinx) dx ~ f(cosx + sinx) dx 
yee = fe*(cosx -sinx) dx —(sinx - cosx) +C 
Let 1 = fe*(cosx—sinx) dx=e"*(Acosx + Bsinx) 
Solving, A =3/Sand B=-1/SandC =2/5 


o (Seo sins) (sinx —cosx) e* + 2 e* 
we (ign eine | Stine 2 
UE 5 3° 


Solutions (Q. Nos. 44 to 46) 


ine, 2. 
Integrating, Sy =5x— 4, 


oy agg? 
we get 2 aan? 4x 4 
8 m4 A 


dy 
When e=0 sothat A=, 
dy 
Hence, ra xP At ofl) 
Integrating, we get y = x” ~2x? + x +B, 
When x =1,y =5, so that B=5 


‘Thus, we have y 


Pa axtt x45 
From Eq. (i), we get the critical points x =1, x =1 


3 


1 


At the critical point x = 2, 7% 
Point x=. 7-7 is negative, 


1 
Therefore, at x =, y has a local maximum, 
2 


Atx= as is positive. Therefore, at x = 1,y has a local 


minimum, 
Also, f(t) =5, A3)-2. flo)=5, fey=7 


Hence, the global maximum value = 7, 
and the global minimum value = 5, 
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47. xdy - ydx = fx? —y? dx 
y) V1 - ix? diy/x)_ _ pdx 
= (te ee 


= sin? <Inx=InCorCx =e 
x 


48. (xy! + y)dx—xdy =0 
= xy*dx + y dx-xdy=0 


~ sews} eG) 


y : 
a =42(2) mt 


0 


4 3ly, 

49, 2x cos ydx — x* siny dy + y? cosx dx + 2y sin x dy =0 
= Jat cosy) + Jay?sinx)=0 
=> x* cosy + y*sinx =C 


52, Fae +x). + y)givesy =e 


53. Tangent at point P(x,y),is y—y = f(xx-x) 
Q:(0,y -x f(x) 
Then, PQ=00 
= x8 + (f(a)? =y? + UF OY -20F(@)) 
* ay: fx) 


Pe 


=x 


dy/de= 

ot dy de 

= 

= aaa fe 

i+ x 

2 

a iO a haces 
x 


Cuxt+y?-x=0 
Cyxtty + x=0 


and C; touch externally => number of common tangents = 3 


54, Cyfx-5) + y' 


‘Tangent, bx + ay —ab = 0, length of perpendicular to tangent 
from centre = radius, 


= bab] =sva" + 6? 


5 


‘ OM 
sin30°=-_ = ow = 1/3 
1-QM 2 


radius Ofc, =1/39=9C=-2/3.Cux? +y? 42a =0 
Point (1 /3,1/3) will satisfy C,. 
56, (A) Let x=rcosO y =rsinO 


x? + y? =r? (sin? + cos?8) =? A) 
and tano= 2 Ail) 
d(x? + y*)=d(r?) 
From Eq. (i), x dx + y dy =rdr iii) 
From Eq. (ii), 
d (2) = (tan0) 
x. 
a ater yy 
x 
xdy —y dx =x" sec*8d0 


= 1? cos* Osec?0 d= r7c8 etis) 
From Eqs. (iii) and (iv) 


or 


sin"! (ZJ-ere 


= r=asin(0+C) 
= ety? =asin {e+ tan? } 
¥ 
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xidy(x) 
dx 
(1-3x)dx _ de) 


= ere) 


57. (A)r=Sem, 8r = 0.06, A= mr" 
8A =2nr 5r = 107 x 0.06= 0.67 


eet = cos! 
(8) ~sec* x tam 2xy = cos" x ie GosByiee 


(B)v=x? 
bv =3x" dx 
8 00 =3 % x100=3x1=3 
v x 
Solution is y (1 ~ tan? x) = f cas*x (1 ~ tan? x) dx (x2) a2 = xH4 
dt dt 
= J(cos? x -sin® x) dx fe 
in ” Asa 
= feos 2x de = 82% 5 ¢ es 
a@ 2d 2 wo 4 
when x= iy 
58, (A) PR =e" (Acosx + Bsinz) + e%(-Asinx + Beosx) 
=y +e" (-Asinx + Beosx) 
Py ayy ox scien aie 
x) Seto gg tC Asin + Beosa) +e"(-Acosx ~ Bains) 
© Ai) 
So, degree = 1 and order = 
or ii) (B) The equation of the family is y? = 4a (x — b) 
i where a, b are arbitrary constants. 
From Egp. ()and x? +y*-2(x+ 22) x=0 a ath 
a ay Y= 4a or (2) +yt% 0 
dx ax ae 


or— x? +y?—2xy % = ois the differential equation 
: ae _ cisoriiiseenal So, degree = 1 and order =2 

representing the given family of circles. To find the orthogon (C) The equation of the family is 

trajectories. Gof tgtad 


2 
or x+y? -2r=0 or 2+ 
x 


or 


or 


(e+ ay 2) x— (x? + y?)-1 


a 


=> 


=0 


or 


So, degree = 1 and order =1 


(D) The equation of the family is + = 1 because 
or a YS aR Bad 
eS they have the same foci (t /a* — b°, 0). 
= Orthogonal trajectory. sting 28, 29 dy 
(D) Differentiating the equation w.r.t. x, we get On differentiating, a x Ran dx 
"y(t) dt = * ryt) dt dj 
ay (2) +1 fy) de =(x + 1) ay) +1 f 90) ee x Py (tet o=2) 
WHA Bn ae 


Again, differentiating, w.r.t. x, we get 


yx) = x2y'(x) + 2aylx) + aye) or x(b? + 2) + ypla? +) =0 
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=> a 


x+y 
<The differential equation is 

a y 

—b?x—a’ ~bx-a’y 4 

at hen alyp ya, -bix-alyp 

x4 9p x4 9p 
= A+ yp), Wort yp) 

ao = a")p 

So, order = 1 and degree =2 


59. 2x*y dx —2y* de + 2x°dy + 3xy* dy =0 
Dividing throughout by x*y , we get 


yA ara 
=> oft 42, ie dy —ayiatde _ 9 
x y x 
% ot 4 ody , Sytx! dy ~2y'xde 9 
xy x 
. 
=> ait) atta) 42) =0 
x 
y 
> 2In|2|+2ln|y| +2 
* 


when x=1,y=1.S0, C= 
60. Let the salt content at time ‘be ub, so that its rate of change 

is du/dt 

=2galx 21b= 41b/ min 
Ifcbe the concentration of the brine at time f, the rate at which 
the salt content decreases due to the out flow 

=2galx lb / min 

= 2 Ib / min 


4-2 wi) 
‘Also, since there is no increase in the volume of the liquid, the 


concentrations 


rm du 2u 

+ Eq. (i) becomes T= 4 
‘Separating the variables and integrating, we have 
fa=asj—™ 

100-u 
or t=-25 In(100-u) + K wwii) 
Initially when t = 0, u=0 

0 =-25 In 100+ K «iii 

Eliminating 'K’ from Eqs. (ii) and (iii), we get 


t=25 nf 10 
100 =u, 


Taking t = f, when u = 40 and ¢ = f, when u=80, we have 
100 100 

=25In(~2) and 4, =25 In( 422 

asi ( 82) and eas 


5 
2 The required sme (te ~4)=25 (In -in) =2sina 


5 x 1.0986 = 26 min 28 s 
= 1648 s =206 x8 = 206 x 


* a=8 

61. flx+ FO) + xf) =¥ + FO) +f) wali) 
Differentiating wir. x andy is constant 

Filet fr) +f OA + FON= FC) + CO) efit) 


From Eq, (i) again differentiating w.r.t. y as xis constant 


Filet FO) + FO) + 2) FO) =1+4 fl) fill) 
From Eqs. (ii) and (iii) 
1+ fo) 
(+x) 
Gey) FO) __1+ fiz) 
1+fy)  O+xf'@) 
yyy 1+ £0) 4x) = Lt fe) 
Pa, et OT 
fm Astin toh 
Integrating both the sides f(x) =C(1 + x)* -1 
From Eq. (i) put x=y =0 
F(F(O)) = F(0) 
From Eq. (il), f(0)=C -1 
So, f(C-1)=C-1 
C=01 (taking +ve sign) 


So, f(x) == Land f(x) =(1 + x) - 
f(x) =(1 + xy" 


xandC=1 


1+ f)= 


1 
1+ feo09)=1 
+ f(2009) = 7 +. (2010) (1 + F(2009) 

62. (2) + 20x) <1 

® (x) + 26 (x) e se 

4 (e (x) — je) <0 
s (* (x) -3) is a non-increasing function of x. 
= O(x)- zis a non-increasing function of x, 


+ 26 (x) is always less than or equal to 1. 
1 1 a ve d) 
63.0472 4 ue GY 
2 xy 2 (it yy oO 


fables oe OP, gp alhy. 4 
Viex ity ae tex dy/dx 


Putting this value in the given equation, 
ity dy 


ye dy 
=> Gtae ity ieee 


— firey 
= (+x 1+ x; a 
. Degree of the given equation is 1. 
64, Here, 27%(x): fx) +(F | =F") 


+y 


= Sard F%00)) rigid 
= [e*orac fx] = fatan-(f'Ge) 


, 
= LE scar Ytw).as (= 70) =0e=0 


=tan'(f'(x)) 


8 Su 
2° 3 <2 


116 6 
3) <-(3) 
=> Number of integers between k; and ky are 3, 
65. Put, dy /dx=t 


dt /dx-t+e™ =0, LF. =e" 
Solution is, t-e* = f-e™-e%dx+C 


= te =-e7 +Cy'(0)=1 9 C=2 


=> y=2* + ClyO)=2—9C! =1/2 
Came! 5 

& =2et-41 = $2 for x = log? 
Ha)a2e +5 we) S5 i 


[2x] =[2log2] = (log 4] =1 


66. Let in time dt the decrease in water level in the tank is dh, then 


amount of water flown out in time dt = mr? - dh 


Now, through the hole the amount of water flown 
= (Volume of cylinder of cross sectional area ‘a’ 


and length vdt). 
— 


=a-v-dt=ap J2gh dt 
Hence, pa gh dt =- 71 rdh 
a 


= no" dh 
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Now, when t = 0, = Hand when t =1,h=0 


Spe DEO 8 pe 
Thus, ren ei dh 
= 2-22 aime 
na Jeg id 
nr fee 
= me 


67. Let at time f the depth of water is h; the radius of water surface 


is r. 
Then, r=R?-(R-h) 
= =2Rh-h 


Now, if in time dt the decrease in water level 


isdh, then 
~nr dh=06 2gh-adt 
(is cross-sectional area of the outlet) 
= = ern) Mt at 
(06) a 2g va 


mae Jp? = 2R a) a= fat 


n [ zar—Sev* | 
3 ie 


(06)a Jag | 5 


fe ® [o-a(2-4) _ In x10 
(5) aJag|° 5 3)| 135 Je 


t 


68, We have been given, 
Sf (xy) =e 2” fe” f(x) +e FV uy ER’ A) 
Replacing x=1, y = 1 in Eq. (i), we get 


FAP fe FA) +e FA F)=0 


Now, "(x)= lim ferna fe) 
ai 


dee) 


cat h 


xthor—* 


= lim £_—_*(e' ™*- foxy + ef + Wx) ~ fe) 
A 


h 
A 
payed (sn 


ao h 
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pninhes h 
an Lee a ee ((+4)-10) 
om + z 
x 
=fo)+ LO. 
= £'@)-F9= 
= oF) flset_1 
em x 
4 f@)) 22 
= z( e }-# 
Integrating both the sides, we get 
£2) x|40 
Since, f(l)=0=C=0 
Thus, F(x) =e -In() 


69. Let P(x, f (x)) bea point lying on the curve in first quadrant. 


Equation of normal and tangent at P are 
qi 
Sey ot eee: oe 
W-soy=-ot 
(F=f (4) = F(a) (X ~ x) respectively. 
La 0). B=e+ FO) £708.0) 
Since, the mid-point of segment AB is origin. 


FB tT 1-0 


= FUD(F GD) + 2x f(X)- FG) =0 


wart for + 4f@) _- xt t+ FO) 
= f@)= 


2f (x) f) 
Negative sign been neglected as f “(x)>0 
‘Thus, we have, x + f (x)- f “(x)= yx" + f? (x) 
= Hoe Fan =VEF FO) 
d(xi+ f* 
aya? + f7(x) 
Integrating both the sides, we get. x" + f# (x) =x+2 
It passes through (1, V3). 


Hence,A+1=2=92=1 
. Curve is x? + f?(x)=(x+1)? or y?=1+2x 


(X =x) and 


=> A= 


=> ax 


70, We have been given, 


022+ y.=0 


ay yh 
wat * de 


Be py 


dy, 
Now, =yr> aie 


s ptteaBtamare 


71. 


~ 


72. 


=n 
= 
=> 
= 
= Infz-1[=- J 2 ae + 2,'N being constant of integration 
vs 
fou 
> z=ltce ™ 
at Bs 
We have, f (x) =x+ x? [, 2 f()de+x 2? f(e)de 
F(x)axt Oa tody (say) 
Now, afi rf erae=[" (+ A,)2 427A) 2 dz 
alte 
Ss 
=> 9-44, =4 @ 
Also, dan 2 fede 
=f + das 42th) de 
ate) 
4 
> 15 2q- 494 =5 i) 
From Eqs. (i) and (i), 
=) ad dpe Sh 
“a9 ae no 
ax+ 80,24 81 200 
‘6 Sea * Tis * "ti ft) 


FR+FO)+ FON =y 4 Fx) + y F(x) 
Keep y constant and differentiating the expression w.rt.‘x’, we 
get 

S'(e+ FO)+ xO)A+ FON=F"(O+y) A 


Similarly, differentiate the expression w.rt.‘y’ and keep x 
constant, we get 


f'(x+ FO) + xFON(F GY) A+ 9) =(0+ F(X) nil) 
Dividing Eq, (i) by Eq, (ii), we get 
1+ FO) _f'@+y) 
f£'O)A+ x) (1+ F(x) 
= 14 f0) _f'W0+D 6 
F'OMA+Y) + F(x) 
= f= E[ EEO Jona r+ ()=c 4 L@ 
(+x) 
= C=Lacati 
f'e) 1 
T+F() Tes 


ad F(X) =e (bth 
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Replacing x, y + Oin the Eq. (i), we get 
F (FO) = FO) 


‘Thus, (a) is the correct answer. 
To check option (c), we have y =(x+ 2)? 


Now, F()=A + FT 1 F0)= 24-1 4 
an 
and F(F (0) =f Gy -1)= 2 AFP 1 
since, (f(0)) = F Oy AE =1= Ay = 3s | 
=> Att say 
By taking +ve sign, we get 4, = 0,1 = 
=> fe 
By taking — ve sign, we get A, ? 3 (242) ote or (ea ayer? =36 
= f (x)= ee 
14% sez 3e 
= = 3 
1 Given, (x? tay + ax tay + ay Gen 
dx y n 
=> (Peet de ye ay - . 
2 
> (e+ 2 + yore 7 
ix sela oe 
Put x+2=X andy =Y, then =e - 
xt exry® yt 20 9 
: x Clearly, they have no solution. 
= X'MdY + XY¥dY -Y7dx =0 To check option (d), y = (x+ 3)* 
2, 
=> X*dY + ¥(Xd¥ - YdX) =0 a hog (E38 tee 
a at aria fl ge (e+2) 
Ye To check the number of solutions. 
si =d|— (or i" 
= (log IY) 4(Z) Let g(x) =2log tee = log (3e) 
On integrating both sides, we get 
in integrating es g . “(gy = 24 EF 2)-2(e 4 3) (x4 3-1) _ 
~ log |Y| = +6, where x +2=X and y =¥ BEES (e+2y i. 
y 2 (e+3)e+1) 
— log [y| = + i) = FFM H 1) 
= log |y| erat x+3 (x+2)? 
Since, it passes through the point (1, 3) Clearly, when x > 0, then, g’(x) > 0 
Z log 3=1+C (x) is increasing, when x > 0. 
a (C-=~1-log 3 = — (loge + log 3) Thus, when x > 0, then g(x) > (0) 
log 3e atx) > lo (2}+2>0 
++ Eq. (i) becomes aches 
y 2 Hence, there is no solution, 
log |yl + ae log Ge) = 0 Thus, option (d) is true. 
= og (2) pt fil) 74 Here, f"(xy=2- £8) 
se) x42 é cf 
Now, to check option (a), y = x + 2 intersects the curve. oe %=2 [ie linear differential equation in y] 
= 5 fia 
Integrating Factor, F=e'=) =e* = y 
2 . Required solution is y -(IF) = Joana: +c 
= (x) = fx) de +c 
= st 
e = yrexttec 
=> or x+2=43 a axe e ee 
|, 5 (rejected), as x >0 [given] 3 yest> cease 


X= 1 only one solution, 


304 = Textbook of Integral Calculus 


@ lim, r= lim (1-Cx*)=1 


x90 x40" 
<. Option (a) is correct. 


() lim xi(t)- lim (1+ Cx?) 


zat Ax) sot 


++ Option (b) is incorrect. 
(©) lim, <2 f(x) = lim (x*-C)=-C#0 


xo z40 


~. Option (c) is incorrect. 
@sfe=x+Fc%0 
z 


ForC>0, lim, f(x) =e 
xo 

:. Function is not bounded in (0, 2). 

+ Option (A) is incorrect. 


75. Here, (tery + yet 
ee ee 
= Dee Wy 
de® Gx 
= dy + e*dy + ye" dx =dx 
= dy + de'y) =de 


On integrating both sides, we get 
yretyaxt+C 


Given, 


For critical points, 


‘ dy (t+ e%)-1—-(x+ 4)e" 

ie. iy) oh eel = Geiser 
de a+ey 

=> e*(x4+3)-1= 

or ee =(x+3) 


Clearly, the intersection point lies between (— 1, 0). 
©. y(a) has a critical point in the interval (~ 1, 0) 


i) 


76. Since, centre lies on y = x. 


+. Equation of circle is x* + y* -2ax -2ay += 0 


On differentiating, we get 
2x + 2yy’-2a ~2ay’=0 


= x4 yy’-@—ay’=0 
a xtyy’ 
= iy! 


Again differentiating, we get 
+ yy] 


ary 
S(t y+) + T- (+ IO) =0 
=> 1+y'lo' ty’ ++ yx) =0 
On comparing with Py” + Qy’ + 1 = 0, we get 
Pay-x 
and Q=U' ty 1 


77. (i) Solution of the differential equation 2 + Py=Qis 
ix 


y (IF) = JQ-(F) de +e 
where, =e! ** 
(i) fl, Fla) de =2 fF fe) dei fox) = fla) 


Given differential equation 


=> Solution is 
ax? +2) 
1 = ofl —x? de 
yy ler i 
or yyi-x* 
f(0)=0 = c=0 


= flx)fi- 


5 
aft sondr= Ft te 


ire in gt 
Now, [5 fla)de = Be Foe Hose rrr] 


sre * 
=2 14 7s dx 
- pm 0 


arp 008 Odd [taking x =sin 6] 


3 
22 J) sin? ad = fC — cos 26) 40 


-(o-mzey" : 
2 


sinan/3_n V3 


3 0 2 °3 4 


78. Whenever we have linear differential equation containing 


79. 


inequality, we should always check for increasing or 
decreasing, 


dy dy 
infor Re ry<o 3 2+ Pyoo 


Multiply by integrating factor, ic. e!™ and convert into total 


differential equation, 
Here, f(x) <2/(x), multiplying by eS 24* 


Slee -2e* f(x) <0 => a (flx)-e™*) <0 
Xx) = fixie is decreasing for x qi | 


Thus, when x >t 


voll) -ensef) 


= flx)<e™1, given Ai)-1 
= O< J! fladde< fed 
= vs fh soni) 
= o< ff fide < 

To solve homogeneous differential equation, 


ie. substitute 2 =v 
x 


ve Beaver ® 
» de & 


Here, slope of the curve at (x, y)is 


® 2% + se(2) 
dx x 
Put vay 
x 
dy 
+ xB aut sec(y) 
vise (v) 
dv _ pdx 
=> sec(v) => Ia =f = 
ax 
= Jeosvdy = [= => sinv=logx + loge 
x 


= sn(2) = log(cx) 


Asit passes through, 2) = sn( 4) ailogs 


Let Ox) =e" f(x) 
a 1 
Here, tS <axe(a2) 


82. 


83. 
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and eerrare(t :) 
sept -etsey <axe(a2) 


=f") < flz),0<x < 


|. Here, f%(x) —2 f(x) + fle) 2 e* 


= faye fede ~ fade + fle* 20 


= Lywen-Zireoet 
= Surovet eve 
a te f(a) 21.¥x€ (0.1) 

= Stet senpanye sta 
0 (x) = e7* f(x) is concave function. 

f(0) = fd) =0 
= (0) =0= f0) 
=> (x) <0 
- eo f(x)<0 

fix) <0 


Here, f(x) =(1 ~ x)? -sin?x + x? 20, V x 


and a(x) = (2S2 es) fled 


h 


t+. 


log + fz) 
For g’(x) to be increasing or decreasing. 


Let Ox) = 2Z= 0) _ 


xti 

4 1_ ~(e-1) 

Gert x x(eriy 

OG) <0,Vx>1 

= $(2)< 90) > Ox) <0 

From Eqs. (i) and (ii), g'(x) < 0, x €(1, «) 

¢.8(4) is decreasing on x € (1, 0). 

Here, f(x) + 2x =(1— x)?-sin?'x + x7 42x 

where, I: f(x) + 2x =2(1 + x)* 


logx 


e x)= 


20+ x8) =(1 — x} sin? xt x? + 2x 
= (1-x)sin® 


= (l-x)*si 


= (1-x) cos? x=-1 
which is never possible. 
<-lis false, 
Again, let Mx) =2f(x) +1 -2x(1 + x) 
where, 0) =2f(0) +1-0=1 
HQ) =2(1) + 1 4=—3.as (MOA) <0] 
=> A(x) must have a solution. 
ellis true, 
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0) 


(il) 
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84, 


85. 


86. 


Linear differential equation under one variable. 
dy free 
Dy py=Q, R= 
i ad 
*. Solution is, y (IF) = f (Q: (IF)dx+C 
y’-ytanx=2xsecx and y(0)=0 
dy 
=> yt =2: 
Se-ytanx = 2xsecx 
r= fe" dex cbt 14 = cose 


Solution is y-cosx=[2xsecx+cosxdx+C 
y 


=~ yreosx =2x7+C 
As y(0) =0 
> c=0 
7 y=xtsecx 


Or eee 


= (2)- An ant 
WQa)"s 38 

Day w= ata) ee) 
edit 


Solution is y (e#) = f. g(x)-2'(x)-e8) de + C 
Put g(x) =1, g(x) dx=de 


yet) = free det Cate’ ~ fire dt+e 


stele $C 
y ef) (g(x) - 1) 40 
Given, yO) = 0, g(0) = g(2)=0 


Eq. (i) becomes, 
y(0)-e8 =(9(0) ~ 1-28 + C 
> O=(-1)1+C = C= 
y(o)-e8*) = (g(x) — 1) ef) +1 


= y(2)-e8 = (g(2) —1) ef +1, where g(2) =0 
= yQ)-1=(-1)- 141 
y@)=0 
From given integral equation, f(0) = 0. 
Also, differentiating the given integral equation w.r.t. x 
£'@)= fx) 
tg fey eo 
ee => log fix)=xte 
= fidaéet 


f(0)=0 = &=0, acontradiction 
f(x)=0,VxER = f(lns)=0 


onl) 


Alter 
Given, Fle) = [700 at 
> flo) =0 and f(x) = fle) 
If f(x) #0 PGi 
= fa = Inf(xyexte 
= flx)=eF-e* 

f(o)=0 


= ef =0,a contradiction 
fix)=0,VxER = f(lns)=0 


87. Given, ay wy} 

° ° dx x, oe 

Te Ze -1 

= Vy ssectx+e 
atrez,y= Fi BaBee = c= 


n al a 
Now, y =see( sec? x - € |= cos] cos"? ~~ eos 


: soe[eo (2 
B 


er 


88. Given differential equation is 


Yt xy)de = x dy 
= ydx+ xy'dx=xdy 


= 


= 


Now, from Eq, (i) 


=> 


89. Given differential equation is 


dy 
log x) + y = 
¢ Bx) y =2xlog x, 
= 2, 


dx 


y 
xlogx 


=2 


Ai) 


(x2) 


This is a linear differential equation. 


fe 
Trae Rs chute) 2 log x 
Now, the solution of given differential equation is given by 


yr log x = flog x-2de 


=> yrlogx =2f logx de 
= yslogx =2xlogx x] +e 
At x=le=2 
= y-logx =2[xlogx— x] +2 
At 

y=Ae-e)+2 
= y= 


90. Given differential equation 2 tac) = 
differential equation. 


Here, 


Hence, solution is 
p(t).IF = foytrar 


pit-e® 


> 


= p(t) = 400 -300e? 
9 


ap 
. Given, —= (100-12) 
tren, ( Ix) 


> dP =(100 - 12Vx) de 
On integrating both sides, we get 
Jap =J (100 -12Vx) de 
P=100x—8x"? +C 


Now, when x =25, then 


P =100 x25 ~8 x (25)"? + 2000 


= 2500-8 x 125 + 2000 


= 4500-1000 =3500 
92. Given 


(i) The population of mouse at time ‘satisfies the 
differential equation p’t) = “a = 05 pKt) ~ 450 
it 
(ii) Population of mouse at time t = Ois 
4X0) =850 


93. 


94, 
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‘To find The time at which the population of the mouse will 
become zero, i. to find the value of tat which p(t) = 0, 
Let's solve the differential equation first 
ip) = Geet) _ 
p(t) = == =05 p(t) — 450 
dt 
2dptt)_ 4 
p(t) - 900 
je fa 
ptt) = 900 
=> 2log | p(t) -900| =F + C, where Cis the constant of 
integration. 
To find the value of °C’, let's substitute t = 0 
=> 2log| p(0)-900|=0+C 
=> C =2 log | 850 —900| 
> C=2 log 50 
Now, substituting the value of C back in the solution, we get 
2 log | plt) -900| =# + 2 log 50 
Here, since we want to find the value of t at which p(t) = 0, 
hence substituting p(t) =0, we get 


2 log | 0-900| =t +2 log 50 


t=2 log| °° 
> =2log| 
= log 18 
dy 
Here, = y +3>0andy(0) =2 
ere ae (0) 
dy 
> Ya fas 
ere tal 
= log|y +3)=x+C 
Since, (0) =2 
> log, [2 +3|=0+C 
C=log,s 
= loge ly +3] =x+ log,5 
When x= log,2 
=> log, |y +3] = log,2 + log,5 = log, 10 
> y+3=10 
= yaT 
. dvi} 
Given, SO ak re 
a (T=t) 


: {VO} =-k(T - 8) dt 
(On integrating both sides, we get 


# Att=0,V(t)=1 
k 2 
Ts<(T-0) +C 
it 
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=> c=1-k7 
2 


oker-pt41—krt 
Vy = Fr eo 


yde iy 
Put-l =z 
sf 
= 
= #2 4 (tanx)z =-seex 
de 


This is a linear differential equation. 
Therefore, 


IF = el tris 2 eB = soc x 


Hence, the solution is 
z (seex) = [-secx-secx dx + C, 
1 
=> 1 secx = -tanx + C, 
y 
= secx = y(tanx+C) 


97. 


Given, 
= 


= 


Equation of circle having centre (h, k) and radius ais 


(eh) + (yb)? =a", 


[om Eq. (i), = 


y 


‘The equation of family of circles with centre on y =2and of 


radius 5 is 

(xa)? +(y -2)* =5* 
= xt4a’-20rty?+4—4y =25 
On differentiating w.r.t. x, we get 


ax-2a+ ny 4 
a dx 
ay 
= aaxt Mya) 
dx 


On putting the value of o.in Eq. (i), we get 
i 5 
[-2- 20-2] +(y-2)? =5? 
4Vy_pt= 2 
= (2Jo ‘2)* =25-(y -2)' 


= yy -2)? =25 -(y-2)" 


(i) 


